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Foreword 


The impetuous development of aviation, missile technology and 
the Naval fleet led to the necessity of fundamental improvement of 
the means of navigation and control of moving objects. Besides 
high accuracy, a number of such specific requirements as universa- 
lity, reliability, short preparation time, electronic counter- 
measures, and sometimes concealment of operation are now placed on 
automatic navigation systems. 


Along with development of other principles, special attention 
has been devoted in recent years to inertial navigation systems, in 
which the current position of a moving object is determined by 
integration of the on-board measured accelerations. Inertial systems 
have such important advantages as universality, autonomy and 
electronic countermeasures over other means «f£ navigation. However, 
realization of these systems requires highly accurate and reliably 
operating elements: accelerometers, integrators, gyroscopes, tracking 
systems and computer devices. The interest displayed in inertial 
navigation systems is explained both by their principal advantages 
and also to a great extent by the fact that inertial systems, which 
Provide the required navigation accuracy, can be developed on the 
basis of modern components. 


The development of shipboard gyrocompasses by H. Anshutz= 
Kampfe (1908) and Elmer A. Sperry (1911) can be considered the first 
use of inertial methods in navigation. The next important advance 
was the investigations of M. Schuller, who established the conditions 
of the unperturbability of the gyrocompass (1910) and of physical 





and gyroscopic pendulums (1923) by horizontal accelerations. Further 
stages in the development of the idea of inertial navigation are 

the principle of power-assisted gyroscope stabilization, proposed by 
S. A. Nozdrovskiy (1924), and also the principle of integral gyro- 
scope correction, proposed in 1932 by Ye. B. Levental and in 1935 

by I. M. Boykov. ; 
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For some time the development of inertial systems was related 
to gyropendulum systems and gyroscopic systems with integral 
correction, which simulate M. Schuller's physical pendulum and 
which permit plotting of an acceleration-proof vertical on a moving 
object. Significant results are related to the names of B. I. 
Kudrevich, I. V. Gekkeler, B. V. Bulgakov, Ya. N. Roytenberg and 
A. Yu. Ishlinskiy. 


Another aspect of the inertial navigation method, namely, the 
circumstance that not only the vertical can be plotted, but the 
current coordinates of the object and its speed can be determined 





by using it, developed somewhat later. The first practical achieve- 
ment in this direction was apparently the development of a control 
system for the FAU-2 rocket. Further development of this direction 
can be traced from data of American publications.1} The beginning 
of development of inertial systems in their modern form in the 
United States dates from 1946-1947 and is related to development 

of control systems for ballistic (Atlas type) and winged (Navaho 

and Snark type) missiles. Practical realization of inertial systems 
was possible at that time because of development of flotation gyro- 
scopes, proposed in 1946 by Draper (in the Soviet Union flotation 
gyroscopes were proposed in 1945 by L. I. Tkachev). 





During the past few years considerable attention has been 
devoted in the non-Soviet literature, especially in American 
literature, to problems of inertial navigation. A large number 
of articles devoted to individual theoretical and engineering 
problems of inertial navigation have been published in various 
journals and several monographs have been issued. The most signi- 
ficant of these investigations have been translated into Russian. 
In 1958 the Foreign Languages Publishing House published « book 
by research associates W. Rigley, R. Woodberry, and J. Govorky of 
the Massachusetts Institute of Technology entitled "Inertial 
Navigation", In 1964 translations of K. L. MacClure's book 
“Inertial Navigation Theory" (Nauka Publishing House) and the 
collection “Inertial Control Systems", edited by D. Pittman 
(Voyenizdat) were also published. 
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During the past few years a number of articles, including 
several investigations of A. Yu. Ishlinskiy in which the fundamen- 
tals of a strict theory of inertial systems 2 “have been outlined, 
have been published in the Soviet periodical literature on the 
problems of inertial navigation. In 1961 the Publishing House of 
Physicomathematical Literature published G. O. Fridlender's book 
"Inertial Navigation Systems" and in 1962 the Sovetskoyeradio 
Publishing House published I. A. Gorenshteyn, I. A. Schul'man, and 
A. S. Safaryan's book “Inertial Navigation". 


It should be noted that the numerous investigations on the 
problems of the theory of inertial systems published in the 
periodical press are usually of an unrelated nature, and in the 
greater part of them there is lacking a clear statement of the 
problems and the required strictness of their solution. The mono- 
graphs enumerated above are limited to consideration of individual 
classes of inertial systems. Asa rule, various types of simpli- 
fications of the structure of inertial systems and the laws of 
motion of an object are introduced from the very beginning. Because 
of this, the exposition falls into separate and usually unrelated 
parts, the community of the basic principles of inertial navigation 
is obscured, and the theoretical results obtained are sometimes un- 
suitable for rough approximation. Introduction of a priori sim- 
plifications is usually explained by the insurmountable complexity 
of precise consideration. 


At the same time the continuous increase in the demands on 
accuracy of inertial navigation systems forces consideration of the 


finer and finer circumstances of their operation, such as the 
asphericity of the earth's shape, the eccentricity of its gravita- 
tional field etc, and leads to the necessity of detailed analvsis of 
the dynamics of their perturbed operation. The desire for univer- 
sality leads, on the other hand, to rejection of the simplirications 
possible during development of a navigation system for a fully 


defined object. 





In this book the author sets himself the task of 
systematic and strict exposition of the theoretical operational 


bases of inertial navigational systems from a common viewpoint 
without a priori simplifications and limitations, determined by the 
level of present technology. The methods of analyzing the opera- 
tion of inertial navigation systems‘ used by the author’ are the 
development of the ideas contained in the investigations of aca- 
demician A. Yu. Ishlinskiy. The basis of the book were the author's 
articles, published during the past few years in journals of the 
USSR Academy of Sciences: Prikladnaya Matematika i Mekhanika and 
Izvestiya AN SSSR (serii Mekhanika and Tekhnicheskaya Kibernetika). 
The examples which concern schematic solutions and numerical 
evaluations are constructed on the basis of data from. foreign 
publications. 


Main attention is devoted in the book to the equations of 
ideal operations (unperturbed functioning) of inertial systems, 
which determine their structure,. and, to equations of inertial 
navigation system errors, 4n analysis of which permits evaluation of the 
operating stability of the system and establishment of the rela- 
tionship between the errors of the elements and the accuracy of 
determining the navigational parameters of the object: the current 
coordinates of position and its orientation in space. Problems 
of autonomous preparation of inertial systems for operation are 
also considered. The book is devoted to the theory of autonomous 
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inertial systems. The problems related to drawing up additional 
information and correction of inertial systems, are considered in 
another book of the author [Inertial Navigation Theory (Corrected 
Systems) ] which is directly related to the present book and which 
was published immediately after it. 


The book consists of seven chapters. 





In the first chapter the theoretical and mechanical bases 
of inertial navigation are outlined, the equations of accelero- 
meter operation are derived, the precession theory of gyroscopic 
devices for inertial systems is presented, the basic equation of 
inertial navigation is found and the general principles of con- 
structing an inertial navigational system and the problems of the 
theory of these systems are discussed. 


In the second chapter the necessary data on the shape, gravi- 
tational field and motion of the earth are presented. The main 
point in this chapter is the derivation of expressions from the solution 
of the Stokes problem for projections of the earth's gravitational 
field intensity onto its bodv axes. 


The third chapter contains derivation of equations of the 
ideal operation of an arbitrary inertial system, first for cal- 
culation of Cartesian and then for calculation of curvilinear co- 
ordinates. The various special cases and examples for the more 
commonly used coordinates: geocentric, geographic and orthodromic, 
are also presented and an example of non-orthogonal curvilinear 
coordinates is also given. The theory of so-called gravimetric 
systems, which do not contain gyroscopes, is also outlined in 
this chapter. 


The derivation and transformation of the equations of inertial 
navigation systems errors are presented in the fourth chapter. 
Both equations of coordinate errors and equations of orientation 
errors are considered. The problem of reducing the errors of the 
inertial system elements to equivalent instrumental errors of the 
main sensitive elements - accelerometers and gyroscopes - is given 


special consideration. 


In the fifth chapter the common properties are considered, 
the stability and integration of error equations are investigated 
and the relationship of errors in calculating the location of an 
object and its orientation to the instrumental errors of the elements 
is considered. The case of Kepler motion of an object is given 


special consideration. 





The sixth chapter is devoted to the theory of inertial navi- 
gation on the earth's surface. Both inertial systems with three 
arbitrarily oriented accelerometers and those with two horizontally 
positioned accelerometers are considered. The latter are compared 
to Schuller's pendulum - gyroscopic systems, the strict theory of 
which is also presented in this chapter. 


Finally, in the last, the seventh chapter, the problems related 
to autonomous preparation of an inertial system for beginning of 
operation in the case of a fixed starting point with respect to the 
earth, are considered. 


For purposes of compactness, the exposition is performed 
primarily in a vector form, and the elements of tensor calculus 
are employed when considering curvilinear coordinates. The final 
results are usually written in a scalar form. References to the 
literature are given in footnotes and, moreover, a bibliography 
is presented at the end of the book. 


The author is aware that the book is not devoid of deficien- 
cies. Some results could apparently be obtained by simpler means; 
improvements in the portion of selecting the sequence of outlining 
the individual problems are also probably possible. Critical 
comments and desires of the readers will be gratefully accepted. 


The author feels it his pleasant duty to express deep grati- 
tude to A. Yu. Ishlinskiy for unflagging attention and assistance 
in the work on the book. The author also thanks Ye. A. Devyanin, 
I. V. Novozhilov and N. A. Parusnikov for participating in the 
discussion of individual sections of the book. 





The author did not set himself the task of presenting a 
complete survey of the history of development of the ideas 
of inertial navigation. This task is specific in itself and 
can be the subject of a separate investigation. There is 
apparently a need for such an investigation. Ths is es- 
pecially indicated by publication of H. Helman's article 
“Development of Inertial Navigation" in the American journal 
Navigation (Vol. 9, No. 2, 1962). Problems of the history 
and priority are illuminated unilaterally and inaccurately 
in this article. References to a number of other well-known 
investigations of Soviet authors are lacking in it. The 
main references from these investigations are indicated in 
the bibliography at the end of this book. Of course, the 
list does not claim to be complete. 


See, for example: Ishlinskiy, A. Yu. “On the Theory of the 
Gyrohorizon = Compass,” Prikladnaya Matematika i Mekhanika 
Vol. 20, No. 4, 1956; “Equations of the Problem of Calculating 
the Location of a Moving Object by means of Gyroscopes and 


" ~Accelerometers," Prikladnaya Matematika i Mekhanika Vol. 21, 
No. 6, 1957. 





Chapter 1 


Theoretical and Mechanical Bases of Inertial Navigation: Sensing 
Elements, the Fundamental Equation of Inertial Navigation and the 
Principle of Constructing Inertial Navigation Systems 


§ 1.1. The Overall Characteristics of the Method of Inertial 
Navigation 


The main task of any navigation method is to determine the 
location of the object, i.e., to determine the coordinates of 
some point, for example, of the center of mass, in a given system | 
of reference. The problem of an inertial navigation system usually 
includes calculation of the rates of variation of these coordinates 
and also calculation of the parameters which characterize orienta- 
tion of the object in a given system of reference and calculation 
of the variation of orientation parameters. 





The principal characteristic of the inertial method of navi- 
gation includes the fact that the coordinates of the object are 
obtained essentially by integration of the equation of motion of 
its center of mass in the absolute (inertial) system of coordinates. 
The vector of the composite force, applied to the object,which is 
required for integration of this equation, is determined by the / 
indications of special devices = accelerometers (specific force 
sensors) - in the form of projections onto the directions of their 
axes of sensitivity. The axes of sensitivity of accelerometers 
are oriented into the inertial system of coordinates by using 
gyroscopes or by the indications of the accelerometers themselves. 


The inertial (Galilean) system of coordinates, in which 
Newton's laws of dynamics are valid, is the main system of refer- 


ence in inertial navigation. 





The indicated circumstances are more typical for the method 
of inertial navigation and it is associated with them by its name. 


§ 1.2. The Operating Principle and the Equations of Operation 
of the Accelerometer (Specific Force Sensor) 


The idealized scheme of a spatial accelerometer can be repre- 


sented (Fig. 1.1) in the form of a mass point m, suspended in the 


housing of a device in a three-stage weightless elastic suspension. 





Fig. 1.1 
To derive the equations of operation of the accelerometer 
let us introduce a right-hand orthogonal system of coordinates 


0 ean ale - some inertial (Galilean) system in which, by definition, 
Newton's laws are valid. 


Selection of the position of point 0, 


and orientation of the axis &n,0, are not subject to any other 
conditions, 


Let the accelerometer housing move arbitrarily in this co- 
ordinate system. Let us consider the motion of point 0, in which 
the sensitive mass of the accelerometer is concentrated. The 
sensitive mass of the accelerometer is obviously affected only 
by the sum Fs of the Newtonian forces of attraction of the sensitive 


mass by the entire aggregate of celestial bodies, including strictly 
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speaking, the attraction by the masses of the object, in which 
the accelerometer is installed, and force f, which is determined 
by elastic deformation of the suspension. Thus, if Be is the 
radius vector of point Oin the inertial system of coordinates, 
then the equation of motion of point O has the form: 


(1.1) 


mit ce Pele +S. 


The differentiation in equation (1.1) is absolute, i.e., 
a?r,/at? is the absolute acceleration of point O in the coordinate 
system 0 Ealadae { 


To an observer, bound to the housing of the accelerometer, 
the only effect on the sensitive mass m of the accelerometer is 
that of the elastic forces of the suspension, while the parameters 
which characterize this effect are the magnitudes of deformation 
of the suspension, whose function is elastic forces. Only the 
extent of deformation of the suspension can be measured and these 
deformations are the indications of the accelerometer. 


By assuming that deformation is small and assuming that force 


? is proportional to the vector n of deformation of the suspension, 
we have: 


Sahn. (1.2) 


The equality (1.2) assumes the isotropy of the elastic prop- 
erties of the suspension. The three-dimensional suspension depicted 





in figure 1.1 satisfied this condition at small deformations. 


Having taken for simplicity the ratio m/k equal to unity, we 
find from equation (1.1) the following expression for calculating 
the value measured by a three-dimensional accelerometer: 


(1.3) / 
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Here FeF,/m, where F is the attractive force acting per unit 
of sensitive mass, i.e., the intensity of gravity at point 0, 


Thus, the specific force, i.e., the effective force of sus- 
pension per unit of sensitive mass, is measured by means of an 
accelerometer. It is equal to the difference of acceleration of 
the sensitive mass and of the intensity of gravity at the point 
of the current location of this mass. 


Other names of the described device are often used in the 
literature - accelerometer and specific force sensor. The first 
name, and to a known degree the traditional One, does not 
accurately reflect the physics of operation of the device. The 
term specific force was introduced by Draper! The name specific 
force sensor or the specific force meter accurately corresponds 
to the value measured by the device. We will usually employ the 
term newtonometer, introduced by A. Yu. Ishlinskiy. This name 
correctly reflects the essence of operation of the device as a 
force meter (the name Newton has been given to the unit of force 
in the international system of units). 


In the diagram shown in Figure 1.1, where the three-dimensional } 
elastic suspension is realized by three pairs of springs, the in- : 
dications of the newtonometer will be numerically equal to the values ’ 
of projections me of vector n to unit vectors e, of the spring 
axes 
Ane 
(1.4) 

The actual designs of newtonometers are usually single-com- 
ponent. An idealized diagram of a one-component linear (axial) 
newtonometer is shown in Figure 1.2. The sensitive mass of this 
newtonometer has one degree of freedom with respect to the housing 
and can move only in a straight line, called the axis of sensi- 
tivity. It is along this axis that the reactive force of the spring 
of the suspension, deformation of which is being measured, acts on 
the sensitive mass. It is easy to see that in this case the reading 


of the newtonometer will also be numerically equal to the projection 





> 


> 
of vector n to the direction of the axis of sensitivity e. 


Eo=— 
Fig. 1.2 | 


Along with linear newtonometers, so-called pendulum newton- 
ometers are used. An idealized diagram of a pendulum newtonometer 
is shown in Figure 1.3 and is a plane physical pendulum (its axis 
of suspension is perpendicular to the plane of the diagram), connec= 
ted to the housing by springs whose direction of axes are normal 
to the axis of suspension and the axis of symmetry of the pen- 
dulum. It is obvious that with small deformations of the springs, 
i.e., at small deviations of the pendulum from the average position, 
this diagram of the device is equivalent to a linear newtonometer. 


YE", 


g 2 0600 
Fig. 1.3 


Schemes of newtonometers, called integrating newtonometers 
or integrator-newtonometers are possible in which the readings of 
the newtonometers are proportional to the integrals or even to 
double integrals of Ne in time. These schemes are completely 
equivalent to that ‘of § linear newtonometer: the first (or, 
accordingly, the second) time derivative of their readings is 


equal to Ne and is calculated by equations (1.3) and (1.4). 
s 








In the considered schemes of newtonometers (Figures 1.1, 1.2 
and 1.3), the elastic suspension of the sensitive mass is provided 
by using mechanical springs. In real designs of newtonometers 
elastic (restcring) forces of a different nature, most often elec- 
tromagnetic forces, are usually employed. However, this circun- 
stance is unimportant to explain the principle of operation of the 
newtonometer and to derive equations (1.1) and (1.3). Therefore, 
henceforth only a mechanical elastic (spring-loaded) suspension 
will be considered. Let us note, incidentally, that the condition 
of smallness of deformation of the elastic suspension of the new- 
tonometer is not the principal one and we can disregard it. Of 
course the presence of a linear dependence between deformation 
and the elastic force of the suspension is also not compulsory. 
This function should be only single-valued. However, henceforth 
for purposes of simplicity, the relationship of deformation and 
force will be assumed to be linear, which does not negate the 
essence of the consideration. 


‘As already noted, real designs of newtonometers are one- 
component. Three one-component newtonometers whose axes of sen- 
sitivity are not coplanar, may be assumed equivalent to a single 
three-dimensional newtonometer? Thus, in speaking of vector n, 
we will henceforth have in mind equation (1.3). We will assume 
that the readings of the newtonometers are the projections ne 


of vector n to unit vectors e, of the axes of sensitivity. ' 


The readings of the newtonometers are the main information 
which is used in inertial navigation systems. The accuracy of 
operation of inertial navigation systems is determined mainly by the 
accuracy of the specific force measured by the newtonometer. There- 
fore, it is very important to have a distinct concept of the principal 
sources of errors of newtonometers. The first of them is related 
to the inaccuracy of measuring the extent of deformation of the 
springs, which is the carrier of information about the magnitude 
of the elastic force. The second source of errors is determined by 


14 . 








t 


the fact that the actual dependence of the extent of deformation 
on the magnitude of the elastic force can be distinguished from 
the calculating relation used. The third source of errors may be 
the presence of unaccounted for forces, acting on the sensitive 
mass of the newtonometer, in addition to the force of elasticity 
of the suspension. These forces may be, for example, forces of dry 
and viscous friction, which occur in the device when the sensitive 
mass moves with respect to the housing. We note that the indica- 
ted categories of errors generally occur in any measuring device. 
Therefore, we can be concerned with them not only in the case of 
a mechanical spring-loaded suspension, which was discussed as an 
example, but also in the case of an elastic suspension of any 
nature, This in itself means that all the indicated errors can 

be both deterministic and random. 


The essence of the method of inertial navigation reduces to 
integration of equation (1.3). Integration of this vector equation 
obviously requires conversion to three scalar equations, which can 
be obtained by projecting the vector equation to any three non- 
coplanar directions, Equation (1.3) ae valid in the inertial system 
of coordinates 0 poate les while vector ny contained in this eqiemen: 
is known by its pltlaeiche n, to the axes of sensitivity é. of 
the newtonometers. Thus, the Wide natural conversion to padi equa- 
tions is the projection of equation (1.3) either to the axes of 1) 
the —— system 0 poeta ce or to the directions of the axes of 
sensitivity S, of the re SONNE) It would be simplest if the 
directions of e, were fined in the coordinate system Oca Nec ee 
for example, if they coincided with the directions of the axes 
of this coordinate’ system. 


If the directions of e. vary their orientation in the co- 
ordinate system 0 poetacns then one tae know at each instant of time 
the position of che directions of e. with respect to axes FaNa Sas 
One must also know the rates of change of the directions of e, in 
the coordinate system 0 poeta see because the right side of equation 
(1.3), which contains She second derivative da’r o,/at*s is projected 
to the movable direction of e.. 





§ 1.3. The Precession Theory of Gyroscopic Devices of Inertial 
Systems 


1.3.1. The Free Gyroscope 


One of the possible methods of fixing the direction of the 
axes of sensitivity of newtonometers in the inertial system of 
coordinates or to obtain information about the position of these 
directions and the rates of their change is to use gyroscopic de- 
vices. The gyroscope, like the newtonometer, is the main sensing 
element of the inertial navigation system. 


Let us consider the operating principle and the equations of 
operation of the main gyroscopic devices which can be used in 
inertial systems. 


When deriving the equations of operation of gyroscopic devices, 
we will not go beyond the hounds of precession theory. This theory 
makes it possible to obtain the relations of interest to us simply 
and clearly. At the same time restriction to laws of the precession 
theory of gyroscopes only, as was indicated in A. Yu. Ishlinskiy's 
investigation, does not lead to any appreciable errors or in- 
accuracies in the consideration of those aspects of the phenomena 
with which we must be concerned. The operating principles are 
usually selected and the circuits of gyroscopic devices are con= 
structed usually on the basis of this theory. We resort to the 
complete equations of motion of the gyroscope in most cases only 
to provide stability of operation of the circuit (the stability 
of the operating conditions determined by precession equations) 
and the smallness of deviations of real from precession motion. 

I). those cases when the motion of the gyroscope within the en-= 
vicons of precession motion is of a pre-oscillation nature, the 
complete equations are required to investigate the stability of 

the natural oscillations and to find their amplitudes, respectively. 








Henceforth, when outlining the theory of gyroscopic devices 
of inertial navigation, we shall employ the methods of precession 
theory in the form developed by A. Yu. Ishlinskiy> In this 
case we shall assume that the considered precession conditions are 
stable and we will not be concerned with the nature of the tran- 
sient processes which provide this stability. Let us also note 
that precession theory in the problems which will be subsequently 
investigated yields high accuracy. This is a result of the cir- 
cumstance that small and slow time-variable rates of precession 
are being considered. 


Let us consider an ideal free gyroscope (Figure 1.4) that 
is a heavy disc rotating at constant angular velocity and installed 
without friction in a weightless gimbel suspension with three degrees of 
freedom. © The center of mass of the disc is located at the point 
of intersection of the suspension axes, which are assumed to be 
mutually perpendicular. The rotational axis of the disc coincides 
with its axis of symmetry. 





The equation of motion (rotation) of a heavy solid with respect 
to a fixed point has the following form in the inertial coordinate 
system (the theorem of angular momentum): 
ak (1.5) 


a Oo M. (1.5) 
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where K is the vector of angular momentum and M is the vector of 
the total moment of external forces with respect to the point of 


the suspension. 


It is assumed in precession theory that the angular momentum 
of a gyroscope is determined only by its natural rotation and is 
always directed along the axis of its figure. Therefore, by de- 
noting the moment of inertia of the gyroscope with respect to the 
rotational axis by C, the angular velocity of natural rotation 
by b and the unit vector of the gyroscope axis (the axis of natural 
rotation) by €, we will have: 


(Cur) = M. (4) (1.6) 


Assuming that the kinetic moment Cy of the gyroscope is con=- 
stant and denoting it by H, we find the equation 


om (1.7) 


ala 


> 
which relates the rate of change of direction of vector & to the 
external force moment. ; 


If M equals zero, it follows from expression (1.7) that 


de (1.8) 


tT r=, e@ ae, 


Thus, a free gyroscope maintains a constant direction of its 
rotational axis (the axis of the kinetic moment) in the inertial 


coordinate system. 


If three free gyroscopes are taken and the directions of 
the axes of sensitivity of the newtonometers are related to the 


directions of their kinetic moments, for example by aligning them 





identically (25=¢,), and if the directions of é. are combined with 
the directions of the coordinate axes &4,n, and ¢,, then the new- 
tonometer readings of n will be projections of equations (1.3) to 
the axes of the inertial®system of coordinates. It is easy to see 
that two free gyroscopes, with whose axes +t 2 of &, and n,, for 
example, can be combined are sufficient. The equalities CT of 
course, do not have to be fulfilled. It is sufficient to have 
only two free gyroscopes with non-collinearly arranged kinetic moments 
and to be given the position of the directions of the axis of sen- 
sitivity of é, with respect to the directions of their kinetic 
moments. The position of the directions of é. is completely de- 
termined by this in inertial space, 


In real designs the moment M is distinct from zero because 
of friction in the suspension axes, residual unbalance of the 


rotor ,etc. Therefore, 


(1.9) 


where M, is the perturbing moment. Consequently, the axis of the 
gyroscope rotor will be slowly precessed (the so-called free de- 
flection of the gyroscope) by varying its orientation in space 
with time. 


We note that, along with the effect of the above perturbing 
moments, a number of effects determined by the characteristics 
of the dynamics of motion of a free gyroscope in a gimbal suspension 
and related primarily to the effect of equatorial moments of inertia 


of the gyroscope rotor and the moments of inertia of the suspension 


rings, is also added to the free deflection! 





1.3.2. A one-component absolute angular rate meter. 


Let us consider a gyroscope (Pigure 1.5), mounted on a platform in 
a suspension with two degrees of freedom. The center of mass of 
the gyroscope coincides with the center of the suspension. The 
gyroscope housing is connected to the platform by a spring, which 
creates an elastic moment around the axis of the housing as it 
rotates with respect to the platform. 





f “Pig. 1.5 
For comparison of the equations of motion of the gyroscope, 


let us introduce a right-hand orthogonal system of coordinates 
Oxyz, bound to the platform. Let us locate its origin in the 
center of the gyroscope suspension, let us align the y axis along 
the axis of its housing and the z axis normal to the plane of the 
platform. Let point O be fixed in the inertial coordinate system 
and let the platform rotate arbitrarily with respect to this point, 
so that projections of its absolute angular velocity ® to the q 
xX, y and 2 axes are Wyre and Woe 
Let us connect the trihedron Ox y,2 obtained from the tri- 
hedron Oxyz by rotation of it by angle 6 around the y axis, to the 
gyroscope housing. Rotation is counter clockwise if we look from 
the end of the y axis (fig. 1.6), so that the vector of relative angular 
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velocity % is directed along this axis. 





IG) 


Pig. 1.6 
joes 
Let us apply the theorem of the kinetic moment to the gyro- 


scope housing with rotor. Let us project the vector equation (1.5), 


given in the inertial system of coordinates, to the mobile x, y 
and z axes. 


x ' K 
at Kx + VV + K 2, 
° y - (1.10) 


where K x? Ky a and ‘ are projections of vector k to the x, y and z 


axes, iad X, y and z are the unit vectors of these axes. Then, 


1.11 
Kok et hy+ het, | “+k, 24K, a ( ) 


(time differentiation is densted by the dots). Since dx/dt, dy/dt 
and dz/dt are the velocities of the ends of the unit vectors of the 
mobile coordinate system, we have 


1.12 
Gaoxs Baaxy Bawx:. ¢ 

Consequently, 
aK kK ,e+ ky + Rye a X(Ke + Ky + Ke). (1.13) 


» >, > > 
x * + Kyy+k 2 is the derivative of vector K, if we 
assume that the coordinate system xyzis fixed with respect to the 


The vector K 
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inertial system. This derivative is usually called the local 
derivative of the vector. 


Thus aK» 
manne (1.14) 
(K is the local derivative) and from expressions (1.14) and (1.5), 
we find: 
(1.15) 

Ry -+0,K,—0,K, = M,, 

Ry-+0,K,— 09, K, = M,, 

K,-+ a, Ky—0,K, = M,. 


Limiting ourselves to within the scope of precession theory, 
let us take into account during calculation of K only the kinetic 


> 
moment M of the gyroscope rotor. 


It follows from Figures 1.5 and 1.6 that 
K,=Hsind, Kyo=0, K,== Hoss, (1.16) 

It is obvious that in the considered case the moments My 
My and M, are made up of the élastic moment of the spring and of 
the moments of the normal reacticns of the suspension pins of the 
axis of the housing. By noting that normal reactions do not create 
a moment with respect to the y axis of the suspension and by assum- 
ing that the elastic moment is proportunal to the deformation of 
the spring, i.e., to angle 3, we find from relations (1.15) and 
(1.16): 


H(i, sind — ao, cos) =: -- kd, 


(1.17) 
where k is the proportionality constant 
Thus, 
a, sind —«a, cosd== =O, (1.18) 
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then from equality (1.17), we find: 


(1.19) 
bm FOr 


By assuming that angle 6 is small and by assuming cos 6=1] and 
sin 6=65, according to equality (1.18) we can writes: 


i“ 
b= —-0,—-—F75, * 
"oe 


If now 


Mo (1.21) 


then 
bint aw, (1.22) 


Thus, the value 6 of elastic deformation of the spring is propor- 
tional to the projection of Wy of the absolute angular velocity 
of the platform to the axis Xue and if 6 is small and if condition 
(1.21) is observed, then the value of 6 is proportional to the 
projection of Wy, of the absolute angular velocity of the platform 
to its x axis. The value of the elastic deformation of the spring 
can obviously be measured. The considered device may be called 
a one-component absolute angular rate meter. 


1.3.3. A two-component single-gyroscopic absolute angular 
rate meter. We can show that two components of absolute angular 


velocity of the platform can be measured with certain assumptions 
using a single gyroscope, i.e., the rate of variation of some 
direction in the inertial system of coordinates can be measured. 
This possibility is indicated by the circumstance that a free 
gyroscope maintains a direction of the vector of the kinetic moment, 
fixed in absolute space. 


| 
i 








Let us consider a diagram (Figure 1.7) which differs from 
that presented in Figure 1.5 by the fact that the gyroscope is 
mounted on a platform in a suspension with three degrees of freedom. 
The gyroscope housing is connected to the frame of the gimbal sus- 
pension by a spring whose deformation leads to generation of a 
moment which acts on the housing and which is directed along its 
axis (as in a one-component meter). The frame of the device (the 
platform) is connected to the housing in the same fashion. Con- 
sequently, the gyroscope housing is mounted in a flexible suspension 
with two degrees of freedom. The total elastic moment of the sus- 
pension is the only external moment which acts on the gyroscope. 

The vector of the elastic moment, divided by the value of the 
kinetic moment of the gyrvscope H, determines the rate of variation 
of the direction of the gyroscope axis in the inertial system of 
coordinates according to equation (1.7). Therefore, the projections 
of the absolute angular velocity to the axes of the housing and 


frame can be determined by measuring the values of the deformation 
of the springs. 





Let us analyze in more detail the operation of the device, 
Let us connect to its housing a right-hand orthogonal system of 
coordinates Ox'y'z' (Figure 1.8), whose origin we locate in the 
center of mass of the gyroscope, we direct the y' axis along the 
axis of the frame, and we locate the x' axis in the plane in which 
the frame is located, when the spring of its suspension is not 
deformed. Let us connect to the frame the coordinate system Oxyz' 
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obtained as a result of rotating system Ox'y'z' by an angle & around 
the y' axis. Let us also introduce the coordinate system Ox Y 2,0 
rigidly bound to the gyroscope housing. The trihedron Ox ¥.2, is 
obtained from the trihedron Oxyz by rotating the latter by an angle 6, 
(Figure 1.8) around the x axis, which is coincident with the axis 

of suspension of the housing. 





4(4,) 


Fig. 1.8 


Let us now make use of the theorem of the kinetic moment 
[equation (1.5)], having applied it to the two mechanical systems: 
to the housing of the gyroscope and to the frame with housing. If 
the values contained in equation (1.5) are denoted for the first 
system by K' and ff’ and those for the second system are denoted by 
K* and tf?, we find: 


aK dk? 
oN, Fe ae (1.23) 


Equations (1.23) are equivalent to two systems of scalar equations 
of the type of (1.15). The six equations obviously permit calcu- 
lation of the unknown values of 506, and four moments of the normal 
reactions of the axial supports of the suspension of the housing 
and of the inner gimbal. 


Since we are primarily interested in the relationship of the 
values of %, and 8 to the elastic moments of the suspension, we 
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can project the equations (1.23) to those axes with respect to 
which the normal reactions do not yield moments. For the gyroscope 
housing, this axis is the x axis of the housing suspension and for 
the housing-frame system, it is the y(y') axis of the frame sus- 
pension. Then, according to equations (1.15), we will have: 


Rit okt — ak, = AN, (1.24) 


Ky + wk? _ w,K? = an. 


Since only the natural kinetic moment of the gyroscope is 


taken into account, .we have 
Khe Kie0, Khe Kbes—Hsind;, Kp Kp = H cost. (1.25) 


By noting that moments Me NY are created only by the springs 
of the suspension, and by assuming that they are proportional to the 


deformations of the latter, 
(1.26) 


Al ae — ha, My we — kd» 


we find from equations (1.24) and relations (1.25) the dependence 
of 6, and 62 on Oye wy and e; of interest to us: 
(1.27) 
H (ia cos, 4-0, sind) “2. ~ hy, 
uf (+ & sind, — w, cosd,) — ky. j 


The first equation of (1.27) is similar to equation (1.17), 
ind since 
(1.28) 


wy c0$, 4-0, sind, = wy, 


‘t can be written in the form of equation (1.19): 
(1.29) 


= - -_ Oy, 





Since 


geciireng:. (1.30) 


then it follows from the second equation of (1.27) that 


Hos b, (1.31) 


‘=F ee 
N 


If we assume cos é cos 6 =, sin § =6, and sin 6,=6., we have 


(1. 32) 

hea Tig | 

=o, + 2b, 

If we required that the following equality be fulfilled 

(1.33) 

File le ag 1, 

we find 

(1.34) 


hus — 2m, = 5 to, 


Thus, we can find the projections of Oy, and Wy of the 
absolute angular velocity of the gyroscope housing to its axes 
according to equalities (1.29) and (1.31) from the results of 
measuring the deformations S. and a of the clastic suspension, 
these projections coinciding with those of Wy and wy, of the abso=- 
lute angular velocity w to the axis of the housing suspension and 
to the axis of the frame at small values of ‘. and Y. and if the 


requirements of (1.33) are fulfilled. 





The considered device can be called a two-component single- 
gyroscope absolute angular rate meter. 


1.3.4. A three-dimensional absolute angular rate meter. 


Three one-component meters, structurally connected into a single 
block so that their axes of sensitivity form an orthogonal trihedron, 
are employed more often than other schemes for measuring the absolute 
angular velocity of a rotating trihedron. This unit is a platform 
(Figure 1.9), on which three gyroscopes Ge Ge G, are installed in 
suspensions with twoedegrees of freedom. A right-hand orthogonal 
coordinate system Oxyz, whose Oz axis is normal to the plane of the 
platform, is connected to the platform. The axes of the housings 

are parallel to the plane of the platform, where the x, and x, axes 





of the housings of gyroscopes * and G, are parallel to the x axis 
of the platform, while the %; axis of the housing of gyroscope G, 
is parallel to the y axis of the platform. The gyroscope housings 
are connected to the platform by springs (they are not shown in 
Figure 1.9), which create moments around the axes of the housings 
similar to that which occurred in a one-component absolute angular- 
rate meter (figure 1.5). In the position when the springs are not 
deformed, vectors H and Hy of the kinetic moments of gyroscopes 

G, and o. are normal to the plane of the platform, and vector Hy 

of the kinetic moment of gyroscope G, is parallel to the y axis. 








The orientation of the gyroscope housings with respect to 
the direction of the x, y and z axes is determined by the position 
of the systems 01%) ¥3240 Ox5Y 525. and 03%3Y373 i pe origin 
of each of these systems is shifted with the center of the sus- 
pension of the corresponding gyroscope, the z +2, ,and y, axes coincide 
with vectors iH ,H),and Hi of the kinetic moments, while the XoXo 
and y, axes are directed along the axes of the housings of the corres- 
ponding gyroscopes. As was already noted, when the springs of the 
suspensions are not deformed, the ze z, and z, axes are normal to 
the plane of the platform (the xy plane). In the general case, 
these axes are deflected from the normal toward the platform by 
angles be a and $ respectively, so that the table of the direc- 
tion cosines between axes Xie i zixe - and Zz, and x0 Bs and 


1 
z, and between axes x, y and z has the form: 


(1.35) 
aN 2 Sy My My MW a 
x 4 0 0 cost, O sind, | OO 0 
y 0 cosh, —sind, 0 § OO O cosd, — sind, 
2 0 sind cosh; —sind, 0 cusd, 0 sinds — cosdy. 4 


Let point O (the center of the platform) be fixed in the in- 
ertial coordinate system. Then the motion of the platforn. consists 
only of rotation around point 0, so that the projections of the 
absolute angular velocity ub of the platform to the x, y and z will ‘ 
be Wy wy and Woe 
Let us compose the equations of motions of gyroscopes Gio G. 
and G, in projections to the x, y and z axes, having applied the 
theorem of the kinetic moment to each of the three gyroscope housings. 


Projections of the kinetic moments K', K*, K*? to the x, y and 


z axes are found by using the tables of the direction cosines (1.35), 
if we take into account that the vectors i. A and H of the kinetic 





moments are directed along the ze z, and z, axes, respectively. 
These projections are equal to: 


(1.36) 
' Kye, Kies --Hysind,, Ky e= I, cosd,, 
Kile Mysind, Kp=0, Ki} x HH, cosd), 
1 Ki 220, K} es Hycosd, | Kye Hysinds, 


By projecting the equations of the angular momentum for gyro- 
scopes G, and G, to the x axis and that for gyroscope = to the 
y axis, we find according to equations (1.15): 
(1.37) 


My (oy cosd, +. ty, sind) a AL, 
fh, sin Sy 0, cos 4) = AE, 


My (wm, sind, — @, Cos d)) as Mt. 


We note that the moments of the normal reactions of the supports 
are not contained in the moments Myo My and My. Moreover, since 
the gyroscope housings are assumed to be balanced with respect to 
the axes of their own suspensions, the moments of gravitational 
forces may be assumed equal to zero. However, one should bear in 
mind that in the previously considered cases the origin of the ro- 
tating coordinate system Oxyz coincided with the center of the 
gyroscope suspension (and with its center of mass). In the case 
now being considered, the centers On O. aS of the gyroscope sus- 
pensions do not eincide with the center of rotation of the plat- 
form 0, Therefore, additional forces of transient motion inertia 
and Coriolis forces, which, generally speaking, may create moments 
around the axes of the housings, act on the gyroscope masses. 
However, because of the small distances of points Ow es and oh 
from the center of rotation of O and because of the limitation of 


values Wye YW and wu these moments are negligible. Also taking 


y 2° 
into account that perturbing moments may be created by only that 
portion of the forces of inertia, which determines the inhomogeneity 


of the inertial force field within the gyroscope housing rather than 








by all the forces of inertia because of the balance of the gyro- 
scopes, we disregard the indicated moments as is accepted. 


Thus, the only moments applied to the gyroscopes along the 
axes of the housings are those of the flexible couplings of the 
suspensions. By assuming that they are proportional to the defor- 
mation of the suspensions, we have: 


Mi =e — hd, MT=— bd, ME — hs 


By substituting these expressions into equalities (1.37) we 
find 


(1.38) 


a, cos, -f- w, sind =a — i 4. 
i 

w, 8nd, — w, cosd, == — it 4. 
t 


_ =m LA 
wy, sind, — w, cosd, Tr 6. 


In the relations (1.38), as follows from the table of direc- 
tion cosines (1.35), 





(1.39) 
u, cos 6, -{- 0, 3108, == ay, , 
a, sind, —- w, 6058; =2 — oy,, 
wy, st0d, — «, c09d, ce —uy,,, 
so that 


My, 2 hie om, Tete , = bs, (1.40) 


The system of equations (1.38) should be solved to find the 


values of Wye Oy and wu, from the known values of Sie af and 6° 


Zz 





The determinant of the system of algebraic equations (1.38) 


with respect to Wr W and w. is 


Y 
(1.41) 
0 cosé, sind, 
—cosh, 0 it = —cosd,cos(d, — 4,). 
0 sind, cus 6, 


= 





4 


This determinant is equal to zero when the following equalities 
occur separately or simultaneously 


Gath, hath, (1.42) 


When fulfilling the first equality of (1.42), the vector i 
of the kinetic moment becomes parallel to the y axis, and when the 
second equality is fulfilled, the vectors of the kinetic moments 
i, and i become parallel. 


In our case angles ee 6, and é. are small, the determinant 
(1.41) is different from zero and the system of equations (1.38) has 
a single-valued solution: 
; k sind, . (1 ° 4 3) 
= 7, ot samc, By 

1 a, k, 
0, Saxqe may (ity ast 4 gees). 
! (i. $, cos d, - eh sind} 


Oe os (= BY 


We note that formulas (1.43) are accurate. Their derivation 
did not require restrictions of the type of (1.21) and (1.33), which 
were introduced in one- and two-component (simple gyroscope) 
absolute angular rate meters. 


If the values of angles Sis 6, and . are small, then, by 


retaining terms of the second order of the smallness, we find, from 





formulas (1.43) 


(1.44) 
OTT As 
i aa is * = Ths 
oe i 8+ i diay. 
Thus, the relations 
(1.45) 


a 
o, = 7-4. W, os He 0,3 = ne 


determine the projections of the absolute angular velocity of the 
platform to its axes with an accuracy up to terms linear with re- gj 
Spect to é 5, and be 


We note that the arrangement of the gyroscopes presented in 
Figure 1.9 is not the only one. Other arrangements are possible 
which satisfy the condition that the vectors 


\ 1,46 
WX so WAX sy MAS, (1.46) 


form an orthogonal set of three (here Sy s, and s, are the unit : 
vectors of the directions of the axes of the gyroscope housings). 


In the gyroscopic indicators of absolute angular velocity con- 
sidered above, the elastic moments around the axes of the gyroscope 
suspension were created by using the springs. In real designs 
these moments can also be created by forces of different origin, 
for example, by electromagnetic forces. The nature of the re- 
storing moments has no essential significance for derivation of 
the relations which determine the operation of gyroscopic velocity 
meters. As in the newtonometer circuit, the elastic moment in gyro- 
scopic absolute angular rate meters does not have to be proportional 
the the angle of rotation (deformation of the spring). If the de- 





pendence is linear, the corresponding relations become especially 
simple and principally important only in order that the dependence 
of the elastic forces onto the corresponding angles be known and 
single-valued. As a measuring device the gyroscopic absolute 
angular rate sensor is similar in many ways to the newtonometer. 
The sources of errors of newtonometers and of absolute angular 
rate meters, in particular, are similar in many ways. The main 
errors of the latter are related to inaccurate sampling of the 
value of spring deformation, to an imprecise knowledge of the 
actually existing dependence of the value of the elastic moments 
onto the corresponding deformations (or the instability of this de- 
pendence from measurement to measurement) and to moments not taken 
into account. 


These moments are caused by two main factors: non-coincidence 
of the center of mass of the gyroscope to the center of its sus- 
pension and to the moments of dry and viscous friction in the supports 
of the axes of the gyroscope housings. Besides the indicated factors, 
certain affects related to the dynamics of motion of the gyroscopic 
measuring device in the gimbal suspension with regard to the mo- 
ments of inertia of the wheels of the latter,” also leads to 
errors of the measuring device. 


All these errors can be represented in the form of certain 


perturbing moments Me! mM: and Me which act along the axes of 


y 
the housings of gyroscopes Ge .. and G,- The instrument errors 


Aw, Aw. and Aw, of the absolute angular rate meter will then be 


Y 
equal to: 


An, AS, MS, (1.47) 
Aw, == — 7 Aa, == 7 Aa, =: Tr 


It is also necessary to bear in mind another circumstance. When 
deriving all the relations for angular rate meters it was assumed 
that the natural kinetic moment of the gyroscope is constant. More- 
over, in real gyroscopes the constancy of the rate of \ 
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turning of the rotor with respect to the housing can of course be 
maintained only with some finite accuracy. The difference of the 
value of the kinetic moment of the gyroscope from the constant 
value also leads to errors in absolute angular rate meters. The 
nature of these errors is easily established by resorting to the 
initial equation of angular momentum (1.5). Since only the natural 
kinetic moment of the gyroscope was taken into account when deriving 
the equations of motion of angular rate meters, then by introducing 
the unit vector € of the direction of the kinetic moment vector, 

we find: 


Alle) MMe Hy 4 MND, (1.48) 


where AH(t) is variation of the value of the kinetic moment. Then, 


(1.49) 
a 
Cr + All) a =M—e < All. 


It follows from expression (1.49) that variation of the kinetic 
moment H by value AH(t) leads to the fact that only H+AH instead 
of H should be substituted in all the derived equations, because 
the perturbing moment -242 AH is immaterial in view of the fact 
that it is directed along the gyroscope axis. 


For a free gyroscope some (small) variation of the value of H 


of course has no significance whatever. 


1.3.5. Frec and controlled gyrostabilized platforms. In con= 


clusion let us consider yet another type of gyroscopic device, used 
to maintain fixed orientation in an absolute space bound to the 
gyroscopes of a trihedron or to change this orientation by a given 
law. We have in mind devices which are called gyrostabilized plat- 
forms. These devices are employed extensively in view of a number 
of their inherent advantages. Without familiarization with them, 


exposition of the operating principles of gyroscopic orientation 


displays would be essentially incomplete. 





A three=-dinensional gyrostabilized platform (Figure 1.10) is 
a platform mounted in a suspension with three degrees of freedom, 
Three gyroscopes Ge G. and F are secured on the platform in sus-~ 
pensions with two degrees of freedom in the same manner as in the 
previously considered three-component absolute angular rate meter 
(Figure 1.9). Unlike the latter, there is no flexible coupling 
of the gyroscope housings to the platform. Sensors DU e DU, and 
DU of angles Se 8. and 6 of rotation of the axes of the housings 
with respect to the platform are installed along the axes of the 
housings. These attitude sensors control operation of engines Bn 
En, and En» which create moments with respect to the axes of the 
gimbal suspension. In the case of a controlled platform, moment 
sensors DM» DM, and DM_, by means of which given (control or correc- 
ting) moments are transmitted to the gyroscopes of the platform, are 
installed along the axes of the housings. The attitude and moment 
sensors are denoted only by gyroscope G, in Figure 1.10. 





Fig, 1.10 





Let us introduce the right-hand orthogonal coordinate systems 


Ox,y,2,, Ox’y'2', Ox" y"2" ons Oxyz, 


bound to the base on which the gimbal suspension of the platform 
is installed, to the outer ring of the gimbal suspension, to the 
inner ring of the gimbal suspension (to the outer ring of the ring 
mounting, Figure (1.10) and to the platform, respectively. 


The X% axis is directed along the axis of the outer gimbal 
ring. The y, and z, axes form a right-hand orthogonal se* of three 


with the x, axis. 
7 
e fe e 
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Fig. 1.11 Fig. 1.12 

The coordinate system Ox'y'z' (Figure 1.11) is obtained by { 
rotating the coordinate system Ox,y,2, around the x, axis by 
angle a. Counterclockwise rotation is assumed to be the forward 
direction of rotation if we look from the end of the x, (x') axis. 
Thus, the relative angular velocity vector a coincides with the direc- 
tion of the x, (x') axis. The position of the y' axis determines 
the direction of the axis of the inner suspension ring. If a=o, 
the coordinate system Ox'y'z' accordingly coincides with the coordinate 
system Ox,y,Z,, bound to the base. 


Trihedron Ox"y"z" (Figure 1.12) is obtained from trihedron 
Ox'y'z' by rotating it by angle 8 around the axis Oy’ (the axis of 
the inner suspension ring). The vector 8 of the relative angular 
rate of rotation is directed along axis y'(y"). Axis 2" of tri- 


hedron ox"y"z" coincides with the normal to the plane of the plat- 
form. 





To convert to the coordinate system Oxyz (Figure 1.13), the 
trihedron ox"y"z" should be rotated by angle y around the z" axis, 
which obviously corresponds to rotation of the platform by angle y 
with respect to the outer band of the ring mounting. Rotation 
counterclockwise is assumed to be positive if looking from the end 
of the z" axis. Vector Y of the relative angular rate of rotation 
is directed along the z"(z) axis. 


2%) 
? 
iy 
4) 
Fig. 1.13 


The relative positions of the coordinate systems Ox,y,Z,, 
ox'y'z', Ox"y"z" and Oxyz is determined by the following tables 
of direction cosines 


(1.50) 
x’ y's gt x ff a x y 2 
x1 60 0 x’ cosp O sinp x” cosy —siny 0 
% Ocosa-sinan yy O $0 ¥” siny cosy 0 
#0 sina cosa 2’—sinpOcosp 2” 0 Ot. 


The vectors of the moments of the engines En, ‘En, and En, 
are directed along the axes x,(x'), y'(y") and z"(z) which are the 
axes of the platform suspension, The engine housings are installed 
on the base (object) (En), on the outer cardan ring (En,) and on 





the platform (Ende respectively. 





This position of the gyroscopes on the platform (relative 
to the bound system of coordinates oxyz) is the same as in the case 
of a three-component absolute angular rate meter (Figure 1.9). 
Therefore, to determine the position of the gyroscope housings re- 
lative to the x, y and z axes, the trihedrons Ox YF sty uF, 
and OXY 425° bound to them, whose orientation in the coordinate 
system Oxyz is given by the table of direction cosines (1.35), may 
be retained. 


Let the center of the platform suspension - point U - be fixed 
in the inertial coordinate system and let the projections to the 
x, y and z axes of the absolute angular rate ® of the platform in 
its motion with respect to point O be Wye wy and Woe 

To construct the equations of motion of a gyrostabilized plat- 
form, six mechanical systems should be considered: 1) the device as 
a whole, 2) the inner gimbals that which is 
distributed on it, 3) the platform together with the gyroscopes 
mounted on it, 4) the housing of gyroscope Gi 5) the housing of 
gyroscope GC. and 6) the housing of gyroscope G.- The motion of 
these systems completely determines the motion of all parts of the 
device both relative to the inertial system of coordinates and 
relative to each other. 


The theorem of the kinetic moment fequation (1.5)] is used to 
compile the equations of motion, Waving applied it to each of the 
systems being considered, we find: 


(1.51) 


ae = M! (1 23, 4 5. 6 


The system of equations (1.51) is equivalent to 18 scalar equations, 
of which in the general case 18 unknowns can be determined: six 
angles arbre ¥ed 45, and 6. and 12 moments of the normal reactions 
of the supports of six axes ( three gimbal axes of the platform 
and three axes of suspension of the gyroscope housings on the platform). 
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However, on the basis of equations (1.51), we can find those six 
relations into which the moments of normal reactions do 
not enter. To do this, we Meal obviously project the i-th equation 
of (1.51) to the direction : a , so that the projection of the vector Ni of 
the moment of normal reactions in this direction is equal to zero. 


According to relations (1.15) and (1.51), this type of equa- 
tion will have the form: 


(08 ont eat) (1.52) 
+(e bask —wxt)eos( w+ 
jee at wy Ka teus (277 w)= 
= Meos Qn) + My cos(ye WD) A cos (EH) 
Since, 
Mi cos(xo wn!) + All cosy W!) + Al cos(z, 18!) = AL (1.53) 


then we can select the directions of the suspension axes for the 
directions of ji>. 


; As before, on the basis of precession theory, when calculating ij 
ar, we take into account only the natural kinetic gyroscopic moments. 1 
By noting that all three gyroscopes are contained in the first three | 
systems into which we divided the considered device, we conclude 
that 


K! =: K? = K'== K’, 


As already noted, this position of the gyroscopes of the 


investigated device with respect to the x, y and z axes is similar 
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to the disposition which occurred in the previously considered three- 
component absolute angular rate meter, Therefore, when looking for the 
projection of the vector K' to the x, y and z axes, we can use ex- 
pressions (1.36) to project the kinetic moment of each gyroscope 

to these axes. By totalling the corresponding projections and by 
assuming for simplicity 


Hy = Hy os Hy Hl, 


we find 


Kiectlsind;, Koo tl(—sind, +03). (1.54) | 


Ki = H (cos, -+- cos, — sinds). 


Let us take the direction of axis 0x,(0x') of the outer 
gimbals of the device as the direction of ji? for the first 
system. The cosines of the angles of this axis with the x, y and z 
axes, according to the tables (1.50), are equal to: 

(1.55) 


c~ oo 
cos(x’, x)=scosfcosy, cos(x’, y)e= —cosfsiny, 


—~ 
cos(x’, Z) ==sinf. 


By substituting expressions (1.53), (1.54) and (1.55) into 
equality (1.52), we find the equation of motion of the first system: 


(1.56) 
a { [a sind, + «, (cos, + cosd,-+ sind,) — 
— wo, (— sind, + cos8,)] cos cos y— 4. (—sind +- cos 6,) + 





4- u, sind, — a, (cos 4, 4- cos, -f sin | cosfisiny+- 
+ (a (cosd, +-cosd, -+-sind,) +0, (— sind, + cosd,)— 
—a, sin 6,| sin n} c= AN. 
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Let us take the direction of the y' axis of the inner ring 
cs 
as the direction of }:* for the second system. Taking into account 


that 


cos(y, x)e=siny, cos (i, y)e2 cos y, cos(y. 2) = 0, un om 
we tind the equation of motion of the second system: 
(1.58) 


i { +; sind, -- a, (cos, + cosa, -f- sind.) — 
—w,(— sind, -+ cos 6) sin Vb [+ (— sind, +-cosd,) + 


“ba, sind, — w, (cos 4, 4 cosd, -}- sin Ayleos vt 2 ihe” 


For the third system ( the platform ), the direction of ut is 
the direction of the z axis; therefore, its equation of motion is 
simpler than the two preceeding ones. It has the form: 


a (1.59) 
H{ 5 (cos, - cos, 4-sind,) 4 w,(— sind, +-cos dy) — 


—o,sIn &] = At}. 


It remains for us to draw up the equation of motion of the 
gyroscopes Gre and G The directions of i for them will be the 
directions of the axes of the housings. Since disposition of the 
gyroscopes with respect to the platform is taken the same as in an 
angular rate meter with three degrees of freedom, then the equations 
of systems 4, 5 and 6 will coincide with equations (1.37), if we set: 

(1.60) 


Hy My yes Ws Mba AM, Albes AN, AN = Att. 


By combining equations (1.37), (1.56), (1.58) and (1.59) we 
find a complete system of six first-order differential: equations 








which describe the motion of the gyrostabilized platform: 


1.61 
Hdl a snd, +0, (cosd, + cosd, + sind) — 1, ( ) 


— ©, (— sind, + cos 5) cosAcosy — 





- fi sind, + 6058, -+ w, sind — 

— 1 (6088, + cos 85 + sind] cosspsiny + 

+ [4 (cos 6, + cos, +sindy) +a, (—sir'd,4c038)— |, 
=a sind} sip h b= Ah, 
A [ Fsind, +0, (cos. “980+ sind) — 
= ©, (—sind, + cosd,)}sipy + £ (sind, + cosd,)-+ 
+ ©, sind,—0o, (cosd, + cos 83+ sin 5] cos v} = Aft, 
H| § (6082 + c050, 451d) 4 
+0, (— sind, +058) —o, sind] = AR, 
Hw, cosd, + w, $10d,) = Aft, 


H(@,sInb, — w, cos 6) = Af, 
H@, sind, ~o, €08.6,) = Aft, 


| 


Let us consider the right sides of equations (1.61). 


The moments Mie My and Mu which act along the axes 
of the gimbals of the platfor:, can be represented in the follow~ 
ing form: : 
My = AM tM, 
Mp eM 4 AL, Se 
Mis A, 4 AM}. 


43 





where Mi Moy! and Mi, are the moments created by the relief en- 
gines en? le and ae and which are dependent on the angles be 6 

and é, of the rotation of the gyroscope housings relative to the 
platform, and Mate wy! and W are the destabilizing moments. The 
destabilizing moments are formed by the friction forces in the supports 
of the platform suspension axes and by attractive forces (within 
accurate balancing). The moments caused by errors of forming the un- 
loading moments are also related to this. 


The moments My. My and Me, which act along the axes of the 
gyroscope housings, may be represented in the form: 


(1.63) 
AUS em MI, 4- Ath, 
M; m= Ah, + My. 
AIS =e ANS, -} MS,. 


Here My Mi yand e are the controlling moments which orient the 
platform in the given manner. Moments My My and Me occur be- 
cause of friction in the supports of the axes of the gyroscope 
housings, unbalancing of the housings relative to their axes 
and because of errors of forming the controlling moments. The per- 


turbing moments Moe! mM and Mx are the main cause of errors in 


y 
orientation of the gyrostabilized platform. 


We note that equations (1.61) are sufficient to describe the 
motion of the system (within the limits of precession theory) only 
on the assumption that the friction forces in the supports of the 
axes are not dependent on the magnitudes of the normal reactions. 


In the opposite case, it is of course necessary to retain all 18 


equations of (1.51). Let us note those, where the left sides of 





> 
equations (1.61) are dependent only on a, but are not dependent 


ona. Angle a is thus a cyclic coordinate. 


Together with relations (1.62) and (1.63), equations (1.61) 
describe the motion of both a free and controlled gyrostabilized 
platform. In the case of a free gyrostabilized platform 

Mi, <= A= Alf, 0, (1.64) 
me 


In the case of a controlled gyrostabilized platform, these 
moments are distinct from zero. 


Let us first consider the case of a free gyrostabilized platform. 
In this case the last three equations of (1.61) yield: 
(1.65) 


&, cus + w, sind, = 0, , sind; — w, cos d, = 0, 
4, 81nd; — w, cos, = 0, } 


Relations (1.65) are a homogeneous system of linear equations 
relative to Or w and Woe Its determinant A, according to 
expression (1.41), is equal to: 


(1.66) 
A= — cosd,cos(d, — 0), 
When 
(1.67) 
Wl. WES Ze Ib < > 

the determinant is distinct from zero and system (1.65) permits 

only a zero solution: 
(1.68) 


wo, =O), == 0, = 0, 


This obviously means that the platform retains its fixed orien- 
tation in the inertial coordinate system. 
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If in addition to equality (1.64), we assume that 
(1.69) 


At, <= Atl, <2 Mi = 0, 


then, by taking into account ‘tie solution of (1.68), from the first 
three equations of (1.61), we find: 
ad (1.70) 
H { (a sind) cos pcos Y- [ ‘. (— sind, +vs8)} x 
Xcospsiny-+ (a (cosd, + cosd,-tsind)] sing} = 0, 
u a sind) sin y+- <i (—sind,+-c088,)] cosy} == 0, |- 
H A (cosd, + cost, + sind) = 0, 


cepa 1 2 3 
In the case where the destabilizing moments Moyes Moy'! Moy. act 


along the x', y', z axes, values 81, $5, 63 will vary with time and '' 
can, in particular, take those values under which determinant (1.66) 
will become equal to zero. Then the existence condition for of 
solution (1.68) is broken and the orientation of the platform will 

no longer remain invariant. In order for this not to occur, that is, 
in order that angles $y. Soe $3 will be small and that inequalities 
(1.67) be trivially fulfilled, the engines En, En, and En, are 


introduced into the circuit of the device. These engines create unloading 


moments Mgt Moye and a + which counteract the affect of the 
perturbing moments. The unloading moments can be formulated in the 
following manner: 


(1.71) 


Mi = — kA, cosficosy — AA, cospsiny, 
Miy = — RN, sin yf RA, cosy, 
Mies — ky. 


By taking into account inequalities (1.67), we note that the 
unloading of moments, calculated by relations (1.71), provides the 








existence of a trivial solution of the first three equations of 
(1.61), if of course there are no destabilizing moments. Having 
taken coefficients ke k, and << sufficiently large, i.e., such 
that the values on the right sides of relations (1.71) exceed those 
corresponding to the destabilized moments at small values of 6 , 6 
and So. we can provide trivial fulfillment of inequalities (1.67). 


We can easily ascertain that the equilibrium position of 
the circuit 


(1.72) 
6, = 4, =s4,:=0 


is stable (within the limits of precession theory). 


At small values of bs 6, and Sie from relations (1.61), (1.68) 
and (1.71) we find: 


(1.73) 


HH & cos cos y-+ 4, cospsiny + 6, sing) = 

== — kb, coshsiny — kA, cospcos y, 
Hd, siny — cos y) = A, cosy — AAgSiny, 
Hb, = -- kp. ‘| 


It follows from the last equation of (1.73) that at kw the 
value of e approaches zero in time. Therefore, the stability of 
the equilibrium position of (1.72) is obviously determined by 
the properties of the solutions of the system o:} the two first 
equations of (1.73) at 6 which in this case assume the form: 

(1.74) 


Hebs nb, cos y+. 4, sin y) == 
= —cosp (ayo, siny 4° 4, cos y), 
H 4, siny — 4, cos y) == kb, cosy — kp, sin y: 





Having multiplied the first equation of (1.74) by cos y and 
the second by cos 8 sin y and having added the results obtained, 
we find 

corp tb, + Ady) ==0, oe 


Having multiplied the first equation of (1.74) by sin y and 
the second by cos 8 cos y, and having added the results, we find: 


(1.76) 
cosh (Hi, + k,d,) = 0, 


The stability at 6 #0/2,% 0 and k,>0 also follows from the 
form of equations (1.75) and (1.76). 


The comment with respect to disposition [see (1.46)] of the 
gyroscopes on the platform, made during analysis of operation of the 
absolute angula” rate meter, remains in force for the gyrostabilizer 
circuit. 


It should be noted that consideration of the stability of the 
gyrostabilized platform within the limits of precession theory is 
usually insufficient. Final solution of the problem of the sta- 
bility of the equilibrium position of (1.68) and (1.72) requires 
consideration of more complete equations than (1.61), in which the 
equatorial moments of inertia of the gyroscopes, the moments of 
inertia of the gyroscope housings and the gimbal , 
as well as the dynamic processes occurring in the formation circuits 
of the unloading moments, should be taken into account. Complete 
investigation of the stability of precession motion of gyroscopic 
devices is a special problem which is not considered here. A 
number of well-known investigations, ~° to which one should turn 
if necessary, is devoted to the solution of this problem. 
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Let us now consider the case of a controlled gyrostabilized 
platform. In this case orientation of the platform does not re=- 
main fixed in inertial space, as in the case of a free gyrostabil- 
ized platform, but varies by a given law. Moment sensors DI. DM. 
and DM mounted on axes Xe a and x, of the gyroscope housings 
(Figure 1.10), are used to control rotation of the platform. The 
corresponding moments were denoted by M x, My and Me 


It follows from the three last equations of (1.61), provided 
that the conditions of (1.67) are fulfilled, that 
att sind, (1.77) 
ee — ay! + mite 
x a My cos, +- aie sind) fi 


1 at Mie 
6, = oexelw tind, + Mis cont) ’ 


1 Ae, At, ) 
4, = ee cos4, — =a sind,}. 


Expressions (1.77) are obtained in similar fashion to formulas 
(1.43), derived during analysis of operation of a three-component 
absolute angular rate meter. If Se 6 and 6 are small, then, 
Similar to (1.45), we obtain from expressions (1.77) 


(1.78) 


A at 6 
a ee a + Oy i 1 Oe ae. 


Thus, if moments Fos My and it’. are formed as the given time 
functions and if the value of H is assumed to be constant, then, 
according to the equalities of (1.78), the projections Wee w and 
w, are also given time functions. The values of Me My and it. 
Or any other values which uniquely determine these moments, may be 
used as the information source of the projections of Wr w and 
w, of the absolute angular rate of the platform onto the axis of 
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the coordinate system xyz, bound to it. 


Equalities (1.68) for an uncontrolled gyrostabilized plat- 
form and relations (1.78) for a controlled gyrostabilized platform 
are valid if (1.69) is assumed. If this assumption is not ful- 
filled, i.e., if perturbing moments My! Mey and Mee act along the 
ax¢s of the gyroscope housings, then in both cases instrument errors 
dw, aa and Aw.» determined by the following equalities, occur: 

(1. 78a) 
bv, = — Be, du, = te, Aa, == Ate 

The values of Aw i? Aw. and dw. are called "free deflections" 

of the ayrostimill iced platform. 


1.3.6. Free and controlled gyro frames . The gyroscopic platform may not 


be the load- ~bearing element buc the friction in its suspension may 
be insignificant. For “example, the platform may be surrounded by 

a spherical shell and suspended in a liquid with a low viscosity 
factor. 


In this case, the angle of rotation sensors of the gyroscope 
housings with respect to the platform, the unloading engines and 
circuits of formation of the unloading moments may be eliminated 
from the circuit considered in section 1.3.5. 


The corresponding gyroscopic devices are usually called gyro 
frames (in the given case this will be a three-dimensional three- 
gyroscopic gimbal). Like gyrostabilized platforms, gyro frames 
May be free or controlled, depending on whether the controlling 
mMomn2nts are applied along the axes of the gyroscope housings or 
whe cher they are absent. In the first case the platform of the 
gyr frames retains its own fixed orientation and in the second 


cas: it rotates at an angular rate w, whose projections onto the 





x, y and z axes of the gyroframe are bound to the controlling 
moments of relations (1.78). The perturbing moments along the 

axes of the gyroscope housings lead to deflections of the gyro- 
frame according to the equalities of (1.78a). 


1.3.7. Additional comments. In concluding consideration of 
gyroscopic devices of inertial navigation systems, it is useful to 
make several comments of a general nature. 


We have considered several methods of constructing gyroscopic 
devices, by means of which information can be obtained about the 
orientation of some trihedron connected to the gyroscopes in an 
inertial coordinate system. All these devices can be combined by 
a single common name of absolute angular rate meters. This ex- 
pansion of the concept “absolute angular rate meter" is useful be- 
cause it permits consideration of almost all gyroscopic devices of 
inertial navigation systems from a single viewpoint. However, it 
should be noted immediately that there is a considerable difference 
between a free gyroscope and free gyrostabilized platform, on the 
one hand, and a controlled stabilized platform and essentially 
angular rate meters. Free gyroscopes and gyrostabilized platforms 
retain a given fixed orientation of the trihedron bound to then. 
Thus, the orientation of this trihedron in an inertial coordinate 
system is immediately known. 


A strictly angular rate meter and a controlled platform permit 
only measurement of the value of projections of the absolute angular 
rate of a mobile trihedron to its axis. The orientation of the 
mobile trihedron in the inertial coordinate system can be determined 
by these values. This additional problem requires solution of a 


system of differential equations, which, as we shall see below, re- 
12 





duces to the well-known Poisson equations. 
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One of the consequences of the noted difference is the circum- 
stance that the inconstancy of the quantities of the natural kinetic 
moments of the gyroscopes in the circuit of the controlled gyro- 
stabilized platform (or of the absolute angular rate meter) leads, 
as was already noted, to orientation errors (or to errors in deter- 
mining the projections of the absolute angular velocity), and in 
the case of a free gyroscope and free gyrostabilized platform the 
inconstancy of the kinetic moments of the gyroscopes do not induce 
any of the indicated errors. 


This is obvious from relations (1.65), (1.68) and (1.75)-(1.78). 
Relations (1.65) were obtained from the three last equations of 
(1.61) under the condition. (1.64) and are not dependent on the value 
of H. The existence of solutions of (1.68) is also not dependent 
on H. The stability of this solution is retained according to (1.75) 
and (1.76) at any values of H distinct from zero. The value of H is 
essential in relations (1.77) and (1.78). When calculating Ws wy 
and w, from the known values of Me My and Me [according to 
formulas (1.77) and (1.78)], the difference of the real value of H 


from the calculated value by the quantity AH leads to errors: 





Ao, = 0, at + day = —o, ad . ho, =—o, “ , 


In the circuits of a three-component absolute angular rate meter, 
free gyrostabilized platform and controlled platform considered 
above, the gyroscopes are installed so that their axes of sensi- 
tivity form an orthogonal set of three. The axis of sensitivity 
of a gyroscope is here understood as the direction perpendicular to 
the plane, containing the direction of the natural kinetic moment 
and axis of the gyroscope housing, and determined by equalities i 
(1.46). The mutual orthogonality of the directions of the axes 
of sensitivity of the gyroscopic moments is of course not compulsory. 
The condition of orthogonality is usually observed in most real 
designs of devices, because this condition leads to simpler relations 





when calculating the values of the components of the absolute 
angular velocity, controlling and unloading moments etc.. As is 
well known, it is also suitable for a number of design and tech- 
nological concepts. Construction of circuits in which the direc- 
tions of the axes of sensitivity are not orthogonal is essentially 
possible. It is important only that the three directions of the 
axes of sensitivity not be coplanar. 


The following comments, which it is necessary to make, concern the 
assumption: made during derivation of the equations of the pre- 
cession motion of the gyroscopic devices considered. The fact is 
that the angular momentum theorem {expression (1.5)] is generally 
valid only if the point, relative to which the angular momen- 
tum of the system and the external force moments are determined, 
is fixed in the inertial coordinate system, In all cases when 
equation (1.5) was used, the stipulation was made that the origin O 
of the trihedron Oxyz is fixed in the coordinate system O Eata Ses 
Actually, the platform of the gyroscopic device is mounted on a 
moving object and, therefore, the origin of the coordinate system 
Oxyz moves in inertial space. However, the derived equations remain 
valid in this case as well. In order to prove this, let us con=- 
sider the coordinate system 02,n,o5,, whose origin is combined with 
the vertex of trihedron Oxyz, while the directions of the axes 
coincide with the directions of the corresponding axes of the in- 
ertial coordinate system Ob aeons The coordinate system O€,n,0, 
moves in a forward direction with respect to the system Oe aac a? 
therefore, the left sides of the equations of angular momentum, 
written in these coordinate systems, are coincident. The right sides 
differ by the value of the force moments of inertia of transient 
motion. Since the motion of the trihedron O¢,n,c, is forward, the 
inertial forces are parallel (there are no Coriolis forces) and they 


are determined by the acceleration of the translational motion of 


trihedron 07,",0,, iee., by the acceleration of its origin. If 





the gyroscopic elements of the circuits are balanced, the forces 

of inertia of translational motion, like the attractive forces, do 
not create additional moments, hence follows the validity of the 
equations of motion derived for a fixed point 0, and also - 
for a moving point. When considering unbalanced systems, the mo- 
ments of inertial forces should be taken into account along with 
the moments of attractive forces. In particular, the inertial 
forces will create perturbing moments if balancing is incomplete. 
The given argument, strictly speaking, is exhaustive only if the 
origin O of the moving trihedron coincides with the center of mass 
(and simultaneously with the center of suspension) of the gyro- 
scopes. If several gyroscopes are placed on the platform, this 
condition is not fulfilled and moments of centrifugal and Coriolis 
forces, which occur as the result of rotation of the coordinate 
system Oxyz (of the platform) with respect to the system O£,n,f,4, 
act on the gyroscopes. However, these moments are negligible in 
view of the limitation of the values of Wee a, and We and the small 
dimensions of the platform, as a result of which these E 
additional moments are usually disregarded. ’ 


Finally, it is also useful to note the following. In con- 
sidering gyroscopic devices of inertial navigational systems, we 
assumed that the gyroscopes are mounted in an ordinary mechanical 





gimbal suspension. In modern gyroscopic devices, other principles ¥ 
of suspensions - floating, gas-dynamic, magnetohydrodynamic, mag- 
netic, electrostatic etc. - are coming into use more and more. 


However, the main relations which determine the operation of 
gyroscopic devices and those obtained above under the example of 
a Mechanical gimbal suspension, retain their validity for any other 
type of suspension as well. Therefore (as in newtonometer circuits), 
there is no need to go into the details of the operating principle 
of this or that type of suspension. We will also not find this 


necessary during further consideration. 
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1.4. The Fundamental Equation of Inertial Navigation. General 
Principles of Constructing Inertial Systems. 


1.4.1. Conversion of the fundamental equation of inertial navigation 


anc_intearation of it with respect to fixed orientation axes, The 
fundamental equation of inertial navigation is equation (1.1) of 
motion of the sensitive mass of a three-dimensional newtonometer 
or relation (1.3), which relates the reading of the newtonometer 
as a measuring device to the acceleration of motion a?z, /at? of 
its sensitive mass and to the total attractive force of the unit 
sensitive mass by the aggregate of celestial bodies: 
(1.79) 


dr, 
a= “je — F (ry). 


The essence of the inertial navigation method consists, as 
already noted, in integration of equation (1.79), which differs 
from equation (1.1) only in its notations. 


Equation (1.79) can be integrated, for example, in the follow- 
ing manner. Let three one-component newtonometers be mounted on 
a gyrostabilized platform, considered in the preceding section, 
such that the directions of their axes of sensitivity form an 
orthogonal trihedron whose axes are directed parallel to the axes 
of the inertial coordinate system O baa cee Let us assume that 
the system of three one-component newtonometers is equivalent to 
a single three-dimensional newtonometer. The readings of the newton- 
ometers will then be projections of the vector fh onto the directions of 
their axes of cee an Ly Mn, and n..° Let us denote the 
projections of vector 35 onto the axes of the inertial coordinate 
system by 4, Ny and ¢,. In inertial space these projections are 
obviously Cartesian coordinates of point O of the location of the 
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sensitive masses of the newtonometers.?? From relation (1.79), 
we have 
(1.80) 
Me ay oe Fd. n,. 6). 
= oh — Fah n,. 6). 
us oe — Fr. my. &)- 


By integrating equality (1.80) twice, we find: 
(1.81) 
= u-| Ime + Fes (bes Mh Bohl dt + 26 phe (0, 


= =f hie + Fab mye GN dtdt + 2 160) #4 1,(0). 
ve 
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Integration of equations (1.80) requires that the correspon- 
ding computer and also the clocks, from which the absolute (world 
or Newtonian) time signals enter the computer, are contained in 
the apparatus of the inertial navigation system. It is ob- 
vious that the form of functions Ye ’ Fy and fad should be known and 
that the initial values of coordinates £0)» ny (0) and ¢,(0) and 
their time derivatives be d&,(0)/dt, dn,(0)/dt and dz,(0)/dt should 
also be known. 


The Cartesian coordinates €,, n, and ct, of the point at which 
are located the sensitive masses of the newtonometers are obtained 
as a result of double integration. The position of this point on 
the object on which the inertial system is mounted is generally 
arbitrary. In particular, it may not coincide with the center of 
mass of the moving object. It is not essential to determine the 
coordinates of the object, because the resulting error obviously 
does not exceed the linear dimensions of the object. However, 
determination of the velocity and acceleration of the object along 
with the coordinates may also be contained in the task of the inertial 








system. The velocity and acceleration of the center of mass of 
the object may differ considerably from those of the sensitive 
mass of the newtonometer if the latter is not located in the 
center of mass of the object. The resulting problems will be dis- 
cussed in the following section of this section. 


Relations (1.80) and (1.81) and the concepts expressed in 
regard to them fully determine the essence of the operating prin- 
ciple of inertial navigation systems. However, they do not yet 
provide a practical method of realizing this type of system. In 
fact, the inertial coordinate system O pealadar to which are re- 
lated all the arguments, have not yet heel determined in practice. 
The form of functions Ln A Fae and Tie is also still unknown. The 
fundamental relations of inertial navigation in the coordinate 
system specifically bound to those celestial bodies (or body) 
in whose neighborhood and relative to which the navigation 
problem should be solved, must first be obtained for practical 
realization of the considered principle. A system whose origin is 
combined with the center of mass of some celestial body may be 
taken as this coordinate system. Henceforth, we shall consider 
this celestial body to be the earth. 


Let us introduce a right-hand orthogonal coordinate system 
O eae ae the origin a of which coincides with the earth's 
center of mass. Let the orientation of trihedron Oe aloe be un- 
changed in the inertial coordinate system. Without loss of gen- 
erality, we can obviously assume that the directions of the co- 
ordinate axes Ones and O eae Se coincide and retain their — 
fixed position relative to the directions from the earth's 
center of mass e to i i stars. 

Let us denote radius vector of point 0 of the ‘Location of 
the sensitive mass of the newtonometer relative to the earth's 
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center of mass 0 by ¥ and the radius vector of point 6. rel- 
ative to the origin °. of the inertial coordinate system by 


zt 3 (Figure 1.14). It is obvious that 


Igy +P. (1.82) 





4 é. 
Fig. 1.14 


By substituting equality (1.82) into relation (1.79), we find: 


(2 a 
ne St + oe — F(t). (1.83) 


Force P(r, ), which acts on the sensitive mass of the newton- 
ometer, is the total attractive force of this mass by the earth and 
by the remaining celestial bodies. According to the law of Newton's 
gravitational force, the value of the attractive force by the earth 
of the unit sensitive mass of the newtonometer is dependent only on 
¥. Let us denote this force by g(r). Let us denote the attractive 
force of the unit sensitive mass of the newtonometer by the remaining 
celestial bodies by P(r). Expression (1.83) may then be rewritten 
in the form 

(1.84) 


dp, dr ! 


a= “ae TT We — ar) secs F, (r). 
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It is easy to see that 


(1.85) 
Sie — F,(0)=0. 


In fact, F (0) is the attractive force of the unit mass placed 
at point 9. by the celestial bodies, with the exception of the earth. 

Therefore, equation (1.85) is nothing more than the equation of 
motion of the earth's center of mass within the gravitational field 


14 


of the remaining celestial bodies. 


Taking into account equation (1.85), equality (1.84) assumes 
the form: 


ios (1.86) 
nm Tr — wle)-+ Fy (0)— Fy (0), 


If the motion of the object (and consequently, of point 0) 
occurs at a small distance from the earth's center, commensurate, 
for example, to its radius, then the difference 

(1.87) 
AF, (7) = F, (0) — Fy(r) 


of the attractive forces at points 9 andO become negligible 
>> 

compared to the force g(r) even for nearby celestial bodies, in- 

cluding that for the moon and sun. 


Thus, deflection of the vertical, induced hy the difference 
of the sun’s attractive forces at the center of the earth and at 
some point on its surface, does not exceed a value of 0.008". 
Accordingly, this deviation does not exceed a value of 0.017" for the 
moon. At the same time, deflection of the vertical, induced by the non- 
uniformity of the earth's distribution of mass, has, as was noted 
in § 2,1 an order of several angular seconds. Therefore, we may 
assume with a sufficient degree of accuracy that 


na St £0). 
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The coordinate system OE aNace moves in a forward direction 
relative to the inertial coordinate system Oban Sat therefore, 
we can obviously assume that differentiation in equation (1.88) is 
carried out in the coordinate system © bana lee 


This equation (1.88) is valid in the coordinate system 0 eanede 
and has the same form as equation (1.79), obtained for the inertial 
coordinate system. Consequently, with respect to Newton's laws, the 
coordinate system 0 bane near its origin is practically indis- 
tinguishable from the inertial system. At the origin itself they 
are completely indistinguishable. The principle of the equivalence 
of the general theory of relativity, which,as is well known, is of 
a local nature, is essentially included in this, 26 The coor- 
dinate system 0 bala oe is distinguished near its origin from the 
inertial system only to the extent to which the gravitational field 
in which the earth moves is inhomogeneous. The difference (1.87) 
also characterizes this inhomogeneity. 


From equation (1.88), similar to equations (1.81), we find: 
ft (1.89) 
bm f [im taaedtt S14 0, 





ee 
w= f f(r teyarars £16) 44-0, (0), 


ee 
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If we assume that the earth's gravitational field is central (or 
rather spherical), we have 
(1.90) 


gin=-4. 


where ) is the product of the earth's mass by the gravitational 





constant. The equations (1.89) assume the form: 
(1.91) 


u=|{( (me, — 4p) art + 1 +-4,0, 


t 
wmf flr eRaner Syren 


tof f(r. saa Arno. 
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If the sphericity of the earth's gravitational field is taken 
into account, then the projections of eye Tn, and Sy in equations 
(1.89) may also be assumed unknown functions of coordinates €,, ny, 
and ¢, and time functions. In fact, if the earth's body axis sys- 
tem aw Ent, (rotating together with —" is introduced, then the 
peoboulon of Spe S,, and 3, of vector 3 to the axes of this system 
will be known pa of coordinates €, n and & of point o. The 
time motion of the coordinate systems 0 EyngSy and 0 6ns rel- 
ative to each other is known. It is defined by the law of the 
earth's rotation with respect to its center. Therefore, the pro- 
jections of Gee 3, and 9, may be calculated as functions of coor- 
dinates &,, ny, and t, and as time functions. 


The problem of determining the coordinates of the object 
during its motion near the earth's surface is essentially solved 
by equations (1.89) or (1.91). In fact, ‘since the earth's motion 
in the coordinate system Ob aNaSe is known, we can transform from 
Cartesian coordinates €,, n, and ¢, by appropriate calculation to 
any other coordinates, including the earth's body axis system. The 
orientation parameters of the object in any coordinate system may 
also be found by using the required calculations. In order to 
ascertain this, it is sufficient to recall that the angles of ro- 
tation of the gimbal rings of the gyrostabilized plat- 


form, which can be measured, determine the orientation of the ob- 
ject with respect to the coordinate system O baNaler because 








in the considered case the orientation of the gyrostabilized platform 
relative to the coordinate system Oe anaes is fixed. By knowing 

the orientation of the object in the coordinate system 0 EaneSer we 

can convert to the parameters which characterize its orientation 

in any other coordinate system, whose motion relative to the sys- 

tem 0 bana Se is defined, of course including that in thé earth's 

body axis system. A similar case holds for the rates of variation 

of the orientation parameters. 1 


ae 


Let us consider in more detail the problem as to what extent, 
disregarding the inhomogeneity of the gravitational field, i.e., 
the difference of the attractive forces determined by equality 
(1.87), is essential. In other words, is this disregard essen- 
tially required or can we get along without it. 


We can show that the latter case is valid, i.e., that diff- 
erence (1.87) may be taken into account, and that the exact equality 
(1.86) rather than the simplified relation (1.88) may be taken as 
the equation of inertial navigation. 


Let there be k celestial bodies whose gravitational difference 
at point 07 and at point O of the position of the sensitive mass 
of the newtonometer should be taken into account. Let us denote 
the radius vector of the center of mass of the i-th of the ce-: 
lestial bodies relative to point Ey ms The radius vector ry of 
the point © relative to the center of mass of the i-th body is 





then equal to: 
(1.92) 


rss —F,. 


Let us assume that the masses of the celestial bodies taken { 
into account and their motion in the coordinate system OE aness 
are known, so that 


rye, (t). 
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If we assume that the gravitational field of each of the 
celestial bodies is spherical, then on the basis of Newton's law 
of universal gravitation, we can write: 
(1.93) 


a 
FO— Per= Nn( 4 — at). 
fal 


Je~4Gl 


The right sides of the projections of the vector equality 
(1.93) onto the axes of the coordinate system Ob aNade depend 
only on Ebay (t), Ney (t) and Fey (t) and on &,, ny, and ¢,. Introduc- 
tion of them into the integrands (1.89) or (1.91), although it 
complicates these expressions, essentially does not change the 
methods of solving equations (1.89), (1.91) and, consequently, 
equation (1.86). 


Essentially, nothing changes if we reject the assumption of 
the sphericity of the gravitational fields of the celestial bodies 
taken into account. In this case it would be nec ssary to intro- 
duce k additional coordinates systems, rigid'y linking them to 
the considered celestial bodies. We may asci'me that the gravita- 
tional fields in the body axis systems are defi:uee, while the mo- 
tions (rotations) of the latter relative to the coordinate 
system 0 bana le are known in time. Projections of ti:e difference 
(1.87) to axes &,, ny and ©, will then be dependent on the time 
and parameters which characterize the disposition of the considered 





celestial body axis systems with respect to trihedron Ob aNale at 

the initial instant of time. Taking into account the non-sphericity 

of the gravitational fields of each of the « bodies is therefore quite 
Similar to taking into account non-sphericity of the earth's gravi- 
tational field. 


It follows from the foregoing that a knowledge of the required 


parameters of the gravitational fields in the coordinate function 





is a necessary condition for realization of the principle of 
inertial navigation. It is true that we shall subsequently see 
that the schemes which operate under specific conditions and with 
incomplete information about the gravitational field can be con- 
structed for solution of some special problems of navigation. 


1.4.2. Determining the velocity and acceleration of the center 
of mass of an object. The radius vector of point 0 of the position 


of a sensitive mass in the coordinate system 0 eae se is denoted 
by r in equation (1.88), which determines the aeiuhe of a three- 
dimensional newtonometer. 


If we assume that point 0 always coincides with the center 
of mass of the object, then equation (1.88) will determine the 
acceleration of the object, and as the result of integration of 
this equation, the velocity and coordinates of the location of 
the center of mass of the object will be obtained. 


Actually, the position of the sensitive mass of the newton- 
ometer does not coincide with the center of mass of the object. 
This is explained by the followin~ factors. First, even if the 
center of mass of the object occupies a fixed position in its body 
and if the center of suspension of the sensitive mass of the new- 
tonometer (the position in which the suspension is not deformed) 
coincides with the center of mass of the object, the sensitive 
mass completes some motion relative to the center of the sus- 
pension as the result of deformation. The velocities and accel- 


erations of this motion may be significant. 


Second, the center of mass of an object usually does not 
occupy a fixed position within the body of the object. Its posi- 
tion varies because of motion of the mass on the object, combus- 
tion of fuel etc.. Therefore, even if the center of suspension of 
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the sensitive mass of the newtonometer and the center of mass of 
‘the object initially coincided, they would subsequently diverge. 


Furthermore, a newtonometer can be established at some dis- 
tance from the center of mass at the very heginning. Finally, 
additional variation of their mutual disposition is possible be- 
cause of deformations (or elastic oscillations) of the object. 


Because of the non-coincidence of the center of mass of the 
object and of the sensitive mass of the newtonometer, the accel- 
eration, velocity and coordinates of the center of mass of the 
object, strictly speaking, may not be obtained directly from 
equation (1.88). Moreover, equation (1.88) is the equation of a 
three-dimensional (three-component) newtonometer, whereas three 
one-component newtonometers with three sensitive masses are ac- 
tually used. 


Let us consider the posed problems in more detail. This is 
even more necessary since exposition of the operating principle 
of the newtonometer and interpretation of the objective content 


of its readings are not always accurate an’ rigorous in the litera- 


ture on inertial navigation. 


Let us link trihedron O'xyz to the housing of a three-dimen- 
sional newtonometer. Its origin will coincide with the center 


of suspension of the sensitive mass, i.e., with the position which 


it occupies when the suspension is not deformed and the readings 

of the newtonometer are equal to zero. For the diagram presented 
in Figure 1.1, the x, y and z axes may be directed along the axes 
of the springs. 
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The position of point 0' relative to the earth's center 
QO is determined by the radius vector zr, and the position of 
point O relative to O' is determined by radius vector $6. Vector 6 


characterizes the motion of the sensitive mass relative to the ' 

housing of the device and, consequently, the deformation of the 

suspension. Obviously, i 
(1.94) 


r=r'+o. | 


Let us find the equation for De It follows from that out- 
lined in § 1.2 and section 1.4.1 that the equation of motion of 
the sensitive mass of the newtonometer in the coordinate system 
0 Eanale May be represented in the form 
(1.95) 


ar 
Mat R(T) +S, 


where f is the total force acting on the sensitive mass on the 
side of the suspension. By substituting the value of & from (1.94) 
and noting that the inhomogeneity of the gravitational field in the 
mass of the device may be disregarded, we find 

(1.96) 


dp 


mS wa — mS er | + F- 


If the force f is only the result of elastic deformation of the 
suspension, then ‘f=kp and equation (1.96) is represented in the 
following form: 

(1.97) 


tr , a 
$o pvp = — [Fr — ar’). Ver 








Differentiation is carried out in the coordinate system OE aNalee 
By integrating in this same coordinate system, we find the expression 


for ps: 
(1.98) 


fang : 
e= -t j (aie etr’)| sinv(t— dt+ 


+p cos vt ++ *. sinvf, 


where p and dp°/dt are the corresponding initial values. 


In order to maintain the analogy with relation (1.88), let us 
take as the readings of the three-dimensional newtonometer the 


vector 


(1.99) 
ase —Vv0. 


It follows from relations (1.98) and (1.99) that the instan- 

taneous values of the velocity and acceleration of the point of 
the object in which the center of suspension of the newtonometer 
is located, may not be found from the readings of the newtonometer. 
However, there is the following possibility here. Let the natural 
oscillation frequency v of the sensitive mass be taken so large that 
the ,variation of function 

(1.100) 


or ete) 


over a period of T=217/v oscillations may be disregarded. This meanr 
that the range of essential frequencies of the function q are consid- 
e:ably below the frequency of v. Solution of the problem then 
p:ovides calculation of the average value of ii of vector n within 


tle period of natural oscillations. 





According to equalities (1.98), (1.99) and (1.100) we have: 
(1.101) 


= 
o 
Iz 

x 


e k j at’ J q(sinv(e— das. 


The range of integration in variables t*, t is depicted in 
Figure 1.15, By changing the order of integration in equation 
(1.101), we find: 


2a 
, “oy 


ime fa j g(t)sinv(e? — 1) dt? + (1.102) 


1038 1038 
+f af g(t)sinv((?— rt) de? f. 





Fig. 1.15 


The first integral in the square brackets is obviously equal 
to zero. From the second integral, we find 
(1.103) 


aa 
tes 


ae j q({l —cosv(t— )] dt. 


Since the square bracket in the integrand (1.103) does not 
change sign, then, according to the well-known mean value theorem, 
we will have 





138 (1.104) 
a= mao J {| —cos v(¢ — th dt, 





Hence, 


Baa. Tott Be, 0<0<1. (1.105) 


> 
Thus, we found that the mean value fi of vector n during the 
period of natural oscillations of the sensitive mass is equal to 


(1.106) 


= _sdir’ 
am Ty — ale’) 


where the right side corresponds to some instant within the averag- 
ing interval. Expression (1.106) coincides with equality (1.88) 
with the only difference that the right side of expression (1.106) 
does not depend on the radius vector E of the current position of the 
sensitive mass of the newtonometer, but depends on the radius 

vector r' of the current position of the center of its suspension. 
Consequently, one can determine the value of the velocity and 
acceleration of the point of the object corresponding to the center 
of suspension of the newtonometer with a lag not exceeding T=21/v 
from the newtonometer readings. This lag is insignificant at large 
values of v. 


In practice the ncewtonometer readings are averaged due to 
damping of the natural oscillations of the sensitive mass, which 
is introduced to provide stability of the newtonometer operation. 
Damping is accomplished by forces proportional to the rate of dis- 
placement of the sensitive mass with respect to the newtonometer 
housing. Jf the newtonometer is mounted on a gyrostabilized plat- 
form, then obviously the damping forces will be proportional to the 
ab:olute derivative dp/dt. Then in equation (1.96), one should 
set 

(1.107) 


a 
fom — hp — by FP 





and, instead of equation (1.97), we find 
(1.108) 


Spt F +ve= — [Fr — ete); 


hee g, weed, va. 


By integrating equation (1.108) in the coordinate system 
O baa Sas we find the forced solution in the following form (the 
solution of the homogeneous equation vanishes rapidly and it can be 
discarded immediately): 
(1.109) 


‘ 
o= ~ pata | [Gr ee] x 


K eo Alle Usin VV =a (¢— 1) dt. 


The rigidity of the suspension k and the damping coefficient 
kK, are selected so that the values of v, h, (v2=n?2) ¥ are consid- 
erably greater than the maximum value of the frequencies taken into 
account in the range of vector function d’r'/dt?-g(r'). This 
function may then be assumed constant in the subintegral expression 
of the right side of solution (1.109). In this case, after inte- 
gration, we find the established value 

(1.110) 


~ dp’ 
Uaioe Vp ee a ~ a(r’), 


i.e., we again arrive at relation (1.106). 


Thus, we can find the velocity and acceleration of the sensitive 
mass of the center of suspension, i.e., the velocity and accelera- 
tion of the corresponding point of the object, from the readings of 


a three-dimensional newtonometer. 





Let us return to the problem of calculating the velocity and 
acceleration of the center of mass of an object. Let us denote the 
radius of the center of mass C of the object with respect to the 
center of mass QO. of the earth by Es and the radius vector of the 
center of mass C of the object with respect to the center 0' of 
the newtonometer suspension by Bee Obviously, 

(1.111) 


Fo =r’ -t Ne. 


If vectors dr'/dt and a*r'/dt? are taken instead of dr /dat and 
ar /dt?, the resulting errors of calculating the velocity and 
acceleration are vectors dpo/at and a?p,/at?. 


If the object is assumed to be a rigid body, then the vectors 
ap /at and a? 6 /dt? can be calculated as soon as the position of 
the center of mass C and the body of the object is known. In fact, 
the projections of vector fo onto the axes cf the platform can then 
be found by the angles of rotation of the gvrostahbilized platform 
in a gimbal suspension, whose values can be meusured, and the pro- 
jection of vectors dp, /dt and a? ph, /at? can be found by differen- 


tiating these projections. 


It is more difficult to calculate the elastic oscillations of 
the object, because this requires knowledge of the time of its de- 
formation at each instant. 


It follows from the foregoing that if the problem of the in- 
ert il system is calculation of only the coordinates of the object, 
the: it makes no difference where the newtonometers are located on 
the object. 


But if it is necessary to calculate rather accurately the velocity 
of <n object (for example, during control of a ballistic missile 
on the active leg of its flight), and even more so acceleration, 


the newtonometers should be located near the center of mass of the 





object. In any case one should keep in mind that disposition of 
them far from the center of mass may lead to considerable errors 
in calculating the velocity and acceleration of the center of mass 
of the object,mainly because of its elastic deformations. 


Let us turn to the problem of the correctness of replacing 
three linear newtonometers with a single three-dimensional device. 
To do this, let us find the precise equation of operation of the 
linear newtonometer. 


Let trihedron O'xyz again be rigidly bound to the newtono- 
meter housing. Let its x axis be the axis of sensitivity of the 
newtonometer, i.e., the axis along which the sensitive mass may 
move and along which the elastic force of the suspension is applied 
to it. Let point O' correspond to the position of the sensitive 
mass in which its suspension is not deformed. For generality, let 
us assume that the newtonometer housing, i.e., trihedron O'xyz, 
rotates at an absolute angular velocity w. Let us compile the 
equation of motion of the sensitive mass of the newtonometer along 
the x axis. 


Let us use equation (1.95). Instead of r, let us substitute 
in it the value 


(1,112) 


rar’ +~, p=p,X, 


and, instead of f, the value 


(1.113) 
fm - (ko, + hide 


{the unit vector of the O0'x axis in relations (1.112) and (1.113) 
is denoted by x). We find 
(1.114) 


@ : dr’ , 
ge (P.2) + 2hp,x +p, x = ~[4- —er i}. 
, 


has, ve=r—, 


am 
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Projection to the 0'x axis yields: 


e . pe 
m Git O.%) + 2h, +- vip, =x -#:[F— ee’). 


(1.115) 


Let us find the value of the first term in the left side of 


equality (1.115). Obviously, 


@ - . . dq? 
X-Sr Oe8) =), + 2,8 + 0,8 Se. 


. > s . 
Since vector x is the unit vector, 


é. ld 
ae 5 G7 (e+ x) = 0, 


a'x ax dx 
Se ar: 


But 
Se eoxs, 


therefore, 


a; 
5 FP = — (0X 8) (0X2). 


(1.116) 


(1.117) 


(1.118) 


(1.119) 


According to the well-known Lagrange identity, the right 


side of equality of (1.119) is expanded in the following manner: 


(9 % x) (0 X x) = a? — 0) = 0? + oF), 


(1.120) 


where Wye Ww and w, are the projections of the absolute angular 


velocity of trihedron O'xyz on its axes. 





Taking into account equalities (1.116), (1.119) and (1.120), 
equation (1.115) assumes the form: 


+ ete ee (1,221) 
a, + 2h, + (Fo —wlpn, = — 8 [Gr — er): 


When 


(1.122) 
Vol +o! 


the established value of deformation of the suspension spring is 
(1.123) 


eae ee 


Having taken as the newtonometer readings the value 
(1.124) 


apa—ve ee [Gem ele). 


we arrive at the relation similar to relation (1.4), by which we 
earlier determined the readings of a linear newtonometer. We can 
find the same relation by considering the equation of motion of 
the sensitive mass of a one-component pendulum newtonometer. qi 


Now let three one-component newtonometers nr n and ny be 


mounted (Figure 1.16) on a gyrostabilized platform br on the plat- 

form of a gyroscopic absolute angular rate meter. Let the axes 

of newtonometer sensitivity coincide with the axes of the trihedron Oxyz 
associated with the platform, and let the centers of the suspensions 


of their sensitive masses be separated from the vertex of the in- 


dicated trihedron by distance Lye hy and Loe Then the readings 





of newtonometer ny will be calculated according to relation (1.121) 
by the equality 


a, = (Sh —ete)]-* (1.125) 


where © is the radius vector of the center of suspension of newton- 
ometer n, relative to the center of the earth O. 





Fig. 1.16 


If the radius vector of point 0 relative to the earth's 
center of mass is denoted by tr, then 


(1.126) 
mr, =r+l,2. 


By substituting equality (1.124) into relation (1.123) and by 
noting that the difference g(z)-9(E ) at a small value of hy is 
negligible, we find (at Le const): 


(1,127) 


a a 
a, =(|3r — ar) e+e. 


Similar expressions are also obtained for n. and nos 80 that 
the projections of nye ny and ny determine the vector 


(1.128) 


AA + ay + Af = 


a 
“Gt — &(7)-+-da, 








ere EE —————_—_ 
where 
An, =1, a. a, Aay=l, ard 
ae 


Thus, three linear newtonometers, mounted near point 0, are 
equivalent to a single three=-dimensional device mounted at this 
point, with an accuracy up to the error determined by the vector An. 


If orientation of the x, y and z axes is fixed (a gyrosta- 
bilized platform), then d?x/dt?=d*y/dt?=d?z/dt?=0 and this means that 
the vector An is also equal to zero. If the newtonometers are 
mounted on a platform rotating at angular velocity wv (for example, 
on the platform of an absolute angular rate meter), then, accor- 
ding to relations (1.119) and (1.120), 


1.129 
An, = —1,(0, +) ( ) 
An, = — Le fot) An, = —1% +o). 


At small values of die hy and £, (usually of the order of several 
centimeters) and at limited values of wr W and Woe the modulus 
of vector An is negligible. It should be noted that since die ay 
and oe are known, while projections We wy and We oe measured by 
a gyroscopic meter, then in principle the error of An can be com=- 


pletely eliminated. 


In the above consideration, the axes of sensitivity of the 
three linear newtonometers formed a rigid orthogonal trihedron. 
Obviously, this does not change if this trihedron is not orthogonal 
or if it is not even rigid, but orientation of the axes of sensi- 
tivity of all three newtonometers is independent. If the axes of 
sensitivity are non-coplanar, then the newtonometer readings still 
determine the vector 

(1,130) 
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where the radius vector of the suitably selected point, near which 
the newtonometers are located, may be taken as 7, 


1.4.3. General principles of constructing inertial naviga- 
tional systems. A typical block diagram. The method of integrating a. 


fundamental equation of inertial navigation, considered above (sec- 
tion 1.4.1), when the directions of the axes of sensitivity of three 
newtonometers form an orthogonal trihedron, invariant oriented in 
absolute space, as already noted, completely solves the problem of 
calculating the navigation parameters. This method, is, in any 
case, from the formal viewpoint, the more natural one and a direct 
method of solving the problem. However, the formal simplicity 

and naturalness of constructing the diagram is not always, as is 
well known, related to the simplicity and even the possibility of 
its technical and engineering realization. 


Therefore, in real designs the directions of the axes of 
sensitivity of newtonometers may vary their orientation in inertial 
space during operation of the inertial system, where variation of 
the orientation of the newtonometers is usually a function of the 
coordinates determined by the inertial system itself. The orienta- 
tion of newtonometers may be varied with respect to the inertial 
coordinate system, for example, by linking them rigidly to the con- 
trolled gyrostabilized platform, considered in the preceding sec- 
tion, and by forming in the required manner the controlling mo- 
ments Moye My and Mix A free gyrostabilized platform may be 
taken as the base of the diagram and the required orientation of 
the newtonometers relative to the platform and, consequent- 

lv, relative to the axes of the inertial coordinate system can be 
provided by using a special kinematic diagram. Finally, orienta- 
tion of the directions of the axes of sensitivity does not have to 
be a previously known coordinate function. For example, newton- 
ometers can be linked to the platform of a three-component absolute 


angular rate meter and integration of the fundamental equation in 





the coordinate system bound to the platform!’ can be accom= 
plished by taking advantage of the fact that rotation of the plate 
form in inertial space is known from the readings of the angular 2% 
rate meter. 


A number of circumstances must be taken into account in each 
cor.:rete case in order to dwell on various schemes for construc- 
tiny an inertial navigation system. One of the problems which must 
be solved here is to select the reference grid in which it is more 
convenient for sone reason than in others to navigate a 
specific object (or class of objects). The coordinates which de- 
termine the position of point 0 with respect to trihedron 0 EeneSe 
may be in the general case some curvilinear and non-crthogonal 
coordinates x!, x? and x*., They may obviously be transient as well, 
i.e., the coordinate surfaces nie const may alte. its position in 
time with respect to trihedron OE aNelae This, for example, will 
occur if coordinates x', x? and x? determine the position of the 


object in the earth body axes system, 


If the readings of three newtonometexs are denoted by nie n, 
and nie the values of ne n, and n_ with arbitrary orientation of 
the axes of sensitivity will be some time functions, functions of 
the three coordinates of »* and of their first and second time de- 
rivatives: 
(1.131) 


n= f,(n', we ®. Wa tw 2) 
. (ixz 1, 2, 3). 


Aqualities (1.131) are nothing more than projections of equa- 
tio: (1,88) on the directions of the axes of sensitivity of the 
new onometers. The essence of the principle of inertial naviga- 
tio , aS already noted, reduces to integration of equation (1.88). 


In he considered case this reduces to integrating the system of 
thre differential equations (1.131), which (if the directions of 





the axes of sensitivity of newtonometers nie n, and n, are not 
co-planar) are equivalent to the vector equation (1.88). In order 
to integrate equations (1.131), we could, for example,proceed in 
the following manner: reproject equalities (1.131) to axes &,n, 
and %,, use equations (1.89) and find the values of x', x? and x? 
from the obtained values of €,, n, and t,. This method presumes 
computer operations on the readings of the newtonometers until in- 
tegration of these readings. 


However, it is well known that the signals taken from the 
newtonometers are rather rapidly variable time functions. Per- 
forming the computer operations directly on these signals with 
the required accuracy is related to considerable difficulties and 
usually leads to significant errors, adding to the errors of the 
newtonometers themselves. Therefore, the solution of equations 
(1.131), in which the first operation completed on the newtono- 
meter readings is the integration operation, is more feasible. 
The condition of integrating the newtonometer readings until the 
computer operations on them have been executed -is obviously a 
practically required condition which must be satisfied in construc- 
ting the diagram of an inertial navigation system. 


At least two variants are possible, The highest derivatives 
%}, %? and ** occur in the functions of £,, which are on the 
right sides of equations (1.131), as the result of projection of the 
acceleration d?r/dt? on the directions of the axes of sensitivity 
of the newtonometers. Because of this, the func 
tions f, are linear in x!,.%? and x°, i.e., equalities (1.131) may 
be represented in the form 
Pe (1.132) 


Am 6, Oka, Kt Si (m), ro, al, 2, 9, 0). 


Coefficients aye as we shall subsequently see, are functions of 





the coordinates x', x? andx’, time t and of the parameters which 
determine orientation of the directions of the axes of sensitivity 
of the newtonometers. The latter can be either known time functions 
or time functions of coordinates *', x? and .«*, Consequently, 
equalities (1.132) can be written in the form 
(1.133) 

3 
nm (Sat) SNe gry + 
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The first variant of integrating equations (1.131) therefore in- 
volves the solution of equations (1.133) with respect to the sums 


tay, a accordirg to the relations 


(1.134) 
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The values of sk and xX are then found, which are then used 


to form the subintegral expressions (1.134). This variant places 
no restrictions of any kind on disposition of the axes of sensi- 
tivity of the newtonometers. Orientation of the axes of sensi- 
tivity with respect to the axes €,n,c0, should be only a known time 
function and a function of coordinates x',x? and x’, 

The second variant presumes a completely specific dependence 
of the directions of the axes of sensitivity of the newtonometers 
on the coordinates and time: orientation of the axes of sensitivity 
should be selected such that only a) *,, and a,,eof all values 
of 445 be distinct from zero in equalities (1.132). Then, instead 








‘ttonometers relative to axes &,,n, and ¢, is fixed, to six, when the 


of relations (1.134) we find the following: 


t 3 e 
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, Of course, variants which are intermediate between relations 
(1.134) and (1.135) are also possible, when orientation of one (or 
two) of the three newtonometers is subject to deriving equations of 
type (1.134), while the readings of the remaining two (or one) are 
integrated according to relations (1.135). 


To provide the required dependence of the directions of the 
axes of sensitivity of the newtonometers on coordinates xt) and 
x’ and time t, it is obviously necessary to form some controlling 
effects that depend-in the general case on the coordinates xt, their 
tine derivatives and clearly reentrant time. The number of con- 
trolling effects may vary from zero, when orientation of the new-_ 


directions of the axes of sensitivity of all three newtonometers 
vary independently of each other. 

Selection of both the reference grid x, x*® and x° and also 
the directions of the axes of sensitivity of the newtonometers, and, 
consequently, of the kinematics of the diagram and of the form of 


the controlling effects, should of course provide the greatest sim- 
plicity possible of the latter. One naturally strives in this 
case toward simultancous simplification of functions fse and not 





only of their parts which occurred due to projection of the accelera-~ 
tion a’r/at? on the directions of the newtonometer axes, but also 

of those which are obtained from projecting vector q. This 

usually leads to the necesrity df specifically orienting the axes 

of sensitivity of the newtonometers relative to the gravita- 
tional field, 
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Selection of the diagram is greatly affected by the possibility 
of using one or another means of correcting the operation of the 
inertial system, the requirements placed on the process of pre- 
paring the system for operation and on the process of operating it, 
the general characteristics of the object for which the system is 
designed, its velocity, range etc. 


» Finally, the given accuracy with which the navigational para- 
meters must be determined and navigation must be accomplished, both 
in selecting the structure and operating algorithm of the initial 
system and in selecting its elements,is of decisive importance. 


Selection of the elements of the diagram and selection of its 
structure and algorithm (equations of ideal operation) are of course 
unrelated to each other. The typical properties of the elements and 
devices selected for constructior of the diagrams usually place 
quite specific requirements on the structure of the diagram and on 
its operating algorithm. And, on the other hand, elements with 
quite specific properties are required to realize the given struc- 
ture, 


Of course, the method of constructing the diagram is primarily 
determined by the characteristics of the sensing elements and mainly 
by the accuracy and the possible range of measurement. But the pro- 
perties of the remaining elements and devices -- computers, altitude 
and moment sensors, tracking systems etc. -- may also be no less deter- 
minina. 


Thus, if we assume rather large and accurate computer facili- 
tics (for cxample, a digital computer with sufficiently high speed 
anc sufficiently large storage capacity in combination with analog- 
to- ligital converters with the required accuracy), it is ob- 
viously possible to facilitate the task performed by the sensing 
elements, especially by the gyroscopic elements. In particular, 


in combination with accurate tracking systems this makes it possible 





== 


to use free gyroscopes rather than load-bearing gyroscopic com= 
ponents (of the stabilized platform type). 


It should be noted that the properties of elements which can 
be used in the system naturally affect not only the structure of 
the inertial navigation system, but its structural performance as 
well, as far as arrangement of the system on the object. 


Thus, when using accurate tracking system and high-speed 
computers, the inertial sensing clements (gyroscopes and newtono=- 
ometers) can be linked to each other by the tracking systems with- 
out forming a conmon rigid unit. In the opposite case, the sen- 
sing elements should obviously comprise a monounit, in which the ar- 
rangement of individual sensing elements is rigidly fixed rela- 
tive to each other. 


The concepts presented above about the common principles of 
constructing the diagrams of inertial navigation systems have a 
common nature and of course do not contain a number of important 
details, whose significance can be discussed only after detailed 
analysis of them. However, these common concepts permit rather 
good representation of the typical block diagram of the inertial 
navigation system. It may be represented as consisting of four 
functional blocks (Figure 1.17): the block of sensing (inertial) 
elements 1, computer block 2, time block 3, and initial data input 
block 4. Of course (which follows from the foregoing), these 
functional blocks do not have to be common blocks in the design 


sense and in the configuration. 





The sensitive element block contains the newtonometers and 
the absolute angular rate meters. The block accomplishes given 
orientation of the axes of sensitivity of the newtonometers and 
of the absolute angular rate meters. Data is fed from the sensing 
elements into the computer block. 


The initial orientation of the sensing elements and input 
into the computer block of the initial conditions required to 
integrate the fundamental equation of inertial navigation are 
accomplished by the initial data input block. World (absolute) 
time signals are cleared from the time block to the computer. 


The main purpose of the computer block is to integrate the 
fundamental equation of inertial navigation and to calculate the 
required navigational parameters. Therefore, the operational 
program of the computer block should contain double integration. 
If the block provides variation of orientation of the newtonometers 
and of the gyroscopes of the inertial element block, the task of 
the computer includes formation of the corresponding controlling 
affects. Finally, if automatic navigation is assumed, the task of 
forming the programmed trajectory of motion of the object is also 
Placed on the computer block and the number of output parameters 
will contain the instructions which control the steering gear of 
the object to maintain it on the programmed trajectory with the 
required accuracy. 


1.4.4. The main problems of the theory of autonomous inertial 
navigation. Data on the principles of operation and on the eee 


of operation of inertial sensing elements were outlined in the pre- 
ceding sections and the fundamental equation of inertial navigation 
was also derived. An example was given for constructing the diagram 
of an inertial navigation system with directions of the axes of 
sensitivity of the newtonometers and of the gyroscopic absolute 
angular rate meters, invariantly fixed in inertial space. Some 
common concepts were also presented on the possible methods of 
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constructing the structural diagrams and operating algorithms 
of inertial navigation systems, and the more essential circum- 
stances were enumerated which should be taken into account when 
selecting the method of constructing the diagram in various 
specific cases. 


We can now formulate the essence of the problems which occur 
during theoretical analysis of operation of inertial systems. 


The first problem which occurred here may be called the 
problem of construction and analysis of the equations of ideal 
operations of an inertial navigation system, i.e., the mathema~ 
tical algorithm of its operation with ideal elements and correctly 
given initial conditions. This problem obviously includes de- 
termination of the form of projections of the fundamental equation 
of inertial navigation onto the directions of the axes of sensitivity 
of the newtonometers with different selection of coordinates »',x? 
3, which characterize the current position of the object in 
Space, and which characterize it as a function of the orientations 
of th. directions of the axes of sensitivity of the newtonometers. 
The indicated problem also contains a search for (with the given 
reference grid x', x? and «*) of the newtonometer orientation 
which permits rather simple integration of the fundamental equation 
of inertial navigation directly in projections ento the axes of sen- 


o* 


and x 


sitivity of the newtonometers and which permits rather simple con- 
struction of the algorithm of integration itself. This also in- : 
cludes mathematical formulation of the problems of forming the 
instructions for controlling variation of orientation of the axes 
of sensitivity of the newtonomcters and gyroscopes with considera- 
tion of the kinematics of the gyroscopic devices described in 51.2, 
and also calculation, if possible, of the parameters which charac- 
terize the orientation of the object. 





i 
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Consideration of the equations of ideal operation and of 
inertial navigation systems should be preceded by the derivation of 
the required functions which characterize the earth's gravitational 


field, its shape and motion. 


The second important problem is derivation and analysis of 
the equations of perturbed functioning (motion) of the inertial 
navigation system, i.e., study of its operation with regard to the 
ins!rument errors of the elements, inaccuracies of the initial 
arcengement of the directions of the axes of sensitivity of the 
newtonometers and gyroscopes, and also with regard to errors of 
sntroducing the initial conditions. It is obvious that perturbed 
Sunctioning of the system is different from that which is attributed 
0 it by the equations of ideal operation, and the navigational 
»arameters are determined jin this case inaccurately and with errors. 


The equations which describe time variation of deviations 
of perturbed motion of the system from unperturbed and ideal motion, 
are therefore naturally called error equations. Error equations 
are consequently equations in variations. The importance of study- 
ing the properties of these equations is obvious, because they de- 
termine the operational stability of the inertial system and they 
relate the errors of the elements and of the initial conditions to 
the errors of calculating the navigational parameters. The main 
purpose of analyzing the error equations is to establish a direct _ 
relationship between the accuracy of the system and the instrument 
errcvs of its elements. 


The next problem is theoretical analysis of the phenomena 
and affects which occur during correction of inertial systems due 


to .Ilditional data sources. 


The use of outside information sources to correct an inertial 


system has as its purpose an increase in the accuracy of calculation 





by the system of navigational parameters, i.e., reduction of the 
magnitude of errors. Accurate data on the coordinates of the ob-~ 
ject at some known time instants or on the rate of variation of the 
coordinates or, finally, the possibility of "tying in" to some 
direction whose orientation relative to the inertial coordinate 
system is known, for example, to the direction of some celestial 
body (astrocorrection), can be used as the data for making the 
correction. Correction can be accomplished by different methods. 
The simplest method is obviously introduction of corrections into 
the output parameters of the inertial navigation system. The second 
method is to bring the system at the point of correction to a state 
similar to that in which it was located at the moment of beginning 
operation at the starting point, with simultaneous introduction of 
corrections into the output parameters. The first method generally 
has no essential effect on the inertial system. The second method 
essentially differs in no way from preparation of the system for 
beginning of operation. Both methods affect neither the error 
sources or the dynamics of their time variation. Correction methods 
are possible which alter the structure of the error equations; they 
can be used to improve the stability of the inertial system, for 
example, a system unstable without correction can be made stable. 
These methods make it possible to avoid error accumulations. Analysis 
of this type of methods of correction is closely related to study 
of the properties of the error equations of autonomous inertial sys- 
tems. : 


We can further isolate the group of problems related to sim- 
plification of the equations of ideal operation. Simplifications 
are possible not only by selecting the reference’ grid and special 
orientation of the axes of sensitivity of the newtonometers and 


gy roscopes relative to this reference grid and gravitational 
field. 





The extent and nature of time variation of various 
terms of the equations of ideal operation are determined to a great 
extent by the motion of the object. For a given class of the pro- 
grammed trajectories of motion of an object, some terms of the 
equation of ideal operation may be small and may be disregarded, 
Other terms may be close to their values on the programmed trajectory, 
and, therefore, it may be possible to form them as functions of 
their programmed values, i.e., as time functions, rather than as 
functions of the current coordinates of the object. The equations 
of ideal operation may also be simplified if the time variation 
of one or another navigational parameters are known from the out~ 
side information sources or from the specifics of motion of the 
object or if the functional relations which link some of these 
parameters are known. 


Introduction of simplifications into the algorithm of ideal 
operation of the system usually leads to the occurrence of addi- 
tional errors in calculating the navigational parameters, Simpli-~ 
fications are permissable if the value of the errors caused by them 
are small compared to other errors, for example, to those which 
occur as the result of instrument errors of the elements. The 
possibility of simplifying the equations of ideal operation of the 
system can best be determined only as the result of analyzing these 
equations together with the corresponding error equations. 


The given list of problems whose solu*ion is required when 
investigating operation of inertial navig.tion systems is of 
course not exhaustive. Only the main groups of problems and only 
those in the most common form were touched on here. These prob- 
lems may, of course, be more detailed only during their solution, 
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Draper C. C., Wrigley W., Hovorka J., Inertial guidance, 
Pergamon Press, New York, 1960. 


Ishlinskiy, A. Yu., Equations of the problem of calculating 
the location of a moving object by means of gyroscopes and 


accelerometers, Prikladnaya Matematika i Mekhanika Vol. 21, 
No. 6, 1957. 


Strict proof of this statement will be given in the next 
section of this chapter. 


Ishlinskiy, A. Yu., On the Theory of Gyroscopic Stabilization 


of Complex Systems, Prikladnaya Matematika i Mekhanika Vol.22, 
No. 3, 1958. : 


Ishlinskiy, A. Yu., On the Theory of Gyroscopic Stabilization 


of Complex Systems, Prikladnaya Matematika i Mekhanika Vol. 22, 
No. 3, 1958. 


A suspension which provides three degrees of freedom of the 
gyroscope rotor is called a suspension with three degrees of 
freedom. This name is generally accepted in the Soviet 
literature on gyroscopic devices. In the non-Soviet literature 
(for example, in American literature) this suspension is 
often called one with two degrees of freedom, bearing in mind 
the number of degrees of freedom of the gyroscope housing, 


Magnus, K., On the stability of motion of a heacy symmetrical 


gimbaled gyroscope. Prikladnaya Matematika i Mekhanika, Vol. 22 
No. 3, 1958; Klimov, D.M. Appendices 1 and 2 to: Nikolai, Ye. L., 


Giroskop v vardanovom podvese (Gimbaled Gyroscopes), Fitzmatgiz, 
1964. 
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Such devices are sometimes called specific moment sensors 

in the literature (for example, Gorenshteyn, I. A., I. A. 
Schul'man and A. S. Safaryan, Inertsial'naya navigatsiya 
(Inertial navigation), Sovetskaya Radio, 1962), bearing in mind 
the rotational moment relative to the kinetic moment of the 
gyroscope. This name may lead to-a misunderstanding, because: 
the specific moment is most often called the rotational 

moment relative to the moment of inertia. Therefore, we will 
use the generally accepted name absolute angular rate meter 
(sensor). 


See the remark on page 19 (Footnote 3). 


Bylgakov, B. V. Prikladnaya teoriya giroskcpov (Applied theory 
of Gyroscopes), Gostekhizdat, 1955; Roytenberg, Ya. N. Free 
oscillations of gyroscopic stabilizers, Prikladnaya Matematika 
i Mekhanika, Vol. II, No. 2, 1947. -— 
Deflections of a gyrostabilized platform, like deflections of 

a free gyroscope, may be caused not only by the perturbing 
moments along the axes of the housings but also by certain dynamic 
affects of the motion of the platform (see the literature 


indicated in footnote 7). 


Appel'P., Teoreticheskaya mekhanika (Theoretical mechanics), 
Vol 2, Fizmatgiz, 1960. 
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The assumption of the equivalence of a single three- 
dimensional newtonometer to three linear ones, as already 
indicated, assumed the fact that the sensitive masses of 
all three newtonometers are located at the same point of 
space. 


Duboshin G. H., Teoriya prityazheniya (Theory of Attraction), 
Fizmatiz, 1961. 


Blazhko S. N., Kurs sfericheskoy astronomii (A Course in 
Spherical Astronomy), Gostekhizdat, 1954. 


Einstein A., Infeld L., The Evolution of Physics, Gostekhizdat, 
1948, 


Andreyev V. D., "On the General Equations of Inertial Naviga- 
tion", Prikladnaya Matematika i Mekhanika, Vol. 28, No. 2, 1964. 








Chapter 2 


THE SHAPE, GRAVITATIONAL FIELD AND MOTION OF THE EARTH. 





§ 2.1. The shape of the earth. 
systems. 








The fundamental earth body axis 





The earth's surface is usually assumed to be a fluid surface 
of oceans and seas which is thought of as continuing inside the continents 
along thin canals which do not change the distribution of masses. 


The shape of this surface is the result of the total effects 
of the gravitational forces of the earth's mass and of the centri- 
fugal force caused by rotation of the earth about its own axis. 
The normal to the quiet surface of the ocean thus coincides with 
the direction of the resulting gravitational forces of the earth 
and centrifugal force, i.e., to the direction of gravity. This 
direction is called the perpendicular direction or the true vertical. 














The level surface of the earth is very complex and may not be 
accurately represented by any true geometric figure. A special 


term = geoid, proposed in 1873 by the German scientist I. Listing, 
was used to define it. 


A geoid can be approximated with a sufficient degree of accuracy 


by a surface formed by rotation of an ellipse around its small axis, 
coinciding with the earth's rotational axis. 








The ellipsoid of ro- 
tation obtained in this case, usually called Clairaut's ellipsoid 
will obviously be determined if its semiaxes a and b are given. 
The ellipsoid of rotation may also be defined by being given one 


of the semiaxes, for example, the major semiaxis a andthe compression 


(2.1) 


or eccentricity e, whose square is equal to 


oe (2.2) 
ra, 


In view of the smallness of a and e? and, consequently, due 
to the proximity of Clairaut's ellipsoid to the sphere, another name 


of the level surface is also used = the terrestria). spheroid. 


The ends of the minor semiaxis b of the terrestrial ellip- 
soid are called poles: one north and the other south. The cross 
sections of the ellipsoid surface, normal to the minor semiaxis, 
are circles called parallels. The largest of them is called the 
equator. The plane of the equator passes through the center of 
the earth. The cross sections of the surface of Clairaut's ellipsoid 
by the planes which pass through the minor axis are called meridians. 
These are obviously ellipses with semiaxes a and b. 


The parameters of the terrestrial ellipsoid (the reference 
ellipsoid) are obtained by geodetic measurements carried out es- 
pecially for this purpose. In different countries the parameters 
of the reference ellipsoid are taken as somewhat different from 
each other, 


The parameters obtained in 1940 by the Soviet geodesist F. N. 
Krasovskiy are used for geodetic and cartographic work in the 
Soviet Union. The parameters of F. N. Krasovskiy's ellipsoid are 


the following 1 
(2.3) 
Major semiaxis a=6,378,245 m, 
minor semiaxis b=6, 356,863 m, 


primary compression 


a-h 1 





a> a = 798.7, = 0.00335233, 





square of first eccentricity 


2 a? 





= 2 
7 = 0.0066934, 


e az 


square of second eccentricity 


a? 2 


12 = 2 P = 0.0067386, 


polar radius of curvature of ellipsoid 
a 
c= “pr = 6,399,699 m, 


radius of the sphere of an identical volume with the terres- 
tricl ellipsoid 


R' = 6,371,110 m, 


radius of the sphere of an identical surface with the terres- 
trial ellipsoid 


R" = 6,371,116 Me 


We note that deviation of the normal to the geoid, i.e., the 
true vertical, from the direction of the normal to Clairaut’s ellip- 
soid-does not exceed several angular seconds (2=3") with appro- 
priate selection of its parameters, while the deviation of the geoid 
surface from the ellipsoid surface along the normal is of the order 
/£ tens of meters (100-150) - 


For further exposition of the properties of the terrestrial 
‘11: .soid, let us associate with it the right-hand orthogonal coordinate 
rysicom © &nt (Figure 2.1). Let us locate the origin of this co- 
ordinate system at the center of the earth On and let us direct 
the axis Og along the minor axis of the terrestrial ellipsoid in 








— 


the direction of the north pole. The axes O& and on will then 

be located in the equatorial plane. In order to finally determine 
this coordinate system, let us locate the axis oS along the line 

of intersection of the equatorial plane with the plane of the Green- 
wich meridian. , 





The equation of Clerot's ellipsoid in the given coordinate 
system has the form: 


Pt 4 Cem. 


Let point O be some arbitrarily selected point in the co- 
ordinate system Ofnc. Let us draw the normal to Clairaut's ellip- 
soid through this point. It will obviously be located in the meri- 
dional planeO containing point 90, and will intersect the ellipsoid 
at point A, the equatorial plane at point B and axis ¢ at point C 
(Figure 2.1). The location of point 0 in the coordinate system 
ons may be determined by angle ¢', formed by the normal to the 
ellipsoid with the equatorial plane, angle \ between the meridianal 
planes of point © and the Greenwich meridian and by the segment 
of the normal h from point A to point O. Angles ,' and A are 
called geographic latitudes and longitudes, and the value of h co- 
incides with the greatest accuracy to the height of point O above 


sea level. 
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Let us link the right-hand orthogonal trihedron Ox y z 
point O, Let us direct the z axis along the positive normal to 
the terrestrial ellipsoid, let us locate the y axis in the meri- 
dianal plane, containing point 0, and let us direct it in the di- 
rection of the north pole. The position of the x, is now clearly 
determined, It is easy to see that trihedron x Y,2, will be or- 
iented along the cardinal points by the accompanying trihedron 
(Darboux's trihedron) on to the surface h = const, surrounding the 
earth. Orientation of this trihedron relative to the earth's 
body axes €, n and ¢ is characterized by the table of direction 
cosines: 


(2.4) 


C3 v1 4 
G sind: —sing’cosd cose "cosh 
n cosh —sing’sind cosy’ sind 
€ 0 cosy’ sing’. 


Having considered the meridianal cross section of the ellip- 
soid (Figure 2,2), which passes through point 0 and whose equation 
obviously has the form 


(2.5) 
£4 heat 
we find the following expression for calculating 9' 
(2.6) 


cot q" = — 3E, 


It is easy to find from relations (2.2), (2.5) and (2.6) the 
expressions to calculate x and ¢ by ¢', h and the parameters of 
the ellipsoid: 


(2.7) 


in| ate (ef aintgy + A] cosa’. 


ed ~(aeeS 60= 4b +A] sing’ 


—esin?¢ eye 





The coordinates € and n are expressed in turn by x and A: 
(2.8) 


R=x0082, yoxsind. 


At h=0 formulas (2.7) and (2.8) yield the expressions for 
coordinates €, n and ¢ of the point of the ellipsoid surface to 9! 
tv Ne 


Let us determine the radii of curvature = and r, of two 
mutually perpendicular main normal cross sections of the surface 
h=»=const which pass through axes Ox and ys Having turned to 
the first formula of (2.7), we note that it yields an expression 
for the radius of the parallel of surface heconst at latitude 9". 
According to Menier's theorem , it follows directly from this 
formula that the radius of curvature of a normal cross section tan- 
gent to the parallel is 

(2.9) 


4h. 


e 
——_—- 
a= (GQ —elsintg’s" 


i. e., it is equal to segment OC (Figure 2.2). 


The radius of curvature of the meridional cross section is 
calculated by the well-known formula of differential geometry 
(2.10) 


Ce". 0s 
yeu, Sar 


UHe 


(differentiated with respect to ¢ is denotea py prime), By using (2.7), 


we find: 
(2.11) 


a(l—e’) 


f= 
i a8 sinty’y* 


+h. 
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If we now draw some arbitrary normal cross section such that it 
forms an angle » with the meridianal plane, then the radius of 


curvature of this cross section is calculated from Euler's formula 


(2.12) 
1 in? cos? 
Laat ae 


It follows from formulas (2.9), (2.11) and (2.12) that tne 
racius of curvature of the normal cross section of the surface | 
h=const (and of the surface of the terrestrial ellipsoid h=0) 
with the angle 4 varying from 0 to 1/2 increases continuously 
from its minimum value ry to the maximum value re It is also easy to 
see from formulas (2.9), (2.11) and (2.12) that the meridianal 


; A : | 
cross section at the equator has the minimum radius of curvature, ' 
when 


(2.13) 
H=a(l—e +h, 


es 


while the maximum value of the radius of curvature corresponds to 
} latitude »'=1/2, when 


(2.14) 4 
: q 
nen Tate. 
| In view of the smallness of eccentricity of the terrestrial 


ellipsoid, formulas (2.7), (2.9) and (2.11) can be simplified. By 
“ecomposing the right sides of these formulas into series of 
pow rs of e? and by retaining only values of the first order of small- 


with respect to the square of eccentricity, instead of (2.7) 
coc (2.8), we find: 


neg 


(2.15) 


nfo (s + $f sore’) + s]eonacona, 
y= [2 (! + 5 sin? ¥) + A] cos q’ sind, 


t=[a f — °7-4 $ sin? g’) + A] sing’. 








Accordingly, instead of formulas (2.9) and (2.11), we will haves 


nmal(t + petsintg’) +h, (2.16) 


nal —e+ Fesintg’) +a. 


Along with the geographic coordinates 9', i and h, let us 
introduce the additional geocentric coordinates of the point 0. In 
order to calculate them, let us combine point O with the center 
of the earth 0, by the segment of a straight line (Figure 2.3). 

The direction toward the center of the earth may be called the 
geocentric vertical. The geocentric coordinates of point 9 will 
be length r of segment Co, angle @ between the meridianal plane 
and direction 0,9 and angle A between the plane containing 

axis 9c and point 9, and the plane 0656 





Fig. 2.2 
It is obvious that the geocentric iongitude is equal to the 


geographic longitude. Let us establish the relationship of » and 
r to »' and h. To do this, we note that coordinates €, n and ¢ of 
point . are expressed by r, » and \ by means of the equalities 


(2.17) 


R= rcospeosa, Ysrcosqsind, Os rsing, 


hence, it follows that 
(2.18) 


ene =£ sind. 
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But, from formulas (2.7) and (2.8), 


(2.19) 


$ oui Ub san; secescameictlledberemacbai re 
aia [! ap h—eunei® Jone 


By substituting relation (2.19) into formula (2.18), we find: 


(2.20) 


a ct 
af A (Let sintg’)* 


fan v=[t- Jona’. 


It now follows from formulas (2.7) and (2.17) that 
(2.21) 


_atleey +a} ee. 
e=|qoarer vine 


: } 


Having substituted instead of sin 9 its expression by h and 9', 
easily obtained from relation (2.20), we find the dependence of 
ron ** and h, The dependence of r on °° and h_may also be found 
directly from formulas (2.7) and(2.8). In fact, 

(2.22) } 
re VETTE. 


By substituting the values of €, n and ¢ from formulas (2.7) 
and (2.8), we find 


a 2 
| nr a | Qe! 
tlanwooe + [vos 4’ + 


7 [ qa ae + A] sine g’}* 4 








(2.23) 





Figure 2.3 
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Let us introduce the moving trihedron wy 2, (Figure 2,3), associated 
with the point O on the sphere of radius r concentric to the ; 


earth, similar to the manner in which the moving trihedron Oxy 2, 
on the surface h®=const was introduced. Let us direct the z axis 
along the geocentric vertical from the center of the earth. Let us 
locate the , axis in the meridianal. plane of point O and let us 
direct it toward the north pole. Let us select the direction of 
the x, axis so that the y,and 2, axes are completed to form a right- 
hand orthogonal set of three. 


Orientation of the trihedron Ox yz, to the coordinate 
system O Enc is calculated by the table of direction cosines, 
similar to table (2.4). The difference will be only in 
that, instead of geographic latitude % , the expressions for the 
geocentric cosines will contain the geocentric latitude ?- 


It is easy to see that the x and x axes of trihedrons 0x Y 2. 
and Ox y 2, coincide. These trihedrons are expanded with 
respect to each other by angle (¢'-9%), i.e., by the value of the 
difference of the geographic and geocentric latitudes. The mutual 
disposition of these trihedrons is characterized by the table of 
direction cosines: 

(2.24) 


*) v 2; 
x of 0 0 
nN 0  cos(y’—q) ~~ sin(g’ ~¢) 
2 9 sin(g’—g) — cos(q’—q). 


The difference (9'- 9) is calculated from formula (2.20), hence, 


(2.25) 


tan (9 — g) = ———_e sing cong’ 
(1 eFsinty’)"* Ja (1 et sintg’y? tA) 
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In view of the smallness of the values of e” and (¢ -@), 


formulas (2.20), (2.23) and (2.25) can be simplified. By assuming 


that the value h/a is also small and by decomposing the right sides 


of the indicated formulas into series in powers of e? and h/a, we 
find 


tanga [t—e(1 — 3) fran’. (2.26) 
reva(t = fetsntg’) + Aa( ~Fersintg) +h, (2.27) 


of — 9 F (1 — B)sinzg’ = F(t — Z)sinay. (2.28) 


The smallness of the values of e* and (j' - 9) also simplify 


the table of directions cosines (2.24). Assuming that 


¢0s(9'—¢) =m 1, sin(p’ — 9) =9' —q, 


we find 
*y Ms : 25 (2.29) 
x ot 0 0 
y oO ‘ -$(1 - 4) sin 29 
2, 0 $ (! = 4) sin 9p b 


Substituting the value e7=0.0067 into formula (2.28), we 


find that the maximum deviation of the true vertical from the 
geocentric vertical is equal to 


(2.30) 


19’ — @ leas 0.00335, 


° 
which corresponds to#11.6' and is achieved at latitude 9-45 


(or 4'=45°) on the earth's surface. As the distance from the 
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earth's surface increases, the value of this difference decreases. | 
However, this decrease is very slow in direct proximity to the 
earth's surface. Thus, at h=100 km, from formula (2.28) we obtain 


Lo’ — @ ha, ~ 0,00355 (1 — ale 0,0033, 


which corresponds to =11l',. 


Therefore, at small values of h, we may assume: 
(2.31) 


v-6 =3 esin2e’ ey e? sin 29. 








and £ is the second eccentricity of Clairaut's ellipsoid, calculated 
by the fifth equality of (2.3). 


The values of P_ and Q, are constants which do not dapend 
on coordinates x, y and z. They are calculated only by the value 
of Du and by the second eccentricity. 


For the potential m . V of the gravitational field inside the 
spheroid, the following expression holds: 


e ieee 1 : (2.35) 
= — % Pox — Zo — 5 We Ky, 


whe re 
(2.36) 


Ky anDy 4 tan] 


is the potential of the spheroid to its center, which is also a 
constant value. i 


z 
the potential Vof coordinates x, y and 2: 


The projections Fy Fy and F_ can be expressed by derivatives 


(2.37) 


av - Vv iV 
F,=— 37. lao Pe - 


e 


Formulas (2.33)-(2.36) are valid for the interior points of 
a homogeneous ellipsoid, also including the points on its surface 
which are maximum points. , 


We are primarily interested in the gravitational field of a 
homogeneous spheroid outside its volume. In this case expressions 
(2.32) for Fy F. and F. remain valid, but direct calculation of 
the integrals on the right sides is cumbersome. The resulting 





difficulties can be avoided here by using Maclaurin's theorem 
that two confocal homogeneous spheroids of equal mass produce an 
identical effect in the entire. space external to both spheroids. 
This theorem permits easy distribution of formulas (2.33) ~-(2.36) 
to the case of the extrinsic point by altering them somewhat. q 


The semiaxes of the ellipsoid, confocal to the given ellipsoid 
and passing through point A(x,y,2), as is well known, are equal to: 


oa VFy, om VT, (2.38) 


where v is the positive root of the equation 


(2.39) 
“ 
Sat ge oh 
the second eccentricity of the confocal ellipsoid is equal to 
(2.40) 


ta fae 


and finally, the density of the confocal spheroid, having the same 
mass as’ the given sphereoid, is found from the equality 


” (2.41) 


a eet 
(a? [-vb ae ys 


an 


On the basis of Maclavrin's theorem, projections Fy F. and Fo 
for point A(x,y,z), extrinsic with respect to Clerot's ellipsoid, 
are calculated by formulas (2.33)-(2.36), if a', b', 2° and D', 


icspectively, from formulas (2.38)~-(2.41) are substituted in them 





instead of a, b, L, and D. By carrying out this substitution 
and denoting 


140 40 ed 
Df Ey a DD rar a conse 


we arrive at the following formulas for Fye F. and Fo? 


F,= — Px, Fy — Py. i= —2, 





Prox 20D Soe (tot Loe = To): 


QradaDu wom tan’). 


For potential V, we find the expression 
(2.45) 


Veep Pt 5 Py = part Kk, 


where 
(2.46) 


K = 20d 4 tent’ 


Unlike formulas (2.33)-(2.36), the values of P, Q and K in 
formulas (2.43)=-(2.46) are variables, because they are function 
of 2, and consequently, in view of relations (2.40) and (2.39), 
they are functions of x, y and z. However, formulas (2.37) remain 
valid for Fy Fy and For because it is easily established, for 
example, that 


tar ., 1 oP 2 eee) oe 
EGE TY HT et Hee 
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Similar equalities are obtained upon differentiation of V with 
respect to y and z. 


Formulas (2.43) would yield accurate expressions for F_, F. and 
F. if the terrestrial spheroid were homogeneous and its density 
D and gravitational constant » were known with some accuracy. How~ 
ever, in fact the distribution of masses in the terrestrial spheroid 
is non-uniform, the value of u is known from direct measurements 
with accuracy only up to 0.1%, while the average value of D (or, 
which is the same thing, the earth's mass M) is calculated only 
indirectly and also with an accuracy of the order of 0.1%. Their 
‘values are equal to: 


(2.47) 


p= 6,67- 107° a, » Dew 5,529 .cm-%, Mx 6,98-10%¢ 


Therefore, formulas (2.43) yield only some approximate values 


for projections of the earth's gravitational field intensity on its 
body axes. 





2.2.2. Solution of the Stokes problem for a level surface i} 
given in the form of a spheroid. More accurate calculation of the earth's 
gravitational field can be had by solving the Stokes problem for the 


terrestrial ellipsoid. However, before going into exposition of 
the solution of the Stokes problem, let us show that the spheroid 


can be a figure of equilibrium of a homogeneous heavy rotating 
liquid. 


It is known from hydrostatics that, for the equilibrium of a 
liquid, on which a force having the components fi £. and f. and 
arbitrary point (x,y,z), is acting, it is necessary that the follow- 
ing equalities be fulfilled 


(2.48) 


a a d 
Of, E=df, F=f, 
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where p is pressure and D is the density of the liquid at the 
given point. It follows from these equalities that 





dp=D(f,adx-+f,dy+f, 42). 


Let the pressure on the external surface of the liquid be 
equal to zero: dp=0. Then, 


(2.50) 
L,42+f, dy+f,dz = 0, 
Further, let the shape of the surface of the figure of 
equilibrium of the liquid be calculated by the equation 
Sx, y. 2) 20 
Differentiation of this equation yields 
‘ (2.51) 


Sax +$ay+F dz=0, 


By comparing this equality with equality (2.50), we conclude 
that the partial derivatives of S should be proportional to the 
force components: 


(2.52) 
Is ty Ia 
ws “Os O° 
Ge Uy Oe 


But 3S/0x, 3S/dy and 3S/3z are proportional to the direction 
cosines of the normal to the surface S. Consequently, surface S is 


a level surface. 





Let forces fy fy and f. admit the force function W. Then, 
instead of relation (2.50), we find 


. (2.53) 
ct ax dy + Oe as ma ono, 


Hence, it follows that W=const and this means that the surface S 
is again level. 


For a spheroid, function S has the form 


Se ttre, (2.54) 


Therefore, 
(2.55) 


OS 2 oS 2% 9g 2, 
TT YT TAH 


The components of gravity F by a homogeneous spheroid of unit 
mass, located inside or on the surface of a spheroid, are given 
by formulas (2.33). By adding centrifugal forces to them we find 


(2.56) 


Jem ite— Pye, fyezuty — Poy, Fiex—Qs, (2.56) 


where u is the earth rate. 


By introducing expressions (2.56) and (2.55) into the con- 
dition of equilibrium (2.52), we arrive at the equalities 


(2.57) 


a?(u? — Py) a? (u? — Py) = — Qo. 








The first of them is satisfied identically, and from the second one 
and from (2.34) follows the rela*:ion ; 4 
(2.58) 
Boe hee — 5. 


The function on the right side of this relation initially 
increases as % increases from zero, reaching a maximum equal to 
0.22467 at 2=2.5293, and then decreases, asymptotically approaching 
zero at when 2 increases without bcunds. 


Thus, at 


ss < 0.22467 


there are two (one at the maximum point) solutions of equation 
(2.58), one of which corresponds to a slightly compressed spheroid. 
Lyapunov's and Poincare's investigations showed that stable figures of 
equilibrium of a rotating liquid are obtained only upon fulfillment 
of the condition 

: (2.60) 
Rg S187 12, i 


The conditions of (2.59) and (2.60) are fulfilled for the 
varth's parameters, In the first approximation equation (2.58) 
‘ields for compression of the terrestrial ellipsoid a the following 
‘alue found by Newton 

(2.61) 


a=tq, 








ura 


where q = —>  u is the earth rate and gg is the value of the 
e 


acceleration of gravity at the equator. 





Equation (2.58) relates the second eccentricity of Clairaut's 
ellipsoid to the earth rate and its density. 
Therefore, if the shape of the spheroid and the angular velocity 
of its rotation are assumed to be given, the completely specific 
value of density D is obtained from equality (2.58). In this case 
the mass of the spheroid will not coincide with the earth's mass. 


Let us turn to the Stokes problem. The Stokes theorem is valid: 
"Let there be a fixed body uniformly rotating about a fixed axis at 
a constant angular velocity u. Let there be known some level surface 
of gravity, which completely envelopes the body. The potential 
function of gravity and its first derivatives (i.e., the force com- 
ponents) will be clearly determined both on the level surface itself 
and in the entire external space if the total mass of the body is 
known regardless of the law of distribution of this mass." 


The principal possibility of determining the potential of 
gravity and of gravity itself follows from the Stokes theorem if 
the shape of the level surface and the total mass of the body are 
known. The Stokes problem also comprises the search for the po- 
tential function W of gravity by the given conditions. The potential 
of gravity consists of the gravitational potential Y and the po- 
tential of centrifugal forces U: 


(2.62) 
Wee Vg HU, 


The potential of centrifugal forces does not depend on the 
shape of the level surface and is expressed by the obvious formula 


(2.63) 
Un a (a7 fy?) 


=. Te EY HE, | 





Thus, the Stokes problem reduces to finding the potential function 
¥; of gravitation. 


Function V. should satisfy the general properties of the poten-=- 
9 7 
tial function of gravitation: 


1. Externally, it should satisfy the Laplace equation with 
relative to the. level surface of the space 


(2.64) 


’ vo 
oie + me 4 Sut =0. 


2. It should be continuous and finite and it should have con=- 
tinuous and finite first derivatives at any finite values of co- 
ordinates x, y and 2. 


3. It should be subject to the limiting condition 
_ ee 


iim Vy == Af, (2.65) 


where xr = ¥ x*4y7+z* , and M is the earth's mass. 


Moreover, the following equality should be fulfilled on the 
jiven level surface 


(2.66) 


Vo <3 const 5 (x? y?) 


Let us take Clairaut's ellipsoid as the reference surface and let us 
assume that the condition of Stokes theorem is fulfilled for 





@ 





it, i.e., let us disregard the circumstance that the masses of 
continents are not enveloped by the surface of Clairaut's ellipsoid 
Then, solution of the Stokes problem will be the function 
(2.67) 
WesCK4V+4U, 


where C is some arbitrary function; K is a function calculated by 
equality (2.46); V is the potential function of gravitation of a 
homogeneous spheroid limited by Clairaut's ellipsoid, taken at the ret- 
erence surface; and U is the potential function of the centrifugal 
forces calculated by equality (2.63). 


Then, for the potential function of gravitation Vor from 
equalities (2.62) and (2.67), we find the expression 
(2.68) 
Ve=CK+V. 


The function PG given by equality (2.68), satisfies the first 
of the conditions formulated above, because each of the functions 
of V and K is individually a solution of the Laplace equation, which 
is easy to ascertain by taking the second derivatives in coordinates 
from the functions of V and K, calculated by formulas (2.45) and ‘ 
(2.46) and by taking into account equation (2.39) and relation (2.40). 
Function (2.68) also satisfies the second of the conditions indicated 
above. 


The remaining two conditions, i.e., the conditions placed on 
equalities (2.65) and (2.66) can be fulfilled by selecting in the 
appropriate manner constant C and density D of the homogencous 


spheroid contained in expression (2.45) for potential V according 
to relations (2.44). 


alten 


In fact, let us take for D the value resulting from (2.68) 
The surface of Clairaut's ellipsoid will then be the reference surface 
of function V + U, i.e., we will have on this surface: 


V4Ux const. 


But since function K on the given Clairaut's ellipsoid is also a 
constant, then condition (2.66) is fulfilled. 


Now, by forming the product rv, and passing to the limit 


as r*~, we find 


Wm eV, <= C2nDj10" +- 4 nDjia*d, 





By comparing the right sides of equalities (2.70) and (2.65), 
we conclude that, in order to satisfy condition (2.65), we must take 


it _2 (2.71) 
C=apet 3° 


Thus, for the components of the earth's gravitational field 
intensity, we find the expressions: 
™ (2.72) 
po Prec, Pa -Pyt Ca 
F,=—-Q@ eH, 
where 
(2.73) 
; v 
Pea 20DN ae, (tant -77") ; 
b ’ Ay 
Qa: AnD ant — tant), 


ab ’ 


K = 2nDy Vata tan’, 
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To calculate the constants D and C, contained in expressions 
(2.72) and (2.73), the following equalities are used 


(2.74) 
wo ote 3 M 2 
Rip pe li. Cees. 


Equation (2.39) and relation (2.40), by means of which the 
value of the second eccentricity of the confocal ellipsoid at the 
current point is found, and also equality (2.3), which determines 
the second eccentricity 7 of a level ellipsoid, must also be added 
to expressions (2.72), (2.73) and (2.74). , 


Thus, formulas (2.72), (2.73), (2.74), (2.39), (2.40) and 
(2.3) make it possible to find the values of Fie F. and Fo if the 


following are known: the semiaxes a and b of the level ellipsoid, 


the earth rate u, the earth's mass M and the gravitational 
constant u. 


oe 

However, as already indicated above, the accuracy with which 
the gravitational constant and earth's mass are known is estimated 
by a value of the order of 0.1%. Therefore, the constants con- 
tained in the formulas (2.72) and (2.73) are best calculated in 
the following manner. Find the value of Du from the first relation 
of (2.74) and obtain the value of C by comparing the acceleration 
of gravity, obtained from formulas (2.72), (2.73) and (2.74) to the 
measured value of the acceleration of gravity at any point on the 
earth's surface, for example, at the equator. 


From the first equality of (2.72), for the component of 


acceleration of gravity g, on the surface of the terrestrial ellip- 
soid, we find the value 


(2.75) 


£,72 Px —C (5 ), — ux, 





a 



















where (ak/9x) | is the value of the derivative of K with respect to x at 
the point taken on the surface of the reference ellipsoid. 


It follows from equalities (2.46), (2.40) and (2.39) that 





(2.76) 
B= On aes E 
Fs — rdw HE, F. 
Gta mu TST 


rs (2.77) 
tm [alr + ora et oY PEs, 


Having taken the point with coordinates y=z=0 and x=a at the 
equator and taking into account that v=0 on a level ellipsoid, we 
find from (2.75)=(2.77): 


(2.78) 
Kq == C2nDjra + Poa — wa, f 


where S. is the measured value of acceleration of gravity at the 
equator. Hence, 


(2.79) 


$ula- P, 
Cmte 


2.2.3. Calculating the projections of the earth's regularized 
gravitational field intensity onto the axes of the geocentric and 
geographic moving trihedrons. Let us find the explicit expressions 
for projections PX os Fy, and Pz, of the earth's gravitational field 
intensity onto the axes Of the geocentric moving trihedron Ox2y222, 
introduced in the preceding section® 


From relations (2.72), (2.73), (2.76) and (2.77), having 
taken into account the table of direction cosines (2.), we find’ 


F,,=0, (2.80) 
Pam morsone ator (3 tea"! y? 
_ —or') — Crete (a? — ) 
rR - Fone: 


oor Ay 

Faye — 2nd { Ea [20° — ton” “y+ 
: Mp Foy! 

+ cos (3 ten’ Ta77 2 I+ 


+2 (GE + BE) 


By using equalities (2.17), (2.2) and (2.77), we find the 
following expressions for the terms of the right sides of formulas 
(2.80), containing T: 


(2.81) 





Srete (a 6’) 


“Twi ty 
w= Ca (£)« OO ETA TTT 
doe ; v) Cos’ y -+- (a? +- v) sin?y 
re) / cos’ in? @ 
Se (ret + ares) = 


(A® -§- v) cos? op -f (a? 4. y) cinta) (6? 
= Cap (2) IO + Eta? v) tint gl rua 


(8° F vy cote - CaF 





eee Soe een ee 


The right sides of the second and third formulas of (2.80) 
can be expanded into rather rapidly convercent series by powers 


of e. Let us find this expansion with an accuracy up to the terms 
containing the factor e*, 


From equation (2.39) of a confocal ellipsoid, calculation of 
(2.40) of its second eccentricity and from the equalities for x, y and 


z, Similar to equalities (2.17) for &, n and f, we find: 


tg ee 
Ae (eb) + 83) + Vr ata. Se . 


+ (a? ~ 0 — ah (a? — 64) cos ty 


(2.82) 


The expression for 1' is easily represented in the form 


where 


We now find: 


Ve Ss, 


14 SF) core t i (e) (Feoutg— Janrag) +. 


abr ote ot! ee 
aie (30° ‘ The ) 


(a?—5 
ao(s)es(—Ft pet) 
2ator a (= tant’) = 


(eo? — 5%)" a0(tyo(G—Frty et za . 
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(2.83) 


(2.84) 


(2.85) 





By substituting expressions (2.83) and (2.84) for 1? 


and s, 
find: 


(2.86) 


ee (Bee ar = 
= 0(2)*e2 [- $+ é (+- cos? g} (#)'| +... = 
Wage Wyn 


HEIL +0 (ore 3) (24 
te (7 + peoste - y sin’24) (3)'J+ vel 


Now let us find the expansions in powers of e of expressions 
(2.81), also contained in the formulas for calculat 


ing Fy, and Pz)- 
From relations (2.83), (2.84) ana (2.40), we fina 


(2.87) 


ve pfi—a-eurg(4) 44 sint2y(S)"} ne J. 


Taking this into account, we find: 


(+y)" =e [1 - $ cos? «(4) + 
+4 G sin? Qaip — cos?) (4)'+ a } : 
(67+ v) cos? p-}- (a? 4- v) sin? g = 
2 el — e? cos 24 (2) +- S sin? 20(2)'+ ae ‘J : 
(8? -4- v)? cos? op 4- (a? 4- v)? sin? = 
ea 4 [ — 2e7¢0% 24($)'+ 


+et(1 — {sn 25) (2) + = 





By substituting expressions (2.88) into formulas (2.81) and by 
performing termwise multiplication and division of the series, 
we find: 


(2.89) 


Cather (a? — 6%) = 
T HEV TS) 


mci} [+8 (hoor 2) (P+) 
, Si (Set 4 at) = 
meo(e) ve (Soore- (8) + 


+e! (! —scote— 3 sin? 24) ‘sy Be | | 


Let us now substitute expressions (2.89) and (2.86) into formulas 
(2.80). Converting everywhere to trigonometric functions of sin 9 
and sin 29, we find the following equalities: 


(2,90) 


pele choco 


F,,=0, 
Py = nDpbe? sin2g(£)"{ —f- Ct. 
+[-2(5 +) +09(¢ 478) 
ram mdse (2) 13404 [2 4S 
naval + F)Jo(e] 4 
+ [a+ + welds) : 


satel a= SE) (2) 


These equalities are also the desired expansions in powers of 
e of the projections of the earth's gravitational field intensity on- 
to axes ito FY and z. The rapid convergence of the series ob- 


tained is provided by the smallness of the earth's eccentricity e. 


The right sides of formulas (2.90) contain the constants Dy 
and C, calculated by the first equality of (2.74) and by equality (2.79), 








aa 


respectively. Let us find the exnlicit expressions for constants 
Dp and Cc. 


From the first equality of (2.74) 
(2.91) 


ul? 
De = a Py tani , 


hence, by expanding the function on the right side by powers of 1, 
we find: 
(2.92) 


Dp aoe E(t + $P+th+ vas) 


By converting in relation (2.92) to the first eccentricity 
and by using for this the relation 


Party, an 


we find Dy in the following form: 
(2.93) 
dye iy BV o4 bers...) 
It remains to find C. However, it is more convenient to find 


directly the value of mDyC, because constant C is contained in 
formulas (2.90) in this combination. 


From formula (2.79) 
(2,94) 


! 
nDyC = yy (he + wa — Pra). 
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According to (2.34), 








= 



















Pye 22D lish taney — rer i. 


Expansion into a series in 2 and conversion afterwards to 
the first eccentricity yield the following value for Py 


(2.96) 


Py= andy (S - xe — ws") 5 


By substituting expression (2.96) into formula (2.94) and 
taking into account relation (2.93), we arrive at the equality 


(2.97) 
ADC os fe 4 r +(-! $41, hae) , 


© 


which also yields the explicit representation of the constant 
mDUC. 


Substitution of expressions (2.93) and (2.97) into formulas 
(2.90) leads to the following expressions for Fy, and Fz 











raree—e(sYsmaelt 8 He] 

x(t [ingen te rer le F) 

ee eae . pa = Ral 
+(5 4 f+4(-3 gt ii e)— 

— ater (F ~"S4a(-3+ re eyi(E) 4 

+ (7 gars (4 i -Fa)— 


—wntae( Fo — Fee) (F)'} 







where the ratio of the centrifugal force occurring because of the 
earth's rotation to gravity at the equator is denoted by q, i.e., 


qo. (2.99) 


If we take 10 


8 Blagg = 7.292116. 107* Veen, (2.100) 
@= 6378245 4, «= 0,0066934, 
£, == 978,049 cm/s ec?, 
then 
¢ = 0,00346775, (2.101) 


The numerical values of the coefficients contained in formulas 
(2.98) will then be equal to 


(2.102) 


ZS 
eg —e) = — 1877, 1 ot eh = 1,008, 


~ re a '’ 


ee a 1s 
1-F—4 +4($-3 e?) = 1,001897, 
pe dettel f+ Ho) = oon, 


3 5 
7 (= 2 = 905 
e (5 e on 4g) = 0.000905, 
5 25 


e(ge— m4) = 0.090008, 


| 
t 
i 
elt 3,4 : 
ef — el + g(— 54+ 7; 6) = 0.004878, 
zeae t(-s4H4), 
ee F09), = 8.00009, | 


























The numerical values of the coefficients indicate that 
formulas (2.98) can be written with an accuracy of the order of 
0.02 cm/sec’ in the following manner: 


(2.103) 
Pye felt) (3) sin2q, 
P= -#.($)[! —St jet 
+55£c- 1 + asintg)(4)']. 







fel, 7) os 1,58, 15% —0,0016, 


1— $+ $9 20,0018. 


Formulas (2.98) or the similar formulas (2.103) yield expressiors 
for Pre and Fz. as a function of the geocentric coordinates 9 and r. 
At the same time it may happen that the directly known values will 

be the geocentric latitude » and the height above sea level. The 
latter, as was noted in §2.1, coincides with great accuracy to the 
distance h along the normal to Clairaut's level ellipsvic. 


Formulas (2.23), which yields the expression r in 9', h and 


the parameters of Giairaut's ellipsoid, was obtained in §2.1. The 


following value is obtained from this formula for r?: 


ate? (tL —e } sin’ gy’ co 
rea? 4 h?— — w- aa gt Ae -f 2ah vi —etsin?g’. 
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Let us consider the case of small values of h, when the ratio 


h/r has the same order of smallness as the square of the first eccen- 
tricity e?. Then with an accuracy up to values of the order of e* 
inclusively, we have: 


(2.106) 
oa a*l(1 + 2y- (1 +- *\ sin’ g’ + e*sin?g! cos?’ |. 


With an accuracy up to values of the order of e”, the geo- 
centric latitude 9’ is related to the geocentric relation 
(2.107) 


fang 


tanW = yoy 


which ensues from functions (2.20) and (2.25). From equality 
(2.107), it is easy to find in turn the expression for the square 
of the sin of geographic latitude: oO 


(2.108) 
sin?! =x sin? @(1i-f; 2¢? cos? @). 


By substituting expression (2.108) into formula (2.106), we 
find 
(2.109) 


yan ok 
raat +2 + Zein ge 


—e? sin? — e*sin?g cos%), : 


Then, 
(2.110) 


e\? 2h ant A 
(Fy et Bt a3 2 ot surg be surg et inty, 
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Let us substitute expression (2.110) into formulas (2.98). 
After obvious transformations we find 


(2.111) 
Fy oe LS) sin 29[1 -~S- 


~ zhao Heth 


Pya—e,[1 -F sin? +e(1 + 5010") + 
+e(-4 alg — 3 sin? 29) + 
+ ota (— FF tog + 75 sin? 29) + 
+ A ssin'g— iIh+ AL (. 1—6 stu? ¢) — 


~F+ 5]. 


These formulas with an accuracy up to values gf the order of e* 
yield expressions for Fy, and Fz, in and h. 


Let us turn in formulas (2.111) to the geographic latitude 9'. 
Since the trigonometric functions of the geocentric latitude » are 
contained in formulas (2.111) with factors having an order of e? 
and e*, then the values of sin*y, sin 29 and sin?2¢, expressed by 
the trigonometric functions of geographic latitude 9' with an 
accuracy only up to values of the order of e”, must be substituted 
into these formulas. From equality (2.107), we find 







(2.112) 


sin? p = sin? g’ (1 — 2e7 cos? gy’), 
sin 2p = sin 26" JE -¢ #7(2 sin? @’ — t)j, 
sli? Qpe= sin? 2p! [1 4 €7¢4 sin? gy’ — 2)]. 


By substituting relations (2.112) into formulas (2.111), we arrive 


cer pee © weeEe SURI racnenietatneey Ea a 
— * : a, eee OAT 


at the equalities: 





f,= £09 sinag’ [1 4s - grr 
— Tatas] 
Pym —e,[1 — Fanta’ +a(1 + 5 sing’) + 
: ta(- pulntg’ -_ 3 sin? 24’) + 
+0¢(— we’ +45 sin? 29’) + 
£8 int! — 1) + 


+48 (-1— bsg) — 4 ? 


The right sides of these equalities are expressions in 9‘ and h 
of the projection of Fy, and Pz) of the earth's gravitational field 
intensity on the y, and z. axes of the geocentric moving trihedron 
xY,%,° 


It is now easy to find the expressions in ¢' and h of the pro- 
jections of Fy and Fz of the gravitational field intensity on 
the y and z axes of the geographic moving trihedron. According 
to table (2.24) of the direction cosines, we find 
(2.114) 


Py = Fy, cos (p’ — 4) — F,,sin(y’ — 9). 
Ff, = Fy, sin(e’ —G)+ Fe cos (ip! — 4). 


In order to write the explicit expressions for Ey, and Fz 
only inh and 9', we need to have with an accuracy up to values 
of the order of e” of the value of sin (¢' = 9) and cos (%' = 9%), 
expressed by these variables. 
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From (2.25), we find 


(2.115) 
tan (9! — g)metsing’cosg’ (1 tetgntg’— 4). 


Hence, 


(2.116) 
sin(q’ — ¢) =e? sing’ cos a'(! +e sing’ — +), 


cos(q’ —q)= 1 — $ sin? p’ cos? gy’, 


By substituting these expressions together with equalities (2.113) 
into relations (2.114), we arrive at the following formulas: 


2.117 
F,, = &,sn20'[$ (1-45 sing’) 4+ (2 ~2)). 


F, = ~e,[1 — Fang +o(1 + Fstutq’) +. 
tet (=F sintg’ +f int 29) + 
02g (- isin? y’— i stn? 24’) +ter(3sintg’— I+ 


a 
+L(-1 —6sintg’)— hy » 2 


Formulas (2.117) yield expressions of the projection of Fy, 
on the direction tangent to the ellipsoid and lying within the 
meridional plane, and projection Pz of the gravitational field 
intensity on the normal to the level ellipsoid. 





Having set h = 0 in formulas (2.117), we find the formulas 
which determine the projections ¥, and e of the gravitational 
field intensity on to the earth's surface (on the level ellipsoid) 

A= Sef (! + 5 sinty’) sin29', (2.118) 
P=— e,[1—G stg’ + o() + 3 stty’) + 
+ #(- peste? a’ + ay sin? 2") + 


4 e0(-Lomre— Baw ay} 


129 














If we now add the values of the projections onto the y; and 2) 
axes of centrifugal acceleration, which occurs because of the 
earth's rotation, to the values of projections a and Poa the 
first sum should be equal to zero, while the second sum should 

lead to the formula of normal gravity. 


Let us denote the projections of centrifugal acceleration onto 
the y, and z, axes by Py and Poa’ We have (Figure 2.4) 


Fy = — wr cosgsing’, (2.119) 
Fer cos qeosg’, 


where u is the earth rate. 





| Fig. 2.4 


From relations (2.112) and (2.109), with an accuracy up to 
terms of the order of e”, we find 


(2.120) 
rcos@ = a(s + Fsintg’) cosy’. 


By introducing the notation of (2.99), we find 


Fis ot (1 at 5 sing’) sin 2¢', 


Fb A (1 + + sin?y ‘) cos? gy, 
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We now find: 


Ft Fy, 
Rit Pires ge 


= eel! : ay’ (3 ¢ Ty “ 


‘ 


+ sin? 2y’ (5 - é “)| r 


Instead of the square of first eccentricity e*, com- 
Pression a may be introduced into the second formula of (2.122). 
According to equalities (2.1) and (2.2), we have the expansion 


sonal. (2.123) 


> 
By substituting the expansion (2.123) into the second equality 
of (2.122), we arrive at the formula 


(2.124) 
B=, (8 + Asin? op’ + B, sin? 2p’), (2.124) 


whe re 
(2.125) 


b=tq—a—4 40. 


hat — S40, 


i.e., to the well-known formula of normal gravity in Helmert-Kassinis 
form, 11 which was required. 
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Calculations for the parameters of the Krasovskiy ellipsoid 


yields: 
B= 0,0053171, fp, = 0,0000071. 

Formulas (2.125) are called Clairaut's formulas. If the accel- 
eration of gravity at the pole is denoted by Sp then it follows 
from equality (2.124) that 

(2.126) 


We note that if coefficient 8 is calculated from formula 
(2.124) from the results of observations of gravity at different 
latitudes, then Clairaut's ficst formula permits calculation of the 
compression of the terrestrial spheroid, because the value of q 
is known with great accuracy. 

: 

Let us also note that the formula of normal gravity was ob- 
tained only to ascertain that it resultsas a special case from the 
more general formulas which we constructed. This is the well- 
known check of the correctness of the calculations made above. 
Expression (2.124) for g may in itself be obtained simply from 
Somil'yan's formula. !! 


§2.3. The Earth's Motion Relative To Its Center of Mass 


The earth's motion relative to distant (fixed) stars, (or, 
in other words, relative to the inertial reference system OF enade) 
consists of translational motion, i.e., the motion of its center of 
mass and of rotation about the center of muss. If the position and 
velocity of the earth's center of mass are taken at some moment of 
time as the initial moments, then its further motion is calculated 


by the resulting attractive force of the earth's elementary masses 




















by the celestial bodies. Similarly, rotation about the center of 
mass is determined by the moment of this resultant relative 


to the center of the earth. 


When solving problems of autonomous inertial navigation near 
the earth (or rather in the system of reference bound to it), it 
is not necessary to know the motion of the earth's center of mass. 
If fact, the motion of the earth's center of mass is not contained 
in the fundamental equation of inertial navigation (1.88). It 
disappeared from this equation in view of equality (1.85). 


The earth's motion about the center of mass is another matter. 
This motion should be known. Actually, the fundamental equation 
of inertial navigation (1.88) is written in the coordinate sys- 
tem Oe aNaSas whose origin coincides with the center of the earth, 
while orientation of the axes is identical to orientation of the 
axes of the inertial system of reference 0,£,n4%,- Therefore, 
orientation of axes &,, ny, and 6, may be assumed to be fixed rel- 
ative to the directions toward the remote stars. If we assume 
the earth's gravitational field intensity g(r) to be given in the 
system of reference 0,f4n4%%, we can find the coordinates of £,/n, 
and 6, from equation (1.88). Conversion to coordinates &, n and ¢ 
in the trihedron 0,£n¢ bound to the earth obviously requires know- 
ledge of the position of trihedron O,éng reiative to the trihedron 
O Gaels i.e., one must know the earth's motion about its center, 
Moreover, as already noted in §1.4, the earth's gravitational field 
intensity (taking into account the non-sphericity of its gravita- 
tional field) is given in the earth body axis system O,Eng. Re- 
calculation of gravitational field intensity to the coordinate 





trihedron 0,£,ny%, also requires a knowledge at every moment of time 
of the mutual disposition of trihedrois 0,£nt and O,Fanale- 


When considering problems of the theory of autonomous inertial 
navigation, we may assume that the earth's center of mass coincides 
with the center of Clairaut's ellipsoid, while the earth's motion 
about the center of mass reduces to uniform rotation about the axis 
of symmetry of Clairaut's ellipsoid, which retains its own orienta- 
tion unchanged’ relative to the directions toward fixed stars. 


Actually, the position of the instantaneous rotational axis 
of the earth does not coincide with the minor axis of the terres- 
trial ellipsoid (the least major axis of the ellipsoid of inertia). 
Therefore, it follows from Euler's equations of the rotation of 

a solid relative to the inertial center of mass that the in- 
stantaneous axis of the earth's rotation will describe a cone about 
its axis in the earth's body. Euler found the period of this 
motion equal to approximately 305 days. S&S. Chandler's processing 
of experimental materials showed that the motion of the earth's 
instantaneous rotational axis in its body has’ two pericds: the first 
is equal to ’approximately 420 days and the second is equal to one 
year. S&S, Newcomb showed that a 420-day period is Euler's period 
with regard to the non-rigidity of the earth. The annual period is 


related to the seasonal redistribution of masses on the earth's 
surface, }2 


The maximum deviation of the earth's instantaneous rotational 
axis from the direction of the minor axis of Clairaut's ellipsoid 
does not exceed 0.67", which yields the error of determining the 
latitude of the point on to the earth's surface, This error may 
obviously be disregarded in navigation problems. 


The value of the earth rate (its modulus) is, strictly 
speaking, not fixed.!3 It has been noted that the length 
of days because of tidal friction increases by an 













































average of 0.0016 sec per century. Moreover, seasonal variations 
ot the length of the days by a value up to 0.0025 sec and irregular 
intermittent variations having values up to 0.034 sec have been ob- 
sorved. All these variations are small, and they can be disregarded 

the consideration of problems. The time determined by the earth's 
1° tation with respect to the distant stars (stellar time) may also 


i. assumed uniform and adequate to Newtonian dynamic time. 


Orientation of vector ui of the earth rate in stellar 
space does not remain fixed. The main cause 
of this is the circumstance that the earth's attraction by the sun 
and moor. leads not only to resultant forces, directed along lines 
connecting the earth's center of mass to the centers of mass of 
the sun and moon, but also to resulting moments. This is in turn 
caused by the fact that compression of the earth leads to asymmetry 
of the earth's distribution of mass relative to the directions 
from its center to the sun and moon. me 


? 


The vectors of the resulting moments from the sun and moon 
are located within the plane of the terrestrial equator and accor- 
dingly attempt to combine this plane to the plane of the ecliptic 


(the orbital plane of the earth) and to the plane of the lunar 
orbit. 


The action of the indicated moments leads to precession of 
he earth's angular velocity vector relative to the normal to 


=’ 2 plane of the ecliptic along a cone with an angle of 2e=23°27! 





the vertex with a period approximately equal to 26,000 years, 
to nutation with the main period of approximately 18.6 years, 


wl ch leads to periodic variation of angle « by the value Ac=10", }* { 


Because of the perturbing action of the planets, the earth's 


or. ital plane also does not remain fixed in stellar space. It 
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rotates about an axis, lying within the orbital plane at a velocity 


having a value of the order of 47" per century during the current 
epoch. This leads to slow variation (a decrease in the current 
epoch) of angle ¢. Moreover, because of the motion of the moon 
and earth about the common center of mass, the earth's orbit de- 
viates from the plane of the ecliptic, near which the motion of 


the center of mass of the earth-moon system occurs by a value of 
the order of 1", 


All the indicated effects of variation of the position of the 
earth's rotational axis in stellar space, which plays an important 
role during fundamental astronomical investigations, may obviously 


be disregarded in navigation problems because of smallness, and 


in any case if we bear in mind determination of the position of an 


object with an accuracy of the order of one km, and the operating 
time of the inertial system not exceeding, for example, one month. 
/ 

Henceforth, we shall usually assume that vector W of the 
earth rate coincides with its axis, whose orientation we shall 
assume to be fixed in stellar space. Let us assume that the 
value of the earth rate is constant (u+7.292116* 10°5). However, 
we note that, as will become clear subsequently, the problem of 
inertial navigation can be solved in principle and with regard 
to the inconstancy of the earth rate. It is sufficient to know 
only the projections u,(t), u,, it) ,and u, (t) of vector t of the 
earth rate to its boty axes —&,n and ¢ as time functions. 


1. The parameters of the ellipsoids taken in other countries can 


be found, for example in the book: Graur L. V. Matematicheskaya 


‘ v 3 
Kartografiya, Isd- o LGU im. A. A. Zhdanov, 1956 
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The force function in difi nign from the gravitational 
field strength. 


The proof of this theorem can bo found in the works indicated 
in Note 4 and also in Idel'non, N. I., Teoriya potensiala i ego 
prilozheniya k vopronsam yoofivziki (Theory of the Potental and 
its Application to Problems of Geophysics), Gostekhizdat, 1932; 
Grushinskiy, N. P., op. cit. 


Compare, for example, the literature in Note 6. 
Andreyev, V. De, On Solving the Stokes Problem for a Reference 


Surface Given in the Form of a Spheroid, Prikladnaya matematika 
i mekhanika, Vol. XXX, Issue 2, 1966. 


- — ———— 


In this case (for the trihedron OxoY525) it is necessary to 
replace ¢' by » in Table (2.4). 


Mikhaylov, A. A., op. cit.; Graur, A. V., Matematicheskaya 1 
kartografiya (Mathematical Cartography), A. A. Zhdanov Press 

of Leningxad State University, 1956. | 
Mikhaylov, A. A., op. cit. 


Blazhko, S. N., Kurs sfericheskoy astronomii (Course in Spheri- 
cal Astronomy), Gostekhizdat, 1954. 


Kulikov, K. A., Izmenyayemost' shirot i dolgot (Variability of 
Latitudes and Longitudes), Fizmatgiz, 1962. | 


Blazhko, S. N., op. cit .; Subbotin, M. F., Kurs nebesnoy mekhaniki 
(Course in Celestial Mechanics), Vol. 2, ONTI, 1937. 
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Chapter 3 
EQUATIONS OF THE IDEAL OPERATION OF INERTIAL NAVIGATION SYSTEMS 
; 1 
§3.1. Calculating the Cartesian Coordinates of an Object. 


3.1.1. Initial relations. Let us consider an inertial 
navigation system constructed in the following manner. Three 
newtonometers n, n_ and n, (Figure 3.1) are mounted on the plat- 
form of an absolute angular-rate meter with three degrees of free- 
dom. The directions of the axes of sensitivity of the newtonometer 
coincide with the directions of the x, y and z axes of the right- 
hand orthogonal coordinate system Oxyz, bound to the platform. 

In the general case the platform is installed on board in a moving 
object in a gimbal suspension with three degrees of freedom simi- 
lar to the way in which the gyrostabilized platform (Figure 1.10), 
considered in §1.3, was suspended. Let us assume that the task 
of the inertial navigation system is to calculate the Cartesian 
coordinates &,, n, and ¢, of point O in the coordinate system 
Purse {or coordinates €, n and ¢ of this point in the coordi- 
nate system o,6nt), and also the parameters which determine the 
orientation of the object relative to the axes of this system. 





4m) 
fim y 4, 
% 
& ' y 
40%) 
Fig. 3.1 


The coordinate axes O ale See which we introduced previously 
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to derive the fundamental equation of inertial navigation, retain 
fixed directions relative to the directions to the remote stars. 
The origin 2, of this coordinate system is incident with the earth's 
center of mass. We shall henceforth assume that the earth's center of mas 
coincides with its geometric center. The coordinate system O Eng, 
also introduced previously, is rigidly bound to the earth. Its 
origin is incident with the earth's center and the ¢ axis is direc- 
ted along the vector of the earth rate. 

The € and n axes are located in the equatorial plane. Let us assume 
further that the & axis coincides with the line of intersection 

of the planes of the equatcr and of the Greenwich meridian. 


Let us assume that the sensitive masses of the newtonometers 
are located at point 0. Let us denote their readings by ne 
and n,- Let us denote the readings of the absolute aegeiar sist (rate) 


meters by ms my, and moe respectively. Let us assume that 


: 









m,=30,, Mm, “20,, Mm, =), (3.1) 


where Woe wy and w, are projections of the absolute angular 

velocity of the platform to the axes of trihedron xyz bound to 

it. According to the accepted disposition of the suspension axes 

of the gyroscope housings and the directions of their intrinsic moments 
of momentum , the values of m,, mand m, are calculated by 
relations (3.1) and (1.43) or by (3.1) and (1.45). It follows from 
these relations that the valucs of m+ m, and m, are proportional 
to the values of deformations of clastic suspensions of gyroscopes 
ee CG, and — respectively, with great accuracy. 









Let us use equation (1.88) of motion of the sensitive mass 
of the newtonometer to derive the cquations of ideal operation. Let 
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us first introduce the coordinate system O xyz, whose axes are parallel 
to the coordinate axes Oxyz of the same name, and let us take as the 
origin the earth's center O xyz can be obviously given in Cartesian 
coordinates x, y and 2z. 


Let us turn to equation (1.88) | 
(3.2) 


mo a etn : | 


The newtonometer readings of the considered inertial system 
are projections of vector n to the coordinate axes Oxyz. These 
projections are equal to the corresponding projections to coor- | 
dinate axes O *Y2r since axes Ox, oy and Oz are parallel to axes 
Oo ee Oo v and 0 2 and, thus, trihedron Oxyz moves in a forward 
sieseion wien respect to trihedron °o XYZ. Differentiation in 
| equation (3.2) is carried out in the coordinate system O owls Cee 
The coordinate system Oxyz has a common origin with it ona rotates 
with respect to it at an angular velocity ® to axes O x, Oy and 
Oz are obviously equal to Wer w and Woe because trihedrons Oxyz 
and O xyz, as already noted, have an identicai orientation in the 
coordinate system 0 bale ne . 1 


ee 


Having applied formula (1.14) twice to r, which yields the . 
expression of the absolute derivative of the vector in a rotating 
-oordinate system, we find: 

te 


(3.3) 
ea tariaxe, ar Te4 ate. 14 


nye re 


(3.4) 


ra xedyyterze, ow et bey be, 
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while the dot denotes the local differentiation in the coordinate 
system O xyz, i.e., differentiation of vectors r and we given by 


relations (3.4), provided that x, y and z in these relations do not 
depend on time. 





By substituting the second equality of (3.3) into equation 
(3.2), we find: 
















(3.5) / 


R=20-+40 <0 — (Pr) 


Taking into account equalities (3.1) and introducing the 
vector 


Mz m #4} my 4 om,z, 


we write the equality (3.5) and the first relation of (3.3) as 
follows: 


(3.7) 1 


On mx tale ; 
Pos0--m Xr a ; 









HAZ + MY +A, (3.8) 





since vector n is given by its own projections on the coordinate 
axes Oxyz, or, which is the same thing, On the axes of system O xyz. 






3.1.2. 


3.1.2. Integration of the fundamental equation during arbitrary 
rotation of the platform of an inertial system. The first group of: 
equations of ideal operation. If we assume that vector g of the gravi- 
tational field strength can be given in the form 



















—erterted. (3.9) 





and g 








where a gy 2 are known functions of x, y and z and are time 


functions, then equations (3.7) can obviously be integrated. As 
the result of integration we find: 


(3.10) 


t 
e= J [n—m X P+ e(r)ldi+ (0), 
6 


‘ 
r= [(o—m xX rod +7 (0), 
o 


where r(0) and ¥(0) are the values of the vectors r and v at t=0, 
i.e., the initial values of these vectors. 


Equations (3.10) permit us to calculate zr oes.) v in the co- 
ordinate system 0 *Y2, if we assume that vector g(r) is represented 
in the form of (3. 9), the initial oe of v (0) and x (0) are 
given and the projections of vectors n and m to axes x, y and z are 
known. Calculation of r in the coordinate system O xyz means, as : 
follows from the first formula of (3.4), calculation of the Car- 


tesian coordinates x, y and z of point O in the coordinate system 
O ne. 











In the considered navigational system the newtonometers and 
absolute angular-rate meters are located along the x, y and z axes. 
Vectors n and m are represented in the form of (3.6) and (3.8), 


and the projections of Nye nye nor My, ma, and mos required for in- 


tegration of equations (3.10), are known as time functions. This 
may not be said of projections Gg, 9 







> 

and a, of vector g on axes 
ae . . 

x, y and z, because vector q is known in the general case only in 


the earth body axes system 0 eng. 





TT 


<r 


=a 


In the coordinate system 0 éne the earth's gravitational field 
is clearly determined by the representation of the power function 
V(E nS). Vector g of the gravitational field strength is then 
expressed in the coordinate system 0 ene by the equality 


(3.11) 
e= deg V, 


i.@., 


; (3.12) 
en tt Sent et 


> > > 
where €, n and ¢ are unit vectors of the corresponding axes. 


To find the projections 9,7 9 and g, of vectors contained 
in the first equation of (3,10), the relative position of axes 
xX, y and z and of €, n and ¢ must be calculated from “he known 


projections of 3V/9—, 3V/dn and 3V/3e of vector 3 on she earth 
body axes £, n and Ct. 


It is easy to see that the relative position of axes x, y and 


z and of €, n and ¢ is required to find the projections 5,7 9 and 
gd. only in the case of an arbitrary gravitational field. If we 
assume that the earth's gravitational field is spherical, then 


(3.13) 


where yw is the product of the earth's mass by the gravitational 
constant. 


{ 
i 
1 





From the second formula of (3.13), the expressions for Tye 


g 


and gS, by x, y and z follow immediately: 


y 
(3.14) 


e,=—. en, =>. P 
rm(xt y+ a7). ; 


Thus, in the case of a spherical gravitational field, formulas 
(3.10) together with relations (3.14) form a closed system of equa- 
tions for finding x, y and z The indicated circumstance makes it 
convenient for further representation of the power function of the 
earth's gravitational field in the form of the sum 

(3.15) 


VerL tect, 0. 





: a 
where the first term characterizes the spherical part of the earth's 
gravitational field, while e(&, n, ¢) is a slight deflection of the 
field from a spherical shape. 


Equations (3.10) with known values of Sy" dy and i permit 
calculation, as was already noted, of the Cartesian coordinates 
x, y and z of the object.® Equations (3.10) are essential 
similar to equations (1.89) and they could be called equations of 
the ideal operation of the inertial system under consideration, if 
the task of the latter could be limited to finding the Cartesian 
coordinates x, y and z of the object in the coordinate system O xyz. 


But trihedron xyz varies its spatial orientation arbitrarily 
in time, because no limiting condition of any kind has yet 
been applied in this relation. Therefore, a knowledge of the 
object's position in the coordinate system 0 xyz is inadequate for 
purposes of navigation. To solve navigational problems, one should 














either find coordinates &, n or 5 of the object in the earth body 
axes system or coordinates €,, n, or tC, in the fundamental Cartesian 





coordinate system Oe aNacar whose motion with respect to the earth 





nay be assumed known. To find coordinates €, n and ¢ from known 
ilues of x, y and z, one must know the relative position of tri- 
2drons xyz and €nct (which simultaneously solves the problem of 
‘inding oye Sy and go) and to find the coordinates €,, nyand Gye 
ne should know in turn the position of trihedrons xyz and Eynyl,y 
vith respect to each other. 


3.1.3. Determining the orientation of the platform. The 


second group of equations of ideal operations. Let us determine 
the relative positic.: of trihedrons O *Y2r Oo Ens and 0 ean cee 

We know the relative position of these trinedrons_ at the initial 
moment of time, the angular rotational velocity om of trihedron 

O xyz with respect to trihedron 0 Auris and the angular rotational 
velocity u of trihedron O ons wilt respect to’ trihedron O ealaone 
It is easy to see that sive problem reduces to ae wornmintig the para- 
meters which characterize the orientation of a moving trihedron 5 
with respect to a moving object, with fixed orientation by the known 
projections of the absolute angular velocity on its axes. This 
problem leads to the well-known Poisson equations, — a eos 
d2rive then. 4 


Let us introduce the direction cosines which characterize the 
slative position of coordinate systems 0 baa Se? 


(3.16) 





Unit vectors 7, i and i. of axes E,n, and ¢, are obviously 
expressed by unit vectors x, y and 2 Of the x, y, and z axes in the follow- 
ing manner: 

(3.17) 


B= ae -b ayy Q) 2, 
O78 + any + anz, 
$F Out +- ony + aye, 


> 
Let us differentiate the unit vectors on Ne and ¢, in the 
coordinate system 0;xyz. According to formula (1.14), we find: 


(3.18) 
a = : . 
Hahtexe, oh mit ox, 
a 


“a ~h+exg,. 
> 


But the coordinate axes Oban ae do not change their orien- 
tation in absolute spice; therefore, the absolute time derivatives 
of the unit vectors of these axes are equal to zero: 


: a, au, va tie oe 
L Serer 

By combining these equalities with those of (3.18), we come to 
the equations 


(3.19) 
t.4-0 Xt, =0, yet X y, = 0, 


fo xb, <0. 


By taking into account equalities (3.1), (3.4), (3.6) and (3.17), | 
we conclude that equations (3.19) may be integrated in the coordi- 
nate system O xy2. As the result of integration, we find: 
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= — — e ae 
eer a aR EY OREN TS ta MERRY meme 
i a 
¥¢ 


Sn aes er. (3.20) 
b= fa x mat + 8001, 


a= f xm m0), 


tafe Xmat+ 80, 


\here vectors gt (0), Ne (0) and a. (0) characterize the relative 


osition of the coordinate systems 0 ;*Y2 and OF aa Se at the 
nitial moment of time. 


™he vector relations (3, 20) are equivalent to nine scalar 
€quations which form three groups. These equations are easily ob- 
tained by using equalities (3.6) and (3.17). They have the form: 


hae 
v = ot (am, — se + a, (0). 


(3.21) 
3 f (eis, — a1ym,) dt + 049(0), 
O; f (Gym, — 2.) dt-+ a44(0); 
; 
ay = { (am, — Gzym,) de +44 (0), (3.22) 
e 
On = ! Gym, — aym,) dt + 0910) 
t 
ay = J oumy — O2ym,) dt + a3, (0); 
= e 
¢ 
' Qs (83m, — aym,) dt 4- ay (0), 
‘ (3.23) 


e 
ay = fou, a a,m,)\dt Ale a, (0), 
i 


' 
Q3) <2 Jeoum, — Hy) dt fay (0), 
6 
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Each of the systems of equations (3.21), (3.22) and (3.23) 
are also Poisson equations known in theoretical mechanics. Equa- 
tions (3.21), (3.22) and (3.23) reestablish the table of direction ' 
cosines (3.16): equations (3.21) reestablish its first line and i 
equations (3.22) and (3.23) reestablish the second and thi14 lines, | 
Lespectively. 


It is now easy to find the relations through which the Cartesian |] 
coordinates &,, ny, and ¢, are expressed by x, y and 2: 
(3.24) ] 

heber. wane, Reker, 


where unit vectors Ea Te and Be are calculated by formulas (3.17), 
while vector ¥ is given by the first equality of (3.4). 


The scalar equations, corresponding to felations (3.24), ob= 
viously have the form: 
(3.25) 


& yet Qayt az, 
Nay x + apy -+ a32, 
G, se ay x any ayz. 


The relations reciprocal to relations (3.25) and (3.17) are 
obvious. We note that equations (3.19) may easily be inverted, 
i.e., instead of equations (3.19) for unit vectors Fey Ne and Ce 
in the projections On axes x, y and z, the equation for unit vectors 
x, y and % in the projections on axes £4, ny and f, can be found: 


(3.26) 


dx 5 dy wi de 
GTM KE Gram Ay, =X. 





Equations (3.26) are obtained, if by using the principle of 
Galilean relativity, we assume that trihedron xyz is fixed, while 

| trihedron €,n,o, is assumed to rotate with respect to trihedron xyz 
at an angular velocity of -u=-m. Now using the relations inverse 

: to relations (3,17), we can now turn to the scalar equations from 

: vector equations (2.26). The scalar will differ from the equations 

in (3.21), (3.22) and (3.23) by the fact that the first and second 
indices of the direction cosines a, will exchange places and 


“mM, , oom and -m, will appear instead of ms m 
* 


Ne "= and moe 


Y 


Let us now turn to finding the mutual disposition of trihedrons 
O xyz and O Ente Let us introduce the table of direction cosines: 


& a ft (3.27) 
tO, Oy te 
M %, 9, ay 
& ay ty Oy 
» 


According to table (3.27), we have: 


(3.28) 
ee ce | 
n= ant +onn tas. 
Bm anbt ound ok. 


> 


By differentiating unit vectors £,, Ne and a in the coore- 
dinate system O Enc, we find similar to equations (3.19): 
i 





htuxb=0. i tuxn=0, (3.29) 
b+aXxb,=0 





2s 





or 


t c 
i=] Xe)dt +40. w= J (n <u) dt+-n, (0). 


Bam f Gx mde +6, (0). 


(3.30) 


Unit vectors Sai Ne and % in equations (3.29) and (3.30) 
are given by equality (3.28), while vector & should be assumed to 
be represented in the form 


“$e be + oth os 


Local differentiation in expressions (3.29) and integration 


in formulas (3.30) were carried out in the coordinate system O,enc. 


: ab 


Equations (3.29) can be inverted in the same manner that 
equalities (3.19) were inverted by equations (3.26). 


From vector equations (3.30), three groups of scalar equations 


are obtained: 


: (3.31) 
GO}, == J (ut, — mye) at +04, (0), 
e 





‘ 
a, = f (ajay — afm.) dt +a, (0), 
e . 


t 
aie J (a4, ajg@,) dt a}, (0); 
6 
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e 
- aye f (43.8, — 3,0) d0-+ a! (0), (3.32) 
8 


. e “ 
Qi,e= J (41,4) — a3,%) dt +a}, (0), 
e 
A 
Os f (tity —ahu,) dt +0, 0), 
6 


$ t 
ay = f (aH, —ale,)de + a! (0, (3.33) 
e 





‘ 
abe J (Him _ 3 H,) dt +a, (0), 
6 


t 
aise f (a5, — Qt,u,) dt + a! (0), 
6 


If the value of the earth rate u is assumed 
to be constant and the direction of u 


is assumed to coincide 
with the axis Og, then 


(3.34) 


( 
Myreuye20, wesw zs const, 


It then follows from the three 


equations (3,31), (3.32) and 
(3.33) that 


’ 


, (3.35) 
9 =4,(0), uw), -= 4), (0), 94, =05,(0). : 


The remaining six equations fall 


into three Systems of second- 
order equations of the s 


ame type; 


(3.36) 


ait! 
ai r=u fui dt bay, (0), p= —4u fujae “+7, (0), 
9 0 
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j ‘ ‘ 
came fonet+ 23, (0). same —# J sat +050 


t 


e - . t = 3 a 
sine f @,,dt+ a}, (0). a, ~ 8 fajdt-+o1(0), 
é ‘ 


The systems of equations (3.36), (3.37) and (3.38) have con~ 
Stant coefficients and are easily solved. It follows from them that 





(3.39) 


G}, <2a),(0)cos wf + a),(0)sinat, 

a), 72 Oy (sin ul $44, () cosat, 

a), =a, (0) cos ut + ai, (0) sinat, 

GQ), == — G, (0) sin at + a’, (0) cosut, |» 
e,= 5, (0) cos ut -+ a’, (0) slnaf, 

af, = — 4), (0) sinut ‘fat, (0) cos at. 


If we assume that axis ¢ coincides with axis t,, and axis 
€, is directed toward the point of the vernal equinox, then 


Uy =O, = a), =e), =20, a,=1. 


In this case the table of direction cosines (3.27) determines 
the relationship between the Cartesian coordinates £4, Ny and C, 
in the first equatorial coordinate system and the Cartesian coor- 
dinates €, 1 and ¢ in the coordinate system 0 énte 





Of course, relations (3.35) and (3.39) may also be obtained 
directly from geometric concepts. However, it will be more con- 
venient for us in the future to use more general equations (3.31), 
(3.32) and (3.33), rather than relations (3.35) and (3.39). One of 
the reasons for this lies in the fact that equations (3.31) ,(3.32) 
and (3.33), being equivalent to relations (3.35) and (3.39) with 
regard to premise (3.34), generally do not compel us to use this 
premise. 


By knowing a(t) and ayy fede i.e., by knowing the relative 
position of coordinate systems £,, nyo, and €ng and xyz, we 
can obviously immediately find the parameters which determine the 
relative position of trihedrons xyz and nt. In fact, let the 
direction cosines between the axes of these trihedrons form the 
table: 


2 a (3.40) 
GB Pa Ba &» 14 
"Bn Bn bn 
€ Bn ba fa: i 
It then follows from tables (3.16) and (3.27) that j 
(3.41) 


4 
By Det fe21, 9,3, Jel, 2,3, 


Along with expressions (3.41), the direction cosines Bs. may 


also be calculated by means of equations similar to (3.21), (3.22), 
(3.23) or (3.31), (3.32) and (3.33). According to table (3.40), 
ve haves 





B= hie + toy +t Bye. 
N= Bad + Ray + Aye, 
C= Rue +t poy + fiy,z. 


Trihedron xyz rotates with respect to trihedron Enz at an 
angular velocity of 


(3.43) 


By aseaming | that trihedron Ent is fixed and b 
unit vectors E; 


we find: 


y differentiating the 
n and : of its axes in the coordinate system xyz, 


_ (3.44) 
b+(m—u)XE=0, H+(m—w)X.n=0, 
f+(m—0) XE =0. 


By integrating equations (3.44) in 


the coordinates system 
xyz, we find: 


(3.45) 


f . 
b= [8x un — a at+ 800), 
° 


a 
n= [nx (mayer + n(0), 
@ 


t 
b= [x im —wrdt-+g (0, 
e 





Sw 


hence, similar to equations (3.21), (3.22) and (3.23), we have the 
following scalar equations: 


- 


e. 
tis f Wirim, ~0,)— bial, — 0, dt +6, (0, (3.46) 
’ 
‘ 
1 bo J IPis(@, — 1,)— By (m, — 0) dt + fi (0), 
e 


a 
bam f iPalmy — 2) —Ar(m, — 0, )1 dt +045 (0); 
6 


ie 
ba f ita(,— u,) — brim, — 0, 14+ By (0), (3.47) 
e 
‘ 
bas J Wale, 0.) — Balm, — 0h +B (0) 
e 
: ‘ 
fom { Unimy— 09) — Palm, —~ uN At + 0) 
er Mid 
3 (3.48) 


t 
t= f ihm, — 01) — Bln, — ay dt + 9,,(0), 
‘ | 





‘ 
ba f Iss, — 4.) —py (me, — uae +x (0, 
o 


‘ 


é 
Bam f IB (my — ¥))— Balm, — a, dt +by¢9) 
6 





According to table (3.40), in these equations 


My = Why 4 Py bf, 
#y ahs 4 a Pat usf,,. 
= UPd aha apy 
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—- = 
ame 2 i i ee 





Now, when the direction cosines B; 5 (t) are found which 
characterize the relative position of trihedrons xyz and ne 


and which. permit calculation of the Cartesian coordinates €, n 
and ¢ from the known coordinates x, y and z according to tables 
(3.40), we can go on to calculating the projections Gyr 9D. and 
i of vector g, contained in the first equation of (3.10). 


It follows from formulas (3.14) and (3.15) that: 


— (3.50) 
a= ~ EE + grea,e. fy = —"E+oras,e, 
g, = — “+oras,e. 
| 
The projections of grad € on axes x, y and z are equal to: 
7 (3.51) 


grad, f -4 but i By + tt Baie | 
de oe vt 
grade = ay fa + 95 Bat ig Bae 


rage = Biot Ont a 


The factors dc/df, de/dn and d€/de, contained in equalities 
(3.51), are functions of coordinates €, n and ¢ The integrand of 
the first equation of (3.10) shoul’ contain only time functions. 
Therefore, coordinates &, n and ¢ in the arguments of the deriva~ 
tives should be expressed by x, y and z, i.se., instead of &, n 
and ¢ the following expressions should be substituted 


(3.52) 


Shit dt Buy dh iP. 
ME Pee Ay be Bae. 
Cm fae + iy + Bue. 





By combining equalities (3.10), (3.11), 


3.1.4. The complete system of equations of ideal operation, 


(3.15), (3.20), 


(3.24), 


(3.45) and (3.52), we find the complete system of equations of the 
ideal operation of the considered diagram in vector form: 


er os : 
vm i {a — m X ©+ g] dt + 0(0), 
“ft ane 


a 
rom f(o—m X rat + 70); 
‘ an 


ba fax mars 20. 
‘é 2a ‘ 


¢ 
w= fx modt+ (0), 
, 8 : , 


¢ 
Bm fit x mat 6,(0): 
® oe ie 


e 
bm fie <x (m— on att 0), 
i 


e 
wm Jinx cn—andt+ qo, 
ae A i 


& 
Gm Jib xem — ana + G0 


geez - 4 


+ orade(S, mb): 


hear-t. Ware h,. uae ks 


tor-h, ’ 


Yrsr- yh. 


Carr. : 


(3.53) 


(3.54) 


(3.55) 


(3.56) 


(3.57) 


(3.58) 


All the vectors in this system of equations are calculated in 
coordinate system 0 xyz. Integration in equations (3.53), (3.54) 
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and (3.55) is also carried out in this coordinate system. Equa- 


tions (3.53)-(3.58) are a closed system of equations, which, accore- 

ding to the values of m and n, obtained as the result of measurements, 
according to initial conditions r(0), v(0), & (0), ny(O), 0,(0), ‘ 
£(0), n(0), and 7(0) and according to given values of v, ¢€ and u, 

permit us to find simultaneously the Cartesian coordinates of the 

object: x, y and z in moving trihedron O xyz: —, n and ¢ in tri- 

hedron O Ens, bound to the earth, and &,, n, and ¢c, in the fundamental 
Cartesian coordinate system. 


In completing the derivation of equations of ideal operation, 
we turn from vector equations (3.53)=(3.58) to scalar equations. 
Taking into account the first equality of (3.4), equalities (3.6) 
and (3.8), relations (3.21)-(3.23), (3.25) and (3.46)-(3.48) and 
formulas (3.49)=-(3.52), instead of the vector equations (3.53)=-(3.58), 
we find the following scalar equations: 


- = fun — (m,0,— a &,) dt +e, (0), 
o . 

v= i [n, —(m,0,— m,v,)+ &y| dt + v,(0), 
a 

v= fim = (m, 0) — m0, )+ Lldh +9, (0). 
‘ 

ge fly —(nye— nial + 200) (3. 59) 

é 


' 
y= f |v, - (mx —m,2)) dt + 9), 
e 


‘ 
gece flu — (rng y— mand + 2 (0): 
” 








= J (0, — @,ym,) dt + 0, (0), 


i Me 
* Tiassa 


: i , 4 
"Gyms f wm, — om, at +05(0), (3. 60) 
: . 


t oe 
Gi f (e,ymy — ayym,)at +04 (0), 

e Sah Ge oe 
; § 
Ses 


ee fe teams suet +on( 
' 
oy= fi (9m) ~ om el 090) 
5 ott ae 
anf A i agin Hn (0), 


b el) 
“a 


Oyae J (ayn, _- 7 di + ay a : 


“nf (unm, — olin + atOr: 


(3.61) 


. ee 


a= J Uhatm, — a) — ver ty M1 dt +-6,1(0), ! 
By ~{ that, —4,)— ts om 7 sia aie 
fas fi Wien, ~~ 6) pity egy ‘ inte | 
fas fo UBra("%, — #,)— Bya(m, — a, Holl +-8,, z 
ia 


ta f Balm, — 4,)— By (m, — u,)) dt + 9(0), 
i 
Pn = J Ia (my — 4,)— Ba (m, — u, dl +6 (0), 


‘ 
6 *J [Bi (mm, — &,) — Pay (my — wy) df + fy, (0), 


t 
ta= {[iaers = #1) Balm, — MMall + Bgl, 


t 
Bs =f iP (ms, i a,) = balm, —#, de -[- By (0), 
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— 


% Ont + any + a;,2, 


& ays + ay + aye, | (3.62) 
Qeeaue tany 4 a,,2; 


N= Bar + Bry t Baz. 


R= Wet hay thse. (3.63) 
C= Bys+ Bay + Basti 


(3.64) 
8, = By + a Pn-t afy, 
#y = HB tate + uh, 
*, uhh ifs + aft 
. %& * 
(3,65) 


Bee Ft Font SO +h, 
Rt That Font ty 
a= +t t Ht t she 

Sere(E. eee (atep yt 4. 2), 


If we use premise (3.34), then the direction cosines Bs in 
relations (3.63)-(3.65) may be substituted for their expressions 
by iy and ae accerding to equalities (3.35), (3.39) and (3.41). 
Relations (3.61) are Superfluous in this case, 
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The equations similar to (3.62) and (3.63) may be joined 
to the derived equations to calculate v 






E,! “n,! Win and Ver f 
and v, from the Known values of ve and v_.e 









Equations (3.59)-(3.65), equivalent to vector equations (3.53)- 
(3.58), also permit calculation of Cartesian coordinates €,, n, 
and ¢, and €, n and £ along with coordinates x, y and 2. 







By knowing the Cartesian coordinates £,, n, and f, or &, n 
and ¢, we can generally find the curvilinear and roving ‘coordinates 
of the object in coordinates systems 0 Ea aSe and O Ene or in any 
other coordinate system moving in a known manner with respect to 
system eae oe or O ene by using the corresponding calculations. 

To do this, it is necessary only that the relations which link the 
Cartesian coordinates &,, n, and ¢, or &, n and ¢ to the curvilinear 
coordinates being introduced be given. Obviously, time may be con- 
tained in this relationship in an explicit manner. 











Let us turn to the second problem which should be solved by 
the considered inertial system, i.e., let us turn to determining the 
orientation of the object in the coordinate system Oe aNacee To 
solve this problem, it is sufficient to determine the orientation of 
trihedron OXY2, rigidly bound to the object, in this coordinate sys- 
tem. The position of the axes of trihedron OXYZ with respect to 
trihedron OXYZ is completely characterized by angles a, 8 and y of 
the revolutions of the gimbal rings of the inertial sys- 

tem platform with the object. 










These angles can be measured, The 
following values of direction cosines between axes x, y and z and 
axes X, Y, 2(x, y, 2,) are easily found from tables (1.50) by multi- 
plying out the three Matrices included in these tables: 


ee 


SE, SETS SSSI 


(3.66) 
& . y & 
X cosfcosy — cosfisiny sing 
Y sinasinfcosy+ —sinatinpsiny+ —sinacosp 
+ cosysiny + cosecosy 
Z ensasinficosy+ —tinasinfisiny+ cosacosf. 
+sinesiny -¢ slaacosy 


These direction cosines together with the table of direction 
cosines (3.16) obtained from equations (3.21), (3.22) and (3.23) 
obviously give the direction cosines between axes Ey, ny and Gy, 


and X, Y and Z, which also determine the orientation of the object 
with respect to the coordinate system 0 Eanaces 


By using table (3.27), we can easily find the orientation of 
the object with respect to the earth body axis system 0 Enc. 


If we measured the derivatives of anglesa, 8 and y with 
respect to time, i.e., the values of a, B and Y, we can also find 
the projections of the absolute angular velocity of the object 
on the axes bound to it. Actually, by noting that the relative 
angular velocities of a, 8 and Y are directed along the axes of the 
gimbal mount, i.e., along axes x", y" and z", and by turning to 
tables of direction cosines (1.50) and (3.66), we find: 


(3.67) 


Oz = M, COSPCOS Y— m, cosfAsiny -}-m, sinfi +a, 
y = m, (Sian sin fcus y+ cosa sin y) + 
+ m,(— stadsinfisin y+ cosacosy)— 
- (mM, + y)sine cosp-t fonsa, 
O,= m,(-- cosasinficosy-+ sinasiny) -+ 
+ OM, (Cosursinfisiny -} sina cos y) 4 


+(m, + \vosacosp + fisina. 
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The equations (3.59) of ideal operation derived above were 
based on the fundamental equation of inertial navigation, taken in 
the formof (1.88). Equation (1.88) differs from the exact equa- 
tion (1.86) by the fact that the difference 

(3.68) 
AF, = F,(0)-~ F,(r) 


of the attractive forces of celestial bodies (except the earth), 
determined by expression (1.87), at point Oy (the center of the 
earth) and at point O(the location of the sensitive masses of the 
newtonometers) is discarded. 


It is also essentially not possible to introduce this simpli- 
fication. Let us show how the equations of ideal operation of type 
(3.59) can be constructed according to the exact equation of mo-~ 
tion (1.86) of the sensitive masses of the né#tonometers. 


Having assumed for simplicity that the gravitational fields k 
of the celestial bodies being taken into account are spherical, 
according to equality (1.93), we find: 


- e ' (3.69) 
AF, Nin, (2¢ — 445), 
, a(t oat) 
e ; 
BP, eo: Wy (2t — Ye), 
iy m7 eat) 
& 
af, = a ion es " * 
1 (4 pout ) 
where, by analogy to equation (3.17) and (3.25), 
(3.70) 


NF by ann, + ary 


Fi On hee $F ayy tal, 
Fe tuba tans agty | 
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The values of ba (Ola Mat (t) and bad (t) in formulas (3.70) 
are coordinates of the i-th celestial body in the coordinate sys- 
tem OE aNeles These coordinates should be known time functions. 


Thus, to find the equations of ideal operation, which corres- 
pond to exact equation (1.86), AF ye AF and AF and the given 
formulas (3.69), respectively, should be added to the integrands 
of the first three equations of (3.59) and, moreover, relations 
(3.70) should be included in the system of equations of ideal 
operation. Consideration of the asphericity of the gravitational 
fields of the celestial bodies is for the time being only of strictly 
theoretical interest, although it may be performed Except for com- 
plicating the relations obtained in this manner, this consideration 
does not cause any essential difficulties. 


It is easy to discern that the constructed system of equations 
of ideal operation (3.59) is not the only one possible. It turns 
out that several systems of integral equation, essentially equiva- 
lent but differing in form, which may be equations of ideal opera- 
tion, can be constructed without altering the functional diagram of 
the device described above. Let us indicate the main variants. 


By using the solution of the second group of equations of 
ideal operation, i.e., equations (3.21), (3.22) and (3.23), inde- 
pendent of equations (3.59), the newtonometer readings could be 
projected on axes "“f,,n," and ¢, and vector n in projections on these 
axes could be obtained and double integration of the fundamental 
equation could be carried out in the coordinate system Ob aac ee 
This method is one of the most difficult to realize, because cal- 
culating operations with the newtonometer readings must be performed 
until integration of them. 
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Double integration in equations (3.59) is carried out in the 
same coordinate system as that which measured the components of 
the absolute angular velocities and newtonometer readings, i.e., 
in coordinate system O xyz. Some variation of equations (3.59) 
is also possible. Having turned to vector equations (3.53), from 
which were found the scalar equations (3.59), we note that the 
two equations (3.53) can be combined into a single equation: 


fe ‘ ae (3.71) 
eesf fis—m KF bt Med gldedt 4- 
ee 


HIF (0) -b 00(0) X P(NTE FAQ). 


This variant is interesting in that coordinates 
x, y and z are obtained by double integration and, consequently, 
double integrating devices can be used here. “However, to find 
the velocity t, which is contained in the integrand (3.71), we 
must differentiate the derived coordinates x, y and z. Moreover, 
along with the coordinates the velocity of the object may be a 
necessary navigational parameter and the derivatives of coordinates 
x, y and 2 may also be necessary to calculate it. 


This variant of constructing the equations of ideal operation 
is also possible. First integration is carried out along the axes 
Xx, y and Zz, i.e., the first three equations of (3.59) remain un- 
shanged. The projections Vege, and Vy of the absolute velocity 
»f the object are recalculated to other directions, for example, 
yy using direction cosines (3.21), (3.22) and (3.23) to the direction 
f axes £4, n, and c,, and the second integration is accomplished 
long the coordinate axes OF aNa See This variant usually does not 
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yield any advantage in the number of calculating operations, and 
it is always more difficult to perform calculations with deriva- 
tives of the coordinates than with the coordinates themselves, be=- 


cause the former are more rapidly variable time functions than the 
latter. 


The second group of equations of ideal operation (3.60) may 
also be represented in other forms. Instead of direction cosines, 
we can obviously take any other parameters which determine the 
orientation of trihedron O xyz with respect to trihedron 0 EaNasee 
For example, these parameters may be Euler angles or equivalent 
angles or Rodrigues-llamilton or Cayley- Klein parameters.” 





Con- 
struction of the integral equations by which the value of these 
parameters can be found from known values of mee ™m and m, presents 


no difficulty, and we will not dwell on this. The more so since 


equations (3.60) are more convenient than the others when working 
in Cartesian coordinate systems and since théY have a very useful 
symmetry which facilitates their use as equations of the ideal 

operation of an inextial system. 







The foregoing is also applicable to equations (3.61). It was 


pointed out earlier that equations (3.61) can be substituted for 


equations (3.31), (3.32) and (3.33) and relations (3.41), and if ‘ 


the assumption (3.34) on the constancy of the value and direction 
of the vector of the earth rate is taken , 






then equations (3.61) can be substituted for relations (3.35), (3.39) 


and (3.41). In the latter case formulas (3.64) fall out of the 
equations of ideal operation. 






Attention should also be given to one characteristic feature 
of equations (3.59)-(3.65). Equations (3.60) are a closed system 

which can be solved separately from the remaining equations. Equa- 
tions (3.61) and relations (3.64) taken together also form a closed 













system which can be solved independently. Equations (3.59) form 

a closed system with relations (3.63) and (3.65), solution of which 
at each time interval is possible only after solving equations (3.61) 
and (3.64). Solution of equations (3.60) is not required for this. 


Finally, coordinates &,, ny, and 0, are calculated by formulas (3.62) 
only after solving equations (3.59) and (3.60). 


The indicated relationships of the equations and, consequently, 
the required sequence of their solution are caused by the fact that 
the earth's gravitational field is given in coordinates €, n and ¢. 
If we assume that the earth's gravitational field is spherical, i.e., 
if we assume that c=0, then equations (3.59) with formulas (3.65) 
also form a group of equations separate from the remaining ones. 


Thus, three groups of equations split off from the system of equa- 
tions (3.59)=(3.65): 







the first group comprises equations (3.59) 
and (3.65); the second group comprises equations (3.60) and the 
third group comprises equations (3.61) and (3764). 
groups of equations are solved independently. 


These three 
After solution of 


them, coordinates £,, ny and ¢, and €, n and ¢ are found from formulas 
(3.62) and (3.63). 


3.1.5. Special case: fixed orientation of the platform 


in space and orientation of one of its axes along the direction 


toward the center of the earth. When deriving the first group of 


integral equations of ideal operation (3.56) or (3.59) of the in- 
ertial navigation system being considered, it was assumed that the 
platform of a three-component absolute angular-rate meter (coor- 
dinate system Oxyz) was oracnted arbitrarily both with respect to 
inertial space and with respect to the object. 
cases are possible here. 


Various special 


If the platform is invariant relative to the inertial coor- 


dinate system, for example, if the direction of axes x, y and z 





and 4, Ny and &, are combined, then equations (3.59) are trans- 


formed, as one can easily discern, into the previously derived 

equations (1.89). Equations (3.60) and (3.62) then drop out. 

The orientation of the object is obviously defined immediately by 

the table of direction cosines (3.66), and Me m, and m, in ex~- 

pressions (3.67) for projections of the absolute angular velocity 
the object on its axes should be assumed equal to zero 

| on formulas (3.61). The corresponding orientation of the plat~ 
nN may be realized in this case by using a free gyrostabilized 

platform or a system of free gyroscopes. 


The platform of the angular-rate meter can be rigidly bound 
to the body of the object, for example, by combining the coordinate 
systems xyz and XYZ. In this case the gimbal mount of the 
platform on to the object is not required. The equations of ideal 
operations will be equations (3.59)=-(3.65). Relations (3.67) drop 
out, because the orientation of the object coincides with the 
orientation of the platform and is given by equations (3.60) and 
(3.61), while the projections of the absolute angular velocity of 
the object on its axes are directly the readings M+ m, and m, of 
the gyroscopic angular-rate meter. 


A case intermediate between the two preceding ones is possible, 
where the orientation of the platform in the inertial coordinate 
system 0 baled will be a known time function, and also a function of 
the specific navigational coordinate system and the rate of their 
variation in time, This orientation of the platform can be pro- 
vided only by using a controlled gyrostabilized platform considered 
in § 1.3, or by using a special functional circuit, which is mounted 
on a free stabilized platform and which gives the position of tri- 


hedron xyz, along whose axes the newtonometers are mounted, 








relative to the stabilized platform. The stabilized platform, 
as in the preceding case, can be naturally replaced by a system of 
free gyroscopes. 


An example where orientation of a controlled gyrostabilized 
platform is a given time function may be orientation of it in which 
the axes of the platform retain their directions relative to 
the earth. Without loss of. generality, we may assume that these 
directions are the directions of the coordinate axes 0 &ng. Then 
the controlled gyroplatform should rotate relative to the in- 
ertial coordinate system such that the position of the platform 
is characterized at each moment of time by the direction cosines 
given in table (3.27). 


Let us form the expressions of controlling moments M* x! Mi 
} and Mi x! required for this case, by using relations (1. 78}, wih 
in the Teopanuecwd case assume the forms * 


’ . (3.72) 
4 
m=-4", , « ae, wash, 


Relations (1.77), which take into account the finiteness of 
the values of 6. . and Sy. may also be used of course, by first 
inverting these relations, i.e., by solving them with respect to 
My! My and Mee The latter does not cause any essential diffi- 
culties; therefore, we shall limit ourselves to more simple equalities 
(1.78). 


Having taken into account that the axis 0.8 is directed along 


vector U of the earth rate about its own axis and, consequently, 
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& ==, ==0, meme, (3.73) 4 


we find: 


At, =0, My =20, AN, =e alt. (3.74) 





Of course, besides fulfillin.: conditions (3.73), the initial 
conditions should be observed, namely, the initial position of the 
coordinate systems O Ent and xyz should correspond to table (3.27) 
of direction cosines a5 5 (0). 


ks alienate 


Having turned to equations (3.60), we note that m., m_ and m 
% x! 'Y 2 
are now known time functions in them: 


(3.75) 


m,=zm,+20, m,r3u. 


It is easy to see that integration of equations (3.59) in the 
considered case immediately yields coordinates £, n and ¢. Equa= 
tions (3.60), (3.61), (3.63) and (3.64) drop out, because even if 
calculation of coordinates [,, ny, and ct, along with €, n and ¢ is 
also required, they are obtained algebraically from the coordinates c, n 
and © by using expressions (3.35), (3.39) and (3.62). 


Orientation of the object with respect to the earth is de- 


termined by angles u, ® and y of the rotations of the 
gimbal rings of the platform, i.e., by the table of direction 
cosines (3.66). Table (3.27) should also be used to find the 





parameters of orientation relative to the inertial coordinate 
system. 


If orientation of the coordinate axes Oxyz is accomplished by 

a special functional diagram located on a free gyrostabilized 

platform rather than by a controlled gyrostabilized platform, this 

functional diagram should continuously provide disposition of the 

coordinate systems OF ,n,5, (stabilized platform) and Oxyz (a trihed- 

ron along whose axes the newtonom urs are ipstalled) so that the 
direction cosines between the axes of the mentioned coordinate 

systems corresponded to table (3.27). In this case angles a, 8 

and y of the rotations of the gimbal rings of the sta- 

bilized platform determine the orientation of the object: 

selative to the coordinate system OEne can be calculated by direction 

to the earth body axis system 9 én can be calculated by direction 

cosines (3.27) and (3.66). 


 & 

Let us now consider a case where the orientation of the con=- 
trolled gyrostabilized platform is dependent on the coordinates 
calculated by the inertial system. Let us require, for example, 


that the z axis of the platform is constantly directed along the 
radius vector Yr. 


If the z axis of the platform coincides with r, then 


Peart, xaaym0" (3.76) 


and 


(3.77) 
CHIE 4+ (0,8 — 0,9). 
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From equalities (3.76) and (3.77), we find: 


fa, = 0,. reseaee. v, =P. (3.78) 


? 


Turning to relations (1.78), we find the following expressions 
for the controlling moments Me and mM 





y 3 
(3.79) 
te, ie, 


A, ==, An, = impr ec 


Moment Moe like Wor remains arbitrary, because condition 
(3.76) permits this arbitrariness. The value of this moment may 


therefore be ordered to simplif*’ the equations of ideal operation. 
For example, we can assume 


SS 


ey (3.80) 


Afi, ==, 


which is obviously equivalent to the condition 
(3.81) 


«= 0. 


Seen eed 


The diagrams obtained in this case, in which the projection 
of the absolute angular rotational velocity of the platform to 


2 2 om . 2 ‘ 
| direction r is equal to zero, are sometimes called "azimuth-free" 
} diagrams.° 





From the condition of (3.76), equation (3.59) assume the 


form: 
(3.82) 


e 
Vili J (a - Fb my, + @,)at + vc, 


e ' . 
t= [lyme F tm)ar 4 m0 





e 
ta flr utes + £,Jdt-+7(0). 
ees yun, . 


e 
ad + 7(0). 


Equations (3.60) can be written in the following manner: 
(3.83) 


™ 





‘ 
Q,, = J (um, ~_ ay) at + a, (0), 





’ 
G,) = J ( a2 —a,m,) dt + a), (0), 


é 
Qyy me J see rt ar + 3 (0); 


(3.84) 
‘ 
Q, = J apm, — ay S2)at +7, (0), 
: yy 
Gy = J (-e. ot unm, dt 4 dy, (0). 


t 
a J es 4 49 (0):; 
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(3.85) 
a= { (awn, — ay Se) at + ay (0), 
t 
on™ j {-«.2 —aym,) dt-}-o2(0). 
a e 
om | Sue Tee) gt tay (0). 
If conditions (3.80) and (3.81) also occur-as well, then 


should also be placed in equations (3.82)=(3.85). 
Since x=y=0, then relations (3.25) are also simplified. 


Orientation of the object relative to the coordinate 


system © eee le is obviously determined by table (3.66) and by 
direction cosines (3.83)~(3.85). 


Projections of the absolute angular velocity of the object 
on the X, Y and Z axes are found from formulas (3.67), if the 
values of v/r and v,/¥ are substituted in them according to (3.78) 


instead of My and M., and if M,=0 is also placed in them under the 
condition of (3.80). 


If the orientation of trihedron Oxyz, to which the newtonometers 
are linked, is accomplished by using a free gyrostabilized plat- 
form and special functional diagram which gives the position of 


174 


fue Tetsu 





= 


Se en ee 


trihedron Oxyz relative to the gyrostabilized platform rather 
than by means of a controlled gyrostabilized platform, the func- 
tional diagram should provide relative position of trihedrons 
Oxyz and OE aNacae which corresponds to direction cosines (3.83)- 
(3.85). The position of the object in the coordinate syster. 

0 baNace: i.se., the relative position of the coordinate system 

0 bana Se and the system XYZ, linked to the object, is detined in 
this case by angles a, 8 and y of the rotations of the 

gimbal rings of the stabilized platform on the object. 


It should be noted that we are talking for the time being 
about determining the orientation of the object relative to 
the coordinate system Oe alale and O ens, i.e., about orientation 
of it in the main Cartesian system or in an earth body axis system. 
It also makes sense to talk about determination of the orientation 
of the object with respect to trihedron Oxyz, along whose axes the 
newtonometers are arranged. The relations wHtch we obtained ob- 
viously permit solution of this problem as well. 


§ 3.2. Determining the curvilinear coordinates of the object” 


3.2.1, Initial assumptions. Let the position of point 0 of the 


object be given in the coordinate system Oe anaSe by some curvilinear 
coordinates «!', x? and x* non-orthogonal and: moving in the 
general case (here and henceforth the superscripts are used to de- 
note different coordinates). The transient nature of coordinates 


1, »? and «?* is understood as the circumstance that the surfaces 


of equal value of coordinates, i.e., surfaces xi const, may vary 
their position with time with respect to trihedron O bana lee 


Radius vector r of point 0 of the object in the coordinate 
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system Oe ale oe is equal to: 


rer hkt nu tet. 


where Belt Ne and Lay as previously, are unit vectors of the corres- 
ponding axes and £,, n, and ¢t, are Cartesian coordinates of point 0 
in the coordinate “een Oo eanece or, which is the same thing, pro- 
jections of vector r to deo axes of this coordinate system. 


For convenience in further exposition, let us replace the 
notations of axes &,, n, and ¢, of the coordinate system Ob aNals 
by €', &* and €*, Let us call the coordinate system vr a? & 


the fundamental Cartesian system. Then, 


woe BE t B82 4 SEs. 


where the subscripts are retained to notate the unit vectors of 
axes £1, £7 and &°. 


It is obvious that £1, &* and &* are functions of curvilinear 


1 2 3 


coordinates «°, «* and «”* and of time: 


(3.89) 


RE me ENC, ee BBR, 0, 0), 
RP B2(a!, x2, 3, 0), 


Equalities (3.89) can be taken to calculate coordinates i', x? 
and «?, 





a 
ne a oes aieamaae 


By solving equations (3.89) with respect to «?, x? ar ,', 


we find: 


wl eoml(tl 87, 89 9). lee at(b!, 8%, 8 0), (3.90) 
wr m3(E', BY 9, 4). 


In order that there be clear matching of coordinates €', &? 
and &* andx«!', x? and x*,relations (3.87) and (3.90)should be { 
uniquely inveritable. 


The necessary and sufficient conditions for unique invertability 


consists, as is well known, in the Jacobians of the functions oe 


and 3 in the variables —. x*,ana "? being different from zero: 


(3.91) 
ete oe * 
Barsky =| ar de] +e 
. ‘ 4 
On zr Sr 


and of functions Fone, and x° in variables Beat, and £9 also being 
ditferent from zero: 
(3.92) 


D(x, x! x) 


Dam +? 


We shall henceforth assume that this condition is always 
fulfilled. 
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Let us consider an inertial navigation system whose task will 
be to determine the curvilinear coordinates «’, »? and «' of the 
object. 


Of course, the diagram of this type of system could be repre=- 
sented as a development of the preceding one. By calculating the 
coordinates £&,, n, and ¢, (or &, n and &) by using the diagram 
described in the preceding section, we can find the coordinates 
x1, »2 and «® by recalculation from formulas (3.90), and we can 
also calculate the parameters of the object with respect to any 
directions, which are a function of coordinates «!, x? and x? in 
its known orientation in the coordinate system 0 bana Se (or Ens). 


This method is obvious. 


We shall now pose a more general problem whose solution in- 


cludes the above indicated method of obtaining coordinates «', x? 


and «3, 


mw 

Let us represent the diagram of the system in the following 
manner. A free gyrostabilized platform, whcse x, y and z axes 
coincide with the directions of axes &', &? and —° of the coor- 
dinate system 0 crete’, is used as its basis, Three newtonometers, 
the unit vectors of the directions of the axes of sensitivity of 
which are denoted by e e. and ey are mounted on the gyrostabilized 
platform by using a special functional diagram, Let us assume that 
this diagram is such that it can provide the given dependence of 
orientation of the axes of sensitivity of the newtonometers on the 
1? 


coordinates « and «3, calculated by the system, and on time: 


eye, (u!, x7, x3, 4), 
02 0, (x), v7, 8, 0), (3.93) 
@,e- 0, (x), x7, x3, 0), 











_ 


3.2.2. The general case of constructing the equations of ideal 
operation. Let us derive the equations of ideal operation of the 
described diagram of the inertial navigation system, i.e., relations 
of the type obtained in the preceding section, which would determine 
the coordinates «1, »? and ,* of the object by the readings of 


newtonometers Me sand Nee and the parameters which provide the 


x 
1’ @2 
orientation of the directions of the axes of sensitivity of the 


newtonometers, required for this. 


‘.ng the derivation and analysis of the equations of ideal 
opera..un of the considered class of inertial navigation systems, 
it 4 convenient to use the symbolism and methcds of tensor analy- 
sis. 


Let us introduce the fundamental coordinate basis, formed by 
the vectors 
(3.94) 


or or or 
nesgr a are il 


Vectors ro e and . are non-coplanar. In fact, in order that 
vectors a z and . be coplanar, the value 
(3.95) 


Dea (Fy Ky) 4 (Fy Ky) Hy (Fy % Fy) 
should vanish. 
But it follows from expressions (3.88) and (3.94) that 


(3.96) 


DEV 
$= Boeri 79 











n view of condition (3.91) of the failure of the Ja- 


cohian of functions &', &? and &? in variables ,? 
to vanish . 


| 
i 


x? and x! 
In the general case the base vectors are not or- 
thogonal to each other, but their moduli are distinct from unity. , 


Since the three base vectors are non-coplanar, any vector, 
given in the coordinate system 061676", for example, vectors 
rt, ar/dt and d?r/dt?, can obviously be represented by using them. 


The arbitrary vector b can be represented by using the base vectors 


by two different methods. It can be represented either in the form 


of an expansion by the base vectors 


; (3.97) 
3 
bez ~ 'r,, 
or it can be given by three scalar products 
(3.98) 


et ae ‘(seat 2, 3), ~~ 


The values of b® are called contravariant components of 
vector 5, and the values of b. are called covariant components. 
It is easy to see that if vectors r,t andr are orthogonal, 


while their moduli are equal, the difference between the contra- 
variant and covariant components disappears. 


Along with the fundamental coordinate basis, formed by vectors 
ce r and rye let us calculate the basis, recinrocal to the main basis, 
yaving defined it by vectors r', ry’? and r’, related to the vectors 


»£ the main basis by the equalities 


: (3.99) 
Manny, Oe yee r } rr ; 





Let us assume that the value of J is positive and that it is al- 
ways possible to provide proper selection of the order of numeration 
of the variables of »". Let us note that if the vectors of the 

main basis are orthogonal and units, the mutual coordinate basis 
coincides with the reciprocal basis. 


Let us now introduce metric space tensor A, determined by 
i} 
the curvilinear coordinates x’, x? and «*, The covariant com= ; 
ponents a., of the metric tensor are equal to: 


” Oy =F, Fy. (3.100) 


Tensor A determines the metrics of the space given by the 
curvilinear coordinates «', «? and «*, It follows from relations 
(3.88) and (3.94) that vector dr of the distance between two in- 
finitely close points of space is expressed by the base vectors 
in the following manner: 


(3.101) 


a ia 
drs Nh tnt og Vir, a, 


sol aol 


Consequently, the square of the distance between these points 


is equal to: 
(3.102) 
i 5 


aS cde de =: NS Nay itetdn’, 
sel tel 


S 


Thus, the covariant components of the metric tensor are co= 
efficients of quadratic form in the expression for the square of as, 
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which also define the metrics in the coordinate system x! x? x3 
in the neighborhood of the point being considered. 


Henceforth, as is used in tensor calculus (Einstein's rule), 
we will omit the summation signs in expressions of type (3.97) 
and (3.102), in which the superscripts and subscripts are repeated 
(umbral indicies and summation indicies), by writing these ex- 
pressions in the form 


(3.103) 


basb'r,, dS cz aydaidn® 


and by assuming that this writing assumes summation by umbral 
indices from one to three. Let us also assume that the non- 
repeating indices pass through values from one to three without 
mentioning this each time. Thus, instead of (3.98), we will sim- 
ply write = 

(3.104) 


6,=6-s,. 


Metric tensor A may also be given by its contravariant aSk 
and mixed ak components: 


(3.105) 


a" x. pt, a =f, -p*, 


Matricies ||a ud 


sk!! and ||a°*|| by definition are symmetrical 
and reciprocal to each other. Matrix [Jak || is a unit matrix. It 
is easy to show that the determinants of these matricies are equal 


to: (3.106) 
Jaye] foe gy. fatpest. 
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From equalities (3.100) and (3.104) ensue the following relations, 
which link 


the vectors of the main and reciprocal basis: 


(3.107) 


= ' 
se, 
=a", rage 


It is sufficient to multiply both sides of the first relation 
by ze, and the second by E, to ascertain the validity of the last 
statement. 


Now, from equalities (3.97), (3.98) and (3.107), the following 


formulas ensue, which relate the covariant and contravariant com=- 
ponents of vector B: 


(3.108) 


b,=20,,6", ben a,. 


And, from relations (3.107) and (3.108) ;“we find: 
(3.109) 


bly, = 6*a, ,r’ = hp! 


Equality (3.109) together with the second equality of (3.108) 
means that the contravariant and covariant components of the vector 


in the main base are its covariant and contravariant components, 
respectively, in the reciprocal base. 


Let us indicate the geometric sense of covariant b. and con- 
: s ‘ : 
travariant b components of vector b, for example, in 


the main 
base. The segments 


(3.110) 
Bip dk, Dee. se 
il Var’ Vay’ Vay 








> 
are projections of vector b to the vectors of the main base, while 





the segments 


: = (3.111) 
6! fr, | ==9! Vay. 6? Van. o° Vos 


are equal to the sides of a pevatiedepinss:, constructed on vectors 
Es c and . and having vector b as its diagonal. 


To derive the equations of ideal operation we must find the 
expressions for the values measured by the newtonometers, whose 
axes of sensitivity are oriented along the directions ens given 
by equalities (3.93), 


The values measured by the newtonometers will be projections 
the vactor n on the axes of sensitivity of the newtonometers. Since 
é. are the unit vectors of the axes of al ale then the mea~ 
aurdd values are equal to the covariant components of vector n 


along axes eo, 1eCo, 
(3.112) 


npn "eu 


The scalar product of the two vectors b and C can be given 
by their components in the main or reciprocal basis in the following 
manners: 
b-¢ sz O'c, en b,c’. (3.113) 


By applying relation (3.113) to the scalar products of (3.112), 


we find: 
(3,114) 


fe, = aves = a meu. 
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where ny, and nX are the covariant and contravariant components 
of vector n in the main basis and e,, are the covariant components 
of the vector ee. 
Let us turn to finding ny and n* the components of vector 
ne According to formula (1.88) 


- (3.115) 
net — ae. 
Let us introduce the notation ; 
(3.116) 
Some. $-=4 = wy. 
It follows from (3.88), (3.89) and (3.94\that: 
(3.117) 


omen + 


Therefore, taking into account relations (3.98) and (3.108), 


we finds 
(3.118) 
viean'y er, v, = a,,t". 
By differentiating equality (3.117) again, we find: 
ween’ 4 See aint 4 2 wh + s. a 
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To find the components Wy and ee from the vectors of the 


main basis, we must obviously find the components of vectors 
ar,/x*, a,/at and a*z/at?. 





Vectors 
er, o'r (3.120) 
eee 


FO a Garant 


can be represented by vectors of the main basis in the following 
manner: 
(3.121) 


ta=Tire 


where coefficients oe are essentially, as can be seen from com=- 
parison of equalities (3.121) and (3.97), contravariant components 
of vector Fan in the main basis and are called Christoffel symbols of 


the second kind. 


It follows from relation (3.120) that the Christoffel symbols of 
the second kind are symmetrical in their subscripts, i.e. 


re =mPs. (3.122) 


And multiplying both sides of equality (3.121) scalarly by 
ri, we find: 
(3.123) 


Fa ean ye. 
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The scalar products on the left side of relation (3.123), 
i.e., the covariant components of vector a in the main basis, 
are called Christoffel symbols of the first kind and are denoted by 
Tex,2° It is easy to see that they are also symmetrical in their | 
first two subscripts. 


Relation (3,123) yields the expression of Christoffel symbols of 
the first kind in terms of symbols of the second kind: 
(3.124) 


| Ca, = Gal's: 


it 


By multiplying equality (3.124) by a and by recalling that 


(3.125) 


e,A" =e, 


~~ 
we find a relation reciprocal to relation (3.124): a 
(3.126) 


ne ee oT, t ' 


Chr:.stoffel symbols of the first and second kind can be expressed 1 
simply by the derivatives of the covariant components of the metric 
tensor. From formula (3.100) we find: 
(3.127) 


@ 0. 
Fe fe ee Pe tl ny: 


By changing the subscripts s, k and t in acyclic order, | 
we also have: 
(3.128) 


0a, 
we = Dy + P,, ae Su. me ies + Vy, e 
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Now subtracting equality (3.127) from the sum of the two 
equalities of (3.128), we find: 
(3.129) 


, VW fdaye 5 Saas _— Pape) 
M=4 (54 +e af 


By analogy with Christoffel symbols T Bk t and Die let us in- 
e 
troduce symbols of the first kind 


Te ete Naam age te (3.130) 


and symbols of second kind lop and Ties The zeros in the subscripts 
indicate that the time clearly contained in awfunction r(x’, x?, x3,t) 
should be taken instead of the corresponding coordinate when calcu- 
lating the derivatives. The symbols of (3.130) are naturally equal 

to zero in fixed coordinates. Relations (3.124) and (3.126) remain 
valid for the symbols introduced. But the symbols of (3.130) are 

of course not expressed by the components of the metric tensor simi- 
lar to Christoffel symbols. 


Returning to equality (3.119), we find the following expressions 
for the contravariant and covariant components of acceleration in 
the main basiss 


(3.131) 


was 4 Maden” + Pra? 4+ Pot. 


.= aye + Vas an" + 20 on, x" ar Ve, . 








It now follows from equality (3.115) that 
al esx! 4 Palen 4. Dean + ay (3.132) 
a, = a,_n". 
Here g° are the components of vector g of the earth's gravi- 
tational field strength in the main basis: 
(3.133) 
gauge. 


Vector g is given in the rigid earth body-axis system o,n'n?n?. 
The coordinate system Oo n'n?n? is identical to the coordinate sys- 
tem O Ent introduced previously. Therefore, according to ex=- 
pression (3.11), 


(3.134) 
#=gudV(n Af, ny. 
It follows from equality (3.134) that “™ 
(3.135) 
€, 22 cal’ Vase, gl asgiad’ Va, -¢?. 
But 
(3.136) 


mnie = nr, 


where Nik and ny are the covariant and contravariant components 
of unit vector 1, in the main basis, Therefore, 


Wa radl Vy, kiss grad’ Vy. (3. 137) 
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Formulas (3.1: !) determine the components of vector fi in the 
main basis. Turning to equalities (3.114), we find on the basis of 
formulas (3.132) and (3.137) the following expressions for the 
values measured by the newtonometers, whose unit vectors e, 


of the directions of the axes of sensitivity are given by equality 
(3.93): 


(3.138) 
Male? 4 Pea a! ¢ Be ENS — grad’ Valdes, 
where @., are the covariant components of vector 5° 
From equalities (3.138), we find: 
(3.139) 


' 
wen fine, + ie — Unan a” oP oaw? + 
e 
+ re - ged’ Vit) ese] de4 x? (0) ¢ 50 (0). 


= 


By solving the left sides of equations (3.139) with respect 
to wk we have: 


(3.140) 


se Me 
. a ar) . 


where E is the determinant and sk is the cofactor of the s=th 


line and of the k-th column of matrix Iles Il. Now, 


(3.141) 


ww! cat j« ft 4 w"(U). 
a 
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The elements of matrix Heal which define the orientation 
of the axes of sensitivity e. of the newtonometers,should, of 
course, be known. If direction cosines of unit. vectors é, are 
known as functions of «° and time with respect to the axes of 
the stabilized platform, i.e., with respect to the unit vectors 
i. of the main Snueeaden system oO be7e%, then, by denoting these 
direction cosines by Yer we find: 


ek - 


On the other hand, it follows from relations (3.88) and (3.89) 
that 


ree, (3.143) 


Therefore, \ 
(3.144) 
2 


Cael aN 


The equations which determine ne and the relationship of 
né to ® and time, must be added to equations (3.139), (3.140) 
and (3.144). We can turn to equations (3.30) to obtain the re- 
quired relations, which, by taking into account the conformity 
of the notation introduced and the notation used previously, we 


write: 
(3.145) 


Bem fb x ade: FO). 
se 









t 


earutn,. 8 =; Me 





s : ‘ > 
where u, are the projections of vector u 
of the earth rate on axes 0 n® and atk 







are the direction cosines 
between the axes £1, £7, &° and n', n? and n*. These are the 


same direction cosines as at ye which form table (3.27), except 
that the second subscript in them has been converted for convenience of 
writing into a superscript. Equations (3.145) are equivalant to 


equations (3.31), (3.32) and (3.33), from which the direction 
cosines a's are also obtained. 












» 


From the second group of equalities (3.146) and formulas (3.88), 


(3.89) and (3.107) we have: ~ 


Yan:  ca''e r,s 
mt esas, (3.147) 


Relations (3.147), in which £° are given by equalities (3.89), 
together with equations (3.31), (3.32), and (3.33) fully determine 
ny and n* in the integrands of (3.139). 


The contravariant components nk of the unit vectors 1 


q in the 
main basis and the coordinates nk may also be calculated in a somewhat 
different manner. ' 


Inverting equations (3.145), we may write them in 
differential form as follows: 






(3.148) 





From (3.148), (3.136), (3.121) and (3.130) we will then obtain: 


We FUN AA) A Xm) det apo. (3.149) 


To expand the mixed nroducts of the vectors Tipe u and rk it is 
convenient to introduce the Levi-Civita symbols © hat and ¢ FAS 
defined as follows: 


Ena hele <r). EM ete Xr). (3.150) 
The Levi-Civita symbols are non-zero only when the indices n, s and k 


are non-identical. If the indices are different and follow in the 


order 1, 2, 3 or in the order obtained from the standard cyclic 
permutation, 


nan MT wy (3.151) 


where J is the Jacobian determinant (3.96). 


If the order of the indices is different from the standard order 
we have: 


eee (3.152) 


From relations (3.15) we obtain: 


Cent 0, Xry. er, arr", (3.153) 


Since the vector u may be represented in the form 


“ ane! au't,, (3.154) 


= si eee an hereto Ren a anne 


it follows from equalities (3.150) and (3.136) that the mixed 
products in the integrands of (3.149) may be writte. as follows: 





(1, XB) EP gt (3.155) 


But 


uo Wha ae: Np = Gey (3,156) 


and therefore equalities (3.155) take the form: 


(% X a) sh Er ngnia,,a uf (3.157) 


Ngee aon 


In expressions (3.156) and (3.157) us designate the projections 
of the vector U of the earth rate on the O,n° axes. 





Introducing equalities (3.157) and (3.849), we obtain: 
4 . 
mes —f [a + Ta) + EF" nga, a,onful) dt + nf (0) (3.158) 
e 
Finally, from relations (3.136) and the obvious equality, 


roy, (3. 159) ’ 


we find: 


Pre dg: (3.160) 


Formulas (3.158) and (3.160) may be used instead of formulas 
(3.147), (3.31), (3.32) and (3.33) introduced above. 





We note that use of the Levi-Civita symbols enables us to write 
equations (3.31), (3.32) and (3.33) in a more compact form: § 


A 
anf FE iatielat-+ay (0). (3.161) 


Thus, the portion of the ideal equations relating to the determina- 
tion of the curvilinear non-stationary coordinates x and their rates 
of change nS may be written in the form of the following system of 
equations: 


Wen fi [ay eee — Patni + Moan” + 
e 
$V —erad' Vit yong fds + ie? (0) 7,9(0). } (9.109) 


‘ 
to (ete Ee ott 4 (0): 
i ees Jerarreor 


(3.162) 
| 
mene — fine + ty + } 
e a 
+ €wa_.a,niui] dt + nO), 
ot (3.163) 


t 
wean gr: 


Fquations (3.163) may be replaced by the equivalent equations: 


of de,ualutar 4 ofa, { 

ut euilat* a + elt: (3.164) vi) 
In the inertial navigation system under consideration a free 

gyrostabilized platform was taken as the basis of the functional diagram 

The rotation angles a, f, and 4 of the gimbal rings determine, clearly, the 

orientation of the object in the basic Cartcsian coordinate system. 

The direction cosines retain the angles X, Y and 2 of the object and 

the £', £?, £3 axes are given by table (3.66). The only change 

required is to replace the x, y, z axes by the £', £?, £3 axes. Since 

relations (3.88), (3.89) and (3.94) give the orientation of the vectors 

of the main basis, these relations, together with table (3.66), define 


the orientation of the object relative to the basic coordinate system. 





a ae 
eT 


3.2.3. Orientation of the newtonometers along the normals to 
the coordinate surfaces. The system discussed above was one in which 
the directiors of the axes of sensitivity é, occupy an arbitrary 
position. The only conditions imposed were that these directions 
should be non-coplaner and that their direction cosines with the &'&7«&3 
axes should be known at each moment of time. A free gyrostabilized 
platform, relative to the axes of which the directions of the é, axes 
are given, was taken as the basis of the system. It is not difficult, 
however, to extend the results obtained for this system to the case 
of a three-component gauge of absolute angular velocity (or a maneuver- 
able gyrostabilized platform) as the basis, the directions of e, 
being given relative to the axes of the gauge platform (or the 
maneuverable gyroplatform). ae 

For the system in question equations (3.138) were integrated 
by isolating the total derivatives from the sums ee: Separation 
of variables was performed after the first integration. 

bie 

It was noted in Chapter 1 that there are two possible ways of 
solving the basic inertial navigation equation in curvilinear coordinates. 
Both possibilities are based on the assumption that the first operation 
performed on the newtonometer readings is that of integration. The 
first possibility was discussed above. The second is based on consid- 
ering the directions of the axes of sensitivity of the newtonometers 
as no longer arbitrary, but as given such that each newtonometer reading 
should contain the second derivative of only one of the coordinates 
nies i.e., such that relations (3.138) should be solvable for the first 


derivatives. 
This condition may be satisfied by choosing €,, such that 


@_ 20, ecam sk, 
Cre 26, 7 OL Om Sok (3.165) 


vy 
s are normal to Ty for k # s, anda 
therefore coincide with the vectors zs of the reciprocal basis. 


This choice implies that e 
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The correctness of this statement follows from the definition 
(3.104) of the covariant component and from formulas (3.99), giving 
the vectors r° of the reciprocal basis. This result is to be expected, 
since the vectors of the reciprocal basis are, by definition, normal to the 
surfaces of equal values of the coordinates, i.e., are gradient vectors. 


If condition (3.165) is satisfied, i.e., if the axes of sensitivity 
of the newtonometers are situated along the vectors of the reciprocal basis, 
we find from relations (3.138): 


Aya (HERR 4 aw 4 BS pad’ Val)e,, 


(3.166) 


> > 
° 3 . s 
Since e, are unit vectors and are oriented along the vectors r°, 


it follows from equalities (3.110) that 


a : 
Er. fo oF: (3.167) 


ome 
Now from (3.165) and (3.167) we obtain: © 


wen Var’, —Penen — ine — Ve + grad! Vay. (3.168) 


Integrating equations (3.168), we obtain the relations 


e 
X! we f [Yorn — ee 
e 
e 
— Pht rad’ Vay | dt + 0° (0) 
‘ 


whee i welt J wh 


fi (3.169) 


Relations (3.169) enable us to determine the current values of the 
coordinates .* and their rates of change in using the known values of 


Ne and the initial conditions. These relations could also be taken 


s 
as the ideal equations of the inertial system under consideration. 


However, in equalities (3.169) the magnitudes Ne of the newtonometer 
aoe s 


readings must be multiplied by /a°* before integration. The diagonal 
elements of the metric tensor may be, in the general case, variable. 
Therefore, this multiplication is undesirable according to the consid- . 


erations presented in §1.4 (p. 55). 
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In order to avoid compiitational operations on the newtonometer 
readings before their integration, let us transform equalities (3.168). 
Let_us first divide the right and left sides of these equalities by 
Ya®5 and then let us subtract from both sides the quantity 


We then obtain (not summing over s!): 


£(jie)~", — (Page 04-20 oh : 
+r am od Vil ote — 3 ee (3.170) 
or 


+ eee WOOT, fg — taal Vat) 


. 
(par) te par GOV + 
(3.171) 


Integrating these equations, we find: 


Fir= |r (Sin Var 4 


td a {Ma 
why 
—end'Vni) |a+ Soe 


x? o “ ‘ 
md =2 (757) Va", x = Ji dt of x (0). 
(3.172) 


The systems of sone (3.163) and (3.164) remain valid, glepetys 
for the determination of ne and nk, 


Formulas (3.162) and (3.163) or (3.172) and (3.164) are the portion 
of the ideal equations of the system in question which relate to the 
determination of the coordinates :* of the object and their rates of 
change :5, To determine the orientation parameters of the object 
table (3.66) must be added to these formulas, and also the table of the 
Girection cosines between é, and ey? 


t, ' 68 


, 
t,o hy ov B, 


Gr ide 
Oe a iw Son) 


eeenen all pn lmanasnetmatetancsaiealtt 


(3.173) 
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Table (3.173) together with (3.66) enables us to obtain the 


orientation parameters of the object in the coordinate system along 


the axes of which the newtonometers are oriented, i.e., in the reciprocal i 
coordinate system. Using the definition (3.94) of the vectors of the 
main basis, we can find the orientation of the object in the coordinate 


system defined by the vectors of the main basis. 


3.2.4. Orthogonal coordinates. Let us consider the case in which 


the coordinates «!, «7, «* are orthogonal. 


In this case the vectors of the main basis are perpendicular. 
The directions of the vectors of the reciprocal basis coincide with those 
of the vectors of the main basis. Only the diagonal elements a®5 and 
a of the matrices of the contravariant and covariant components of 


ss 
the metric tensor are non-zero. Introducing the Lame coefficients hoe 
we obtain the following expressions for ass and a°®; 
' 2 
Ou or eA ™ 


For orthogonal coordinates only the following Christoffel symbols 


(3.174) 


of the first and second kinds (not summing over s!) are non-zero: 


“ae! oe! 


. . eh, +e A, oh 
Veg ens “Gal Nam matt 


' 
! 
oh, ain hy ! 


ye a Bg efit ow 2ithe 
Bae A Sale Wygne aN, 


(3.175) 


Now, taking into account relations (3.174) and (3.175), we obtain: 


ay a ae 
4a V a" Sma = Nahe 


Tn accordance with (3.175) for orthoqonal coordinates only 


pee s 


: i s 
va. ak 


of the en 


symbols are non-zero. Taking this into account, 


along with the expressions obtained above for qeinvass, we may rep- 


resent equalities (3.171) in the following form: 


Sax)= 4, [Fie + Bt + 


Gu ats 4 Us grad’ Val]. 09.176) 
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(3.176) 


a_i 





where the summation is carried out over all k different from s. 


According to expressions (3.130) and (3.174) we have: 
1 


or shee 
Fae ae Ne yr yh he 


Pa Sep oty tite tenn, 
don MF Ot ant (3.177) 
while for orthogonal coordinates for s # k 
“atta: 
(3.178) 


This follows from the fact that, for orthogonal vectors fae in this 
case the equalities 


0,:0_p 0 apn eee, 
FyFy et npn sek. (3.179) 
obtain. j 


re 
Taking the partial time derivatives of these equalities, we find: 


ov" a 
wa Ot age =O 


(3.180) 
which is equivalent to equalities (3.178). 


We now obtain from relations (3.176) (not summing over s!): 
. epee 
bn! = (my, — Aa [Poin ! + Veisea! + 
Eel OUP + edn! + Bee — crad! Ve) | ott 
+ &, (0) (0), 
¢ 
RR wea fxat+eO), 
2. 


(3.181) 
where, aS in expressions (3.176), k # 5s. 


To obtain formulas for 4 and fie we will once again use the 
systems of equations (3.163) or (3.164). 








Taking into account equalities (3.174) and (3.175), formulas 
(3.163) take the form: 


et { [ede Cae hey 


HGS EN + Cakes) + 
Fe aM eee th OD 
WaT Er. 
c (3.182) 
where the summation is carried out over all m different from k. 





Since in the case of an orthogonal reference grid 


= atts: 


(3.182a) 
it follows that 
ond on + ! . we t Ah hy 
= te (3.183) 
where the plus or minus sign is selected as a function of the order 


of the indices, as discussed with regard to relations (3.151) and 
(3.152). Therefore formulas (3.164) take the form: 


t 
ai es J mK E,ntialde +-0/" (0), 


eel a Be. nt malt 
; (3.184) 


and the table of direction cosines (3.173) is written in the following 
form: 
} % i % 
i 
% Fat ey oe 
(3.185) 


a 


For the case of the orthogonal curvilinear coordinates x >, the fun- 
ctional diagram of the system may be constructed, clearly, on the 
basis of a maneuverable 


gyrostabilized platform, since in this case 
é 


gs form a rigid orthogonal trihedron which could he rigidly attached 
to the platform of the inertial system. 


emt hens nsBacet ta 
teen 
4 acer sn emacs lita aS 
Spek eae ack. Shenae 
pattie sears tence: 


Let us form the moments Mix i May! Mix required for control of 
the gyroplatform. 


To do this we first need to express the projections of the 


absolute angular velocity of the basis trihedron ri? Foi, on the 
directions of the vectors forming this trihedron in terms of the 


coordinates «* and their derivatives ,° 


Let us introduce the notation 





a Ws 


oa: (3.186) 


Recalling the definition (3.94) of the vectors rer we may 
represent the vectors ee as follows: 


or ae 
| Com Tarde + OAT: (3.187) 


ee to the definition of the cristoffel symbols and the 
| symbols Dat 
| 


o'r or Cal + 
Detour el eta. ager Nr. (3.188) 
Therefore 


taal on il the. 


(3.189) 
Let us use Esk and eX to denote the covariant and contravariant comvor- 


3 relative to vectors Ey of the main basis. From relations 
(3.189) we have: 


a 
ents of € 


. as a) “0 
eb Px EV. ein Tana” -E Son, a 


(3.190) 
} On the other hand, 


St 5 [Van (Fie - 


ES 
where r./Vva,,. is a unit vector of direction nee Consequently, 


(3.191) ' 















nVin 
a ee tin £ (zie). (3.192) 





> 
If the vectors rs of the main basis form a rigid trihedron, then, 


using w to denote the absolute angular velocity of this trihedron, 
we obtain: 





3 (vie) =°* Var 






(3.193) 


Substituting expressions (3.193) into equalities (3.192), we 
find the relation between the vectors ¢ 





and the absolute angular 
velocity of the rotation of the basis trihedron: 


$V 
0 gee. 4 aXe 







(3.194) 


We now have: 


oa gan 
Cg ae eam -$ (OY) Fy. 
Van 









(3.195) 


For orthogonal vectors :: the non-diagonal components of the 


metric tensor are equal to 0, and so for s # k equalitins (3.195) 
simplify and take the form: 







. Cg TiO X 6) Fas (3.196) 


Cw =" (r, X PF. 








(3.197) 


Let us expand the mixed products on the rights sides of relations 


(3.197), using the Levi- Civita symbols given by equalities (3.150), 
(3.151) and (3.152). We have: 


t= w"E ne: 


(3.198) 


Multiplying the right and left sides of equalities (3.198) by . 
¢ Wek we obtain (not summing over s or k!): 


ec" as w*, 


(3.199) 


Turning now to formulas (3.190), we find expressions for the 


components w" and Wy of the vector © (not summing over s or k!) as 
follows: 


os Cy, ak 4 Foy, ds | 


gy = 0,10". 


(3.200) 


For the caSe under consideration, in which the mo are orthogonal, 


0, = OEP ya aX” +0, 0): 
(3.201) 
Using the known covariant components w, of the vector & and (3.110), 
. > > & > 
the projections Wg) of the vector w on r, are easily found (not 
summing over f!): 


OW = Vz Vay El U'sm, a" + Poy, a). (3.202) 
or 


ikea Va, 6a, (08x “fT 58). 


(3.203) 
In expressions (3.202) and (3.203) the indices s and k are different. 


In accordance with equalities (3.175) only those Christoffel symbols 
On are non-zero in which either s =m or k= m. Since according to 
formulas (3.174) and (3.182a) 


hy = Ve J-2 iy hyhy, (3.204) 


we obtain from relations (3.202): 





Oy) = a 5 Une m4 May Re 
=n Ta, 
09) = pps Cae Ot Vg) 
= Tn kt Fa 
@,y) = Pee + Ty, 9) == 
SF Cn + Ve. (3.205) 


In relations (3.205) the first expressions on the right sides 
correspond to the following orders of the indices 2, s, k: 1, 2, 3; 
2, 3, 1: 3, 1, 2. The second expressions correspond to the orders 
Vy Su 23 ey) 3 ore eke 


The two expressions given by formulas (3.205) for each projection 
Weg) are identical. This is easily demonstrated by noting that, in 
accordance with equalities (3.175) and (3.187), 


Pao le Fut Pee (3.206) 


Specifically, if the symbols los , are equal to 0, i.e., if the 


reference grid «= does not change its position in the main Cartesian 
coordinate system, then 


1 : 
n= Th i Pyq ge" ee = Tih, Fae Punk”. 


tin : 
On Talon a — Til Pinas 


1 . 1 fA 
09 Ee Pn — Fa Pam . (3.207) 


In this case, taking into account the expressions (3.175) of the 
Christoffelsystem in terms of the Lame coefficients, we arrive at 
the following expressions for Wepy? 


‘ ah 

Oay"* % met 1 me 
+, | oh, 

vn a BA att 

1 dhy ys 

ent a ee 

(3.208) 





Formulas (3.205) for the projections Weg) of the vector w on the 
Fy @irections enable us to form the controlling moments Mig! My and 
Mx of the gyrostabilized platform. Assuming, for example, that the 
Ox, Oy, Oz axes of the platform coincide with Ro: a and ie 


respectively, and using relations (1.78), we find: 


Mi, == Heyy. Alyse — Heyy. AN os Heyy, (3.209) 


Let us summarize the results obtained for orthogonal curvilinear 
coordinates and collect together the formulas defining the operational 
algorithm of the inertial system. 


For the case of a free gyrostabilized platform as the hasis of 
the system, the ideal equations have the form: 


t 
Ay? = | |,— hy (Tote! Pale + 
e 


+ Mat Gey + tan! +P — 
— grad! Viy})] dt 4- A, (0) x! (0), 
t 


= wt [itdt 4%! (0); (3.210) 
° 


t 
mie = Lk Bo se) + 


(3.211) 
Hy (Pe Boe + Pak) + ey gh aag] ae $1; (0%: 
(3.212 
whe np Sar ) 
dom 
Cohn a fre 
aera (3.213) 


Formulas (3.211) and (3.212) may be replaced by the equivalent 


formulas (3.184). In formulas (3,219) and (3.211) the summation over 
s is not performed; the summation over k, however, 
values of this index different from s. 


is performed for all 


For the case of a maneuverable «yrostabilized platform as the 
basis of the system, relations 


(3.209) taking their place. 


(3.213) drop out, relations (3.205) and 
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3.2.5. Comparison with the results obtained in 3.2.1. It is 
interesting to compare the first group of formulas (3.210) with the 


first three formulas (3.59). Formulas (3.210) define the operational 
algorithm of an inertial system operating in orthogonal curvilinear 


coordinates, while formulas (3.59) define the operational algorithm 

for Cartesian cocrdinates. - Since in the latter case the vosition of 
the xyz trihedron is arbitrary, it is possible to superpose the unit 
vectors x, y» Zz with the vectors a es f of the main basis. Then, 
clearly, it is possible to move directly from the first three equations 
(3.59) to the first group of equations (3.210). Let us demonstrate 
this. 


Using the Lavi-Civita symbols and the indexation which we have 
been using in this section, the first three formulas (3.59) may be 
represented in the following form: 

¢ 

y= ( [ay untiarrs icin, + Bus}! dt + 04,)(0), (3.214) 

‘ (3.214) 
where Vis)" (s) and Sg) are the projections of the vector of the 
absolute velocity of the point O, the vector of the absolute 
rate of the rotation of the basis trihedron and the vector of the 
strength of the gravitational field on the direction of the vector 
et respectively. 


The orojections Vis) and 3 (s) a be eee in terms of the 
covariant components of the vectors Vv and g in the main basis. 


According to relations (3.110) and (3.174) 
Py = RE Guy) = = ft. (3.215) 


From formulas (3.118) 


a 
= ([* Gera 


and from their expressions (3.174) and (3.203): 


(3.216) 


Ea, = wh Vy? iN) (3.217) 





Substituting relations (3.215) -- (3.217) into equalities (3.214), 
we find: 


h,(w 4+ So rl= 
aie hy (edt + Pad) (x are r*) 4 e'alae + 
+ [afi lh 


(3.218) 


According to equalities (3.217) containing € oes? k are here 
different from s. 


Let us now leave only ho ® On the left, differentiating the 


> 
terms hese - £5 and moving them to the right side under the integral 


sign. 


Differentiating, we obtain: 


alm t\= ali ar rj= 
4 (aoe Oe nt SE ore tt 
rare (S50 - BE 


(3.219) 
Taking into account formulas (3.121), (3.130) and (3.175) and noting, 
in addition, that from relations 





nr 2050s 
there follow the equalities 
oe ator. 
(3.220) 
expressions (3.219) may be reduced to the form, where k ¥ s: 
ard or e)~ 
eee: rN in + AP, ot ail! 4 "4. -¢,) 5 
u ogee) (3.221) 


Substituting these expressions into equalities (3.218), we obtain: 





Ay! mz f 


Muy, (rei "a4 Weg . + 


—s 


+ vy be 7) 
| 


2-2-6 
=| 


ita ? Tpvat er oat 
el ni zh Lav area ay Salo) + 


ek 
> {> 


+ g'h,]at-4-4,(0)x*(0), 
i ' ; ny 


(3.222) 
or, after grouping in the integrands, 
Bare 
Ai aa J [rn = ay (ledets! 4 Pod } 
FEE ET 0!) — ory (sf Pati + 
oe it tid. i. ait + i ret)|ae “+ A4(0) 3° (0) (3.223) 


Since it is orthogonal curvilinear coordinates which are being 
considered, in accordance with formulas (3.175) the only Christoffel 


symbols in the integrands of (3.223) which are non-zero are those of 
the form 


. 


oto opel , 
yea Vee. Pep 


where ££ # p. Taking this into account and noting that in equalities 
(3.223) s # k, we rewrite them in the following form: 


a ; 
iit | {ay — ne [Pobie! Pati? 
+P ob (x) + 2 one! + I's — @"|— 
er | fh, satay Ay ose thy pa 
-= 20 (a ra Tax +8 Pes + 


4 aN + Fi + Geet) ft +A, (0% 0. (3.224) 


But the expressions in parentheses in the integrand are identically 
equal to 0, as follows from relations (3.206) and (3.175). Therefore 
the formulas reduce to the form 


c 
fee f {a — As{Vorw' 4. Palette 
e 


+ US GEY + ate EPS — el] ut + .0) 40) 


(3.225) 
Since, clearly, 


A, Bt grad’ Vy, (3.226) 






















equations (3.225) coincide with the first group of equations (3.210), 
as required. 


We note that this conversion from equations (3.59) to equations 





(3.210) enables us to write the first qroup of equations (3.210) for 
orthogonel coordinates also in the following form: 






‘ 
a, (ie +5 i r) rs J [a., —A, (Pox? + 
+ Paix! + Ce (’? + Wx? + 
z aes 
teeand va) +(e el)eet 


+ fared, 





(3.227) 


This form will frequently prove useful. 





In discussing non-stationary curvilinear coordinates, we have 
hitherto considered the general case of non-stationaryness. The 
surfaces of equal values of «® = const could freely change their 
position in the main Cartesian coordinate system Oie este. This is 
reflected in (3.89) and (3.90) by the fact that time explicitly 

appears on the right sides of these formulas. The nature of this 

explicit time dependency is not stipulated, however. 


There is a particular special case of this dependency which will 
be of special interest below. 


This is the case in which the curvi- 
linear coordinates «', «7? 


, and «? define the position of the object 
in the 0,n'n?n* coordinate system rigidly bound 
such that 





to the earth, 





Mees Meh ee), ys (xt, x2, x), 
Wee yixt, x, ») 










(3.228) 





The coordinates * !, « ! and « *are in this case stationary relative 


to the O,nin?n? coordinate system. 





But since this coordinate system 
is rigidly bound to the earth, the coordinates «', «?, and «° are 


stationary relative to the earth, i.e., the coordinate lines and 
surfaces occupy a fixed position relative to the earth. 







Relative to the main Cartesian coordinate system Oren e the 


coordinates «', x? and" are non-stationary. 


From equalities (3.35) and (3.39), and table (3.27) of direction 


cosines we have: 


Bs nt [er], (0) cos ut + 4), (0) sin ut] f- 
+ WI-- at, (0)sin uf + «7, (0) cos ut} $+ Vj, (0), 
R? = 9! {u;,(U) cos ut 4-a4, (0)sin ut] +- 
+ wv a), (u)sinul $- a7, (0) cos ut} - n¥1/, (0), 
3 = 1! (5, (O)cos at -f-04, (0) sin ut} ot 
+ nv] — 0), (0) sin ut -f ah, (0) cos ut] “ 145 ,(0). | 
(3.229) 


If we assume that the 0,6? axis at all times coincides with the 
0,n° axis, and that the O,n! and 0,n? axes coincide with the 0,6? and 


0,6? axes only at the initial moment of time, 


5, (0) = 0, (0) == a4, (0) =1, 


(3.230) 
of the direction cosines “35 (0) are non-zero and formulas (3.229) 
take the form: 
! = cos af — sina, 
7 <= ny! sin af -f 17 cos ut, 
gry). 
(3.231) 


In calculating the elements of the metric tensor, the Lamé 
coefficients and the Christoffel symbols for this case we may let 
t = 0. The validity of this assumption derives from the fact that the 


reference qrid »', »?,° moves as a unit and the properties of the 


space defined by the curvilinear coordinates «!, 47, andx? 


are not 
functions of time. Of course, the validity of this assumption may also 
be demonstrated by direct computation. 


For the symbols [. and Ty, 5 we obtain, using relations (3.130) 
’ 


Ok,s 
and (3.131), the following expressions, which are also independent of 


time: 
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ay! dn? doy? dy! 
els —2.. = SI, 
Foe.» == | dt ax ox® oa! 


Ve oft ore 


(3.232) 


ey 


In concluding our consideration of the ideal equations the 
following points should be noted: 


In considering systems operating in Cartesian coordinates in §3.1, 
we took as the basis of the functional diagram a maneuverable gyroplatform 
or a three-dimensional gauge of angular velocity [angular rate meter]. 
It was assumed here that the directions of the axes of sensitivity of the 
newtonometers and the gyroscopic elements formed a single rigid 
orthogonal trihedron. 


a a i eee eel 


In §3.2 it was assumed that the basis of the functional diagram was 
a free gyrostabilized platform, i.e., it was assumed that the directions 
of the axes of sensitivity of the gyroscopic elements were fixed, but 
that the directions of the axes of sensitivity of the newtonometers were 
given with the aid of some functional diagram relative to the gyrostabil- 
ized platform. The construction of a system on the basis of a 
maneuverable gyroplatform was also considered for the case of orthogonal 
curvilinear coordinates and the resulting equations were compared with 
| the equations derived in the preceding section. 


Se 


Affine coordinat:s, clearly, are a special case of non-orthgonal 
curvilinear coordinates. Systems operating in affine coordinates and 
constructed on the basis of a gyrostabilized platform are, therefore, 


a special case of the systems under consideration in this section. 


It is possible, of course, to imagine a maneuverable gyroplatform 
with non-orthogonal positioning of the axes of the gyroscopic sensing 
elements, these axes not necessarily forming a rigid trihedron. The 
relative positions of the axes, as well as their orientation in space, 
mat be a function of time and the coordinates determined by the system. 
In this case, a system determining affine coordinates may be constructed 

} on the basis of a maneuverable platform, and the directions of the axes 
} of the gyroscopic elements and the newtonometers may be mutually 
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sup2rposed. Systems for determining arbitrary curvilinear coordinates 


may also be constructed on the basis of this type of “non-rigid" 
maneuverable platform. 


Finally, the trihedra formed by the axes of sensitivity of the 
gyroscopic elements and newtonometers, being variable as a function 
of time and the coordinates determined by the inertial system, may not 
coincide with one another. 


Analysis of all of the alternatives noted here and construction 
of the ideal equations for these alternative systems yield results 
which are not in any way fundamentally different from the results 
obtained previously, since simple summation of the results obtained 
above enables us to write all of the relations required to obtain the 
ideal equations for these alternatives. 


§3.3. Examples of Ideal Equations for Inertial Systems Operating 
in Various Generally Used Coordinates. 


3.3.1. Affine and Cartesian coordinates. In the previous section 


we derived the ideal equations for inertial navigation systems operating 
in the curvilinear non-stationary coordinates *',*?, and*?, 


For the sake of illustration we will now obtain from these general 
formulas the operational equations for inertial naviyation systems 
operating in certain more widely used reference grids. 


Specifically, let us consider spherical coordinate systems: -- 
geocentric and geodetic , as well as geographic coordinate systems 
and an example of non-orthogonal coordinates. We will limit ourselves 
here to the positioning of the axes of sensitivity of the newtonometers 
along the vectors of the basis trihedron, i.e., for non-orthogonal 
coordinates, to equations (3.172), (3.163), (3.164) and table (3.173), 
and for orthogonal coordinates, to equations (3.210) -- (3.213), 
(3.205), (3.209) and (3.124). The ideal equations corresponding to an 
arbitrary positioning of the newtonometers and deriving from relations 
(3.162), (3.163), (3.164) and (3.93), will not be considered here. If 
necessary these equations could easily be written, since expressions for { 
all of the terms entering into these equations will be obtained. 





Before proceeding to the special cases of curvilinear coordinates, 
we note that the equations for affine coordinates may easily be obtained 
from equalities (3.172), (3.163), (3.164) and table (3.173), and the 
equations for Cartesian coordinates from relations (3.210) -- (3.213), 
(3.205), (3.209) and (3.184). 
If the coordinates «*', «?, and? are affine but not stationary, 
i.e., if the directions of the axes of sensitivity of the newtonometers 
change their orientation relative to the main Cartesian system 0,6°676° 
only as an explicit function of time, then in formulas (3.172) and 
(3.163) terms containing Christoffel symbols disappear, since for affine 
coordinates these symbols are equal to 0. The components of the 
metric tensor become functions of time only, as do the elements of 
table (3.173). 


For the case in which the trihedron formed by é, (the axes of 
sensitivity of the newtonometers) is rigid, the elements of the metric 
tensor become constant and in formulas (3.172) the terms K* quinva’s 
drop out. In this case the trihedron formed by e, rotates in the main 
Cartesian coordinate system as a unit; the absolute rate 
of its rotation is determined by formulas (3.200), in which, of course, 
the T om k symbols must be set equal to 0. 

’ . 
For affine stationary coordinates the symbols I. and T 
00,s 0k,s 
are also equal to 0. 


If the coordinates *', »? and? are Cartesian but not stationary, 
the equations deriving from the general formulas (3.210) -=- (3.213), 
(3.205), (3.209) and (3.184) reduce to the two equations (3.59) -- 
(3.65), derived in §3.1. 


Indeed, in this case 


ra h"§, =x'e, (0). 
ov =e, sap as i eae, hy, zai 230 (s # &), } 
42° (3.233) 
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Consequently, 


(3.234) 


(3.235) 


and therefore 


Sot ate Xr,+(@ XO) XE, FOX (OX) = 
=axe, + ax(wX Fy). (3.236) 


Recalling definition (3.130) of the symbols r00,k and Tonk? 
> find: 


Voo,a + 20 90, 0%" ry 1X 4 X (WX F) 420 XE). 
(3.237) 


Substituting expressions (3.237) and (3.233) into the first group 
equations (3.210) and noting that for the case under consideration 


gad’ Vni=g-r,. 
(3.238) 


arrive at the equations 


‘ 
we f(t, — ela xe t ax (a deyt 
: 420% FE gl} dt + 4 (0), 


the equations 


’ 
te [fae fon tax te} }at + (0). 


(3.239) 


dr . 
aware +eXkr=o, 


(3.240) 
it follows from equations (3.239) that 


dr dr dr (0) 
Mees [ [n—ax dt balae-} “SP, 
v 


(3.241) 
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Equation (3.241) coincides with the first equation (3.53), from 
which the first three equations (3.59) were derived. 


The second equation (3.53) follows from the second and third 
groups of equations (3.210) and equality (3.240), i.e., the fourth, 
fifth and sixth equations (3.59). 


From expressions (3.211), (3.235), and (3.130) it follows that 


t 
vis X (a — a) 7, dt-{ nf (0). 
a= je toe (3.242) 


or 
' 


y= f Wy, M (or -- a)dt -f y, (0), 
: Q 


(3.243) 
which coincides with the vector equations (3.55), from which the 


scaler equations, (3.61) and (3.64) are obtained. 


From equations (3.212) we obtain: 


eo (3.244) 
which corresponds with (3.63). Relations (3.65), clearly, are 
equivalent to relations (3.238). 


Finally, from equalities (3.213) 


de, or 


= =o 4 == 4 
dt oon SAE ES C8 5SiG ss 


(3.245) 
which is equivalent to equalities (3.54), from which formulas (3.60) 


are obtained. 


Formulas (3.62) do not follow directly from equations (3.210) -- 
(3.213), since the latter do,not presupvose the transition to the 


Cartesian coordinates ©£', 57, £3. 


It is easy to sce that formulas (3.61), (3.63) and (3.64) also 
follow from eauations (3.184), which are replaced hy equations (3.211) 
and (3.212) in the system of equations (3.210) -- (3.213). 





Equalities (3.205) and (3.209) are satisfied identically on the 
basis of equalities (3.233) and (3.235). This concludes the transformation 
from equations (3.210) -- (3.213), (3.205), (3.209) and (3.184) to 
equations (3.59) -- (3.65). 


For the case in which the coordinates are Cartesian, and the 


orientation of the trihedron FFF; coincides with trihedron 0,n'n’n’, 


the derived coordinates are, of course, the Cartesian coordinates 
Ws fox H's 
If the Cartesian coordinates — are stationary, the trihedron 


#,f 5%, may be considered, without loss of generality, as coinciding 


with the main Cartesian coordinate system 0,&'67E?. Equations (3.210) 
together with equalities (3.59), then reduce to equations (.189). 





3.3.2. Geocentric coordinates independent of the earth's 
rotation. Let the position of the point of the center of the sensitivity 
masses of the newtonometers O be defined in the main Cartesian coordi- 
nate system 0,6°676° by the distance «' = r of the point O from the 
center of the earth and the two angles x ’?= Ay and ‘= @(Figure 3.2). 
The angle 9» is taken to be the angle between the plane 0,6" 5% and the 
line 0,)0. The symbol \, designates the angle in the plane 0,6°&? i 


between the 0,6! axis and the line of intersection of the 6, 6'e* plane ij 
with the £°0,0 plane. If the circle formed by the intersection of the { 
0,6°? plane and the sphere of radius r centered at the point 0) is 

termed the equator, then the angles 9 and Ay will be the latitude and 


‘longitude of the point O on this sphere. 


é? 





Figure 3.2 


a 










It follows from the definition of angles 9¢ and Ay that 


Blearcosqeos),, B= rcosysin a. 
P=rsing 






(3.246) 
from which 






1 ad 
+. =cos@eosa;, = =scos@sind;, # = sing. 
or! eg? a5? 
Ti; = Peosgsinay, Biz = PCOS PCOS Ay, Ui; =O 







fa=-r singcosa,, xm —rsingsind,, x =F cosgq. 


(3.247) 
In this case the Jacobian determinant is 





jee DERM 
Dd 4) 





sartcosp 







(3.248) 


Since, clearly, r # 0, 






the reference grid degenerates only on 
the straight line 9 = +1/2, on which J = 0. 








The vectors Ey. £5 and i. of the main basis are equal to: 


or fd or 


nat, nn¥. nok. (3.249) 













From expressions (3.249), (3.247) and (3.88) are found the 
diagonal elements of the metric tensor A: 


ay th, aye Peavy, ayer. 


(3.250) 


The nondiagonal elements of the metric tensor 


are equal to 0. 
The reference grid r, 


ue is orthogonal. 


The directions of io rs and ce coincide with the directions of 
> 
Y tangential to the parallel and tanaential to the meridian, 


> > 
respectively. The vectors Yo and rg are directed, clearly, 
increasing Ay and ¢, 


towards 


The Lame coefficients follow from equalities (3.250) 


Al. Wye rosy. hysse. 


(3.251) 
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Referring to relations (3.175), we find that for the case in 
question only the followingChristoffel symbols are non-zero: 
























Pa, a= Pr, p= rcs’ g, ete, 
Pa reePa re —s'singcosg, f=, =—tgeq, 
Pa, a= Py aesr, Mhelh=+, P21 —reos'g, 
Tn = —rc0s"9, Pr, sr singcosg, l= singcosg, 


Pais —e, The —e. 


(3.252) } 


Because of the stability of the reference grid in question 


Poh aa Teg =x Po} 0, 


(3.253) 


Now, substituting expressions (3.251), (3.252) and (3.253) into j 
(3.210), we obtain equations for r, Ay and 9: 


e 
B= f fa tr(a? 4-Acos'g) + grad’ nt jdt +700), 
o 


‘ 
rh, cosq = | [a2 —4a(rcos @ — “Gsing) ++ 
9 
+reos @grad'Va) | dt -{- 7 (0) cos (0) i, (0), 
‘ : 
= J I.—- rp — ri2singcosq-t- 
é 


str grad'Vnj} dt + ¢ (0)9(0), 





e 
rm [ rdt+r(0), 
0 


1 
rouse 





t 
n= f (rh, cos q)dt-+- A, (0), 
G 


aoa 
¢ J reiatoo. en 


“Taking into account that the On? and 0,6’ axes coincide, and 
therefore that 


a = uw =0, ay =u, 

(3.255) 

together with relations (3.252) and (3.253), we obtain the following 
equations for Np from equalities (3.211): 


‘ 
ee et Aas nro + 


+ a(n} — und) 7? cosy] de-+ nto), 


pee [[% A weet —dees) + 
Q 


+ a (aga — nf ah) cae ]te + nO, 


‘ 1 3 
y= — j [agi sma cos + 5 g-F ~ rt 
é 


4 ucos g (nity -- ning)] dt 4 14} (0). (3.256) 


It is easily demonstrated by direct substitution that the following 
values of ne satisfy these equations: 





= sin(., — af) 
ni =cospeos(2,— 4), N= — “Posy 
1, —ut 
nies es pagsoe ty ) . 
cos (2, — af) 
at eacosgsin(d, — at), Wwe Tas . 
slug singh, — ut) 
Wooo ee 


cg 


aysssing, up=O ON a 


(3.257) 


We note that the values (3.257) of no may also be obtained directly 
from relations (3.88), (3.247), (3.251), (3.249) and (3.231), without 
reference to equations (3.211), by using the equalities 


; nF, 
NS eae 
: (3.258) 
From relations (3.246) and (3.212) we also obtain: 
Wess ute, 
or, taking into account relations (3.257): 
We=rcuspeus(y — at, We reuspsin(dy — 0th | 
yas ring. 
(3.259) 
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Finally, from (3.213) we obtain the direction cosines: 


& & bh 
cos Pros A, cos¢sinA, sing 
— sind, cosa, 0 
—singcosk, —singsind, cosq. 


(3.260) 


Since for the case under consideration the vectors é. are unit 
vectors cf direction ae table (3.260) also defines the directions of 


- relative to the £', &2, &3 axes. 


If equalities (3.184) are used in place of relations (3.211) and 
(3.212), we obtain from the first groun of formulas (3.184) for the 


direction cosines a the table 





! yy oY 
t! cosuf —sinut 0 
t? sinut = cosut «60 
0 0 1. 


In this table the superscript of aX corresponds to the columns, 
and the- subscript to the rows . It is easily shown that expressions 
(3.257) for ne. derive from equalities (3.251) and (3.257), from the 
second group of equations (3.184), and from the above table. 


The projections Weaye CES and (3) of the absolute angular 
velocity of the trihedron 215e3 or, equivalently, the trihedron 


ri¥or3, are found from expressions (3.205). They are: 


O = Apsing, 2), — Ps 63) = 4 cosmp 


(3.261) 
Now, from formulas (3.209) 


Mi = Hhycosq, Miss dtp, AN, = 11), stay, 
(3.262) 


Thus, for the reference grid under consideration and for the 4 
case of a free gyrostabilized platform as the hasis of the functional 
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diagram the operational algorithm of the inertial system will consist 
of equations (3.254), (3.257) and (3.259), and table (3.260). For 

the case of a maneuverable gyrostabilized nlatform as the basis of the 
functional diagram, the ideal equacions are (3.254), (3.257), 
(3.259), (3.261) and (3.262). 


We note that, if the earth's gravitational field is considered to 
be spherical, then according to expressions (3.13), (3.257) and (3.259), 
in equalities (3.254) 
grad Vy = — Fun p 
: (3.263) 
and, consequently, 


grad’ Vy} = — wr grad! Vui == grad’ Vy} = 0. 


(3.264) 


It follows from relations (3.264) that for a spherical gravita- 
tional field formulas (3.257) and (3.259) drop out of the ideal 
equations. 


If we assume that the vector g of the strength of the earth's 
aravitational field lies in the plane of the meridian, then, using 
q9 to designate its projection on the n'n’ plane (the plane of the 
earth's eauator), we May represent the projections of the vector g¢ 
on the n! and n* axes as follows: 


grad! V = giicus (2. — ut). 
grad? V == gsin()., — ut) 
(3.265) 


Then, introducing 93 to designate the projection of g on the n? 
axis, i.e., taking 


grad’ V = Fy. 





and taking into account equalities (3.257), we obtain for the sums 
arad Vno entering into the inteqrands of (3.254), the following 


rormulas: 





glad! Wat = gr cosp-f- er sing == gl 


df Vv . a 
gta Wy == 0, ; 


grad! Vig == 1 (— easing bgp eOsg) = E ; 


(3.266) 


In these equalities g' and g’® are the projections of the strength 
rector of the earth's gravitational field on the direction of r and 
she direction of Fy, normal to r and lying in the plane of the earth's 
yeridian. 


1 and q’, are 


The functions 56 and 93° and, consequently, q 
functions only of r and %. In terms of the notation introduced 


in §2.2, 


gi=Ff,, p=, 





3.3.3. Geocentric coordinates. Now let r, A’ and 9 be ordinary 
geocentric coordinates. Their determination is analogous to that of the 
coordinates r, Aye and g. Only now r, A and 9 are referred not to 


the trihedron Oe eS but to 0,n'n’n’, rigidly bound to the earth. 


Therefore in relation to 0,6'67&° the coordinates r, 4, 9 will 
not he stationary. Considering, as hefore, that the Orne and On? 
axes are oriented along the vector u of 

the absolute earth rate and that OyeTGte? coincides with Oni nin? at 
some initial moment of time, we find from equalities (3.232), (3.246), 


s s 
se24 2) and (3.251) the non-zero symbols voKe Wye and "90,8? Ton? 


: or 1 2 
Vn —a'rcos'g. Vers — u'r cos’, 
27 a 

Vejsssa’r singoosg, Dj) =a’ sing cosq, 
. 2? +? cf 
Tu, 2 Vor 1 “HF LOS |, Mi mites 
r.! tb 
a = urcos q, 
‘ : “ 
Pos — Vin a= ae sing cosg@. 
r ‘ 
m ==HSiNP COSY, 
ao 
Ii = —« tie @. 


; (3.267) 
The Christoffelsymbols (3,252) calculated for the preceding reference 


grid clearly remain valid. 





From the first three equations (3.210) and formulas (3.251), 
(3.252) and (3.267) we now obtain in place of the first three formulas 
(3.254) the following equations: 


te { (n, + rg? + e+ 4)? cos? g] +- 
5 + grad! Vil} dt + (0), 
rhoosg= { in, — + 2u) (7'cos p — rpsing) 4- 
+ ; cos g grad! Vii] de + 7 (0) cos 4 (0)X(0), 
= { (ny — 7g 7 A+ w)? sing cosyt- 
‘ 


er grad! Vay} dé-+ 7 (0) 9(0). (3.268) 


They differ from the first three equations (3.254) only in that 
i + u replaces hy everywhere in the integrands. The last three 
equations (3.254) remain valid for the case under consideration. 


5 In equations (3.256) it is also necessary to replace hy by 

} + u, and to substitute \ for Ay - ut in relations (3.257) and 
(3.259). Table (3.260) now defines the direction cosines of the 
vectors ey, e, and ef relative to the n’, ny n> axes. In order to 
obtain the direction cosines of the vectors e, relative to the &!, 
£7, £3 axes, it is necessary, clearly, to replace 4 by A + ut in 


table (3.260). 


From expressions (3.205), (3.251), (3.252) and (3.267) are found 
Wee (9) and W (3)° Thev are: 


oy = db a)sing, mace = 
Wy) = (h-F wy Cus yp. 


(3.269) 
Correspondingly 


Mi, = Ho, = 0.4 0) cos@, Ally =-- Hay Hg, | 


Mi, = Huy, = tl (+4) sing. (3.270) 
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Expressions (3.269) and (3.270) also differ from expressions (3.261) 
and (3.262) only in that {1 + u appears in place of Aye 


For a spherical gravitational field formulas (3.264) remain valid, 
and if we assume that the vector @ lies in the plane of the meridian, 
formulas (3.266) also remain valid, since y does not enter into them. 


3.3.4. Geodetic coordinates. The geocentric reference - grid 
considered above has a singularity at ° = t1/2, i.e., at the poles. 
Realization of the ideal equations in this reference arid gives rise 
to considerable difficulty, if the object with which the inertial 
system is associated is moving in the immediate vicinity of the earth's 


poles. 


Figure 3.3 


These difficulties make it expedient to convert to the so-called 
geodetic coordinate system. This coordinate system is also spherical. 
It is analogous to the geocentric coordinate system. The only differ- 
ence is that the pole of the geodetic coordinate system does not 
coincide with the pole of the earth. Its position is selected such 
that it lies outside of the area of possible motion of the object with 


which the inertial system is associated. 


It follows from the above descrintion of geodetic coordinates 
that an geodetic  svstem stationary relative to the trihedron 
Oye ee" does not differ in any way from a stationary qeocentric 
coordinate system. Using the arbitrariness of the orientation of the 
fl, £7, £3 axes, we may always supverpose the £? axis on the polar axis 


of a stationary geodetic coordinate system. 
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The first system which we will consider, therefore, will be 
a geodetic coordinate system rigidly bound to the earth. 


Let us define it as follows. Let, in O,n'n?n? rigidly bound , 
to the earth and the O,n° axis of which is directed along the earth's q 
axis, two lines emerge from the point 0), the unit vectors of which 
we will designate as Py and Bo (Figure 3.3). Let us attach ‘the 
geodetic (right orthogonal) trihedron O1cte to these directions, 
specifying the unit vectors %!, #2, ane 7? of its axes by means of 


the equalities: 


G=a. bi te ese bo BX, 
(3.271) 
where So is the constant angle between the vectors i and ps such 


that 


cos Sy = 0 


We will consider that the vectors By and By are defined relative 
to the trihedron 0,n'n’?n*® by the geocentric coordinates @1» Ay and %, 
Age Then 


M1 = ty CSG, COSA, 4-H, COS Gy Sind, + yy sing, 
Pz = Y, COS H, COSA, + Hy, COS, SIA, 4 yy Sing. 


(3.272) 


Let 835 be the direction cosines between the n', n*, n°? axes and the 


c', c?, c* axes, forming the table: 


a v os 
1! oy $i by 
v ba x by 
" by $y by. 


(3.273) 
Then, in accordance with relations (3.272) and (3.271), the elements 


of this table may be expressed in terms of Yh. Aye %" and do as 


follows: 


4) == cosy, cos), 
6, = cosy, sind, 
by es sling, 


6,23 wes (cos q, cos Ay — Coe gy, C052, cos So), 


ba& win'3, (cus py sia dg -- ces qy sind; cus Sy), 


(3.274) 
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1 
8a = Fags Sind — sing cos S). 


os= as; (cose sing sind, — cos, sing, sin.) 


bn = ae (sing, COS GCOS Py —— CUST, Sin py C05 24), 
e 


1 is 
dye= snp CORTES py sin 2, — Ay) 


(3.274) 
where according to the relation cos So = By : G5 and formulas (3.272) 





cos Sy == C08 F, COS HF 6US(Ay — Ay) blr gy Sin gy. 


(3.275) 
If we introduce the angle W, between the geodetic plane, i.e., the 
c'c? plane, and the tangent to the geocentric meridian at the point 
defined by the coordinates 9 and Aye such that 


sine = cos qa sin (Ay -- Aa) , 


sin Se 


sing, — stn, Cos Se 


£08 ty 02 I in 


(3.276) 
then the expressions for 839 and 833 may be represented differently 
than in formulas (3.274): 


by, = —— Sing, COSA, CHS fy —- Sind, Sindy, 
b,) == — sing, SIN Ay COs 405A SiN. 
by = 60S Fy COS Yo, 


yy == ~~ Sieg OSD, Sim fy -F COS Hy Sin), 
8), = — sing, Sind, Slug — Cos A, 608 fy, 
dyso cosy, Sind, (3.277) 


We will define the position of the arbitrary point O in relation 
to the geodetic trihedron Ore ete by means of its distance «' = r 
from the origin 01 of the trihedron and the two angles ? = § and 


2 plane from 


x3 = 2 (Figure 3.4). The angle S is measured in the 06's 
the 04¢! axis in the direction of the 0,5” axis, and the angle 2 is 
Measured from the 04612? plane in the direction of the O10? axis. Thus, 
the angles S and % are analogous to \ andy, by means of which we 
define the arbitrary. direction in the trihedron n'n?n*. Specifically, 
if the trihedra n'n’n’* and c'c?c? coincide, then angles S and Z reduce 


to angles > and 4. 





Figure 3.4 


In the geodetic coordinate system introduced above, the polar 
axis 0,2? may be selected such that the object moves far away from it, 
for example, in the vicinity of the 9,c¢'c* plane. The angles S$ and 2 


May be termed the distance along the geodetic and the distance from 
the geodetic. 


In analogy with relations (3.89) we have: 


Cle=reos zcosS, 
@eerces zsinS, 
QGeersine. 


(3.278) 


Thus, the vector © in the 0,¢'t** coordinate system has the form: 
re=bircoszcosS 4 


+ S,rcoszsinS + 


thir sin 2 (3.279) 


Using relations (3.278) and (3.231), and table (3.273), we find: 


Rleer (cos 2cosS }d.cos csinS +8, sin 2)cos ul— 
—r@ycoszcosS +42, cos 2 sinS 4d) sine) stat, 


+ (A, cos 2cosS + 6,,coszsinS $4), sine)cos ut, 


R= (4, cos 200s $4 ,. cas 2sin$ 4 4,, sine) sinal | 
Beer (d,, cos 20085 + cos 2sinS 4 d,,510 2). | 


(3.280) 


The coordinates r, S and z are orthogonal. It is obvious that 
the Lame coefficients have the same values as in equalities (3.251). 
It is necessary only to replace 9 by z. Therefore 


hya= |, hye vos2, Ay=r. 


(3.281) 
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meen 





from formulas (3.252) expressions for the non-zero 


Analogously, 
Christoffel symbols may be obtained: 





Phi? yp,. 27008" 2, riarig + : 

Vesta —rsingcosz, Pi =i -tge, 

Paselaaee naet, 

Try —rcostz, Ist = — r cos? z, 

Ty.s= r?sinz cose, P= sinz cose, 

aoa oa (3.282) 


To write the ideal equations of an inertial system operating 
in geodetic coordinates in accordance with relations (3.210) -- (3.213), 
only the symbols loo: tee and Tae remain to be found. 


From (3.280) we have: 


7 oF ' 
wr = -ur(-dysinzcosS—d,sinz sinS + 


+ 6,3 cos 2) sinut — wr (—d, sin 2cos S — 
— by s!uzsinS-4 d,,c0s 2) cos ut, 
ort? 
Wor 47 (—dysinzcosS—d,sinz sin$ + 


+ 4, C08 2)¢05 ut — ur (A, sing cosS — 
—4nsinzsin§ 4 cos 2)sinut, (3.283) 


ot 2 
Seana Bay, m0, 
ort ? 
aaa ma, So, 
ott Aue on e oR? , 
wnrr aa RE, 
t 
f $e =r (3,05 2 sin S +0, ,c08 2608 S)cosut— 
7 — #(— 6) cos z sin S + dy cos 2cos S)sinat, 
Gs TI (— 4, 608 2sinS +-d,,coszcosS)sinut + 
+ 7(— 8; cos 2 sinS + d,¢0s 2vos S) cosut, 
a? 
GS =O by cos z sin S+ by, cos z cos S), 
CH u a? a 
| Horm Fl. gate, FE mo, 
at ot i 
as = — 4 os 
ote? oR! i 
ofas =" OS 
ar 
ards = 
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Now, using the definition (3.130) of the symbols [ 
we find: 


00.s and [T 


0k,s 


Tea 1 = — wr [i — (6, cos zcosS +- 
+ by cos z sin 4-8, sin 2). 
Moo, 9 = — u'r? [(d3, — 83:) cos” 2 cos S sin S + 
+ 45,55, c08? 2 (sin? S — ens? S) 4- 
+83 (45, sin S — 85, cos S) sin 2 cos 2]. 
Poo, 9 = ~~ wr? [(0,, cos S +5, in S) [(4,, cos S$ 
+ 43, sin S)sinzcos s+ 8,,(stu? 2 — cos? z)| — 
—0?, sin z cos 2}. 
Voy, 9 mt = Mop, = ur [dy, C0822 
— (6, cosS-fd, sin S)sin s cos al. 
Toy yt — May.) m2 ur (5, sinS —d,.c08 S), 
Pog, 33 — Sig, ges ur? [Agsinzvosz + 


+ (sin S + by, cos S)cus? ay. 


(3.284) 


The remaining symbols of this type are equal to zero. 


Expressions (3.284) were found directly from the definition of 
the symbols "00,58 and [T 


(3.232). To do this it is necessary only to note that, in accordance 
with (3.278) and table (3.273) 


Oke? They can also be calculated from formulas 
, 


nl es r(d, cos 2 cos S 4-8,,c08 zsinS + 4,)8In 2), 
MW =r (d, cos 2008S 4-6, cos 2 sin S + dy Sinz), 


yy = 7(d,, cos 2cos S -4-4,,cos z sin S 4+ 43;s1n 2), 


Calculations performed in accordance with formulas (3.232) also 
lead, of course, to expressions (3.284). 


From (3.284) on the basis of formulas (3.126), (3.174) and (3.281), 
we further find: i 


Poo r= Po, we 


<2 1 he 
Vo = Feats Pro. Pa = 7 Vn, de 


+ 2 


t 2 3 Lig 
Vo oe ary 6.2: Vet = at Ta 


. . 74 ° 

Ko} = - Vou, a T= —Vya 

3 fos +2 1 r 
Ppa == alps Ins - Teaste 029 


(3.285) 

















If the geodetic trihedron Opec en? coincides with O,n'n’n’, 
in table (3.273) the nondiagjonal elements are equal to zero, while 
the diagonal elements are equal to one. It is evident that in this 


case expressions (3.284) and (3.285) for the symbols los k and pee 
¢ 


become equal to the corresponding expressions (3.267), since for 
the case of the correspondence of Oo Gi ct and O,n'n?n? the angle 
z reduces to the angle 9. 





Substituting expressions (3.281), (3.282), (3.284) and (3.285) 
into equations (3.210) and grouping terms as required, we arrive at 
the following relations describing the algorithm for determination of 
the coordinates r, S and z by the inertial system: 









’ 
re f (m+ rele + uy sin — bcos yp + 
e 


+ r[Scosz + u(—dy sinzcosS —dysInzsin$ + 
+83)C08 2)? - grad! Vn!) dt 7 (0). 


‘ 
rSvosz = f (1, 4-r28sinz — r$cosz — 
0 


+ ure JS, sin 2 cose (Ay, sin S 44, cos S)j + 
+ ur [(ah, =- a3) cos ccos SsinS + 

+ Sy), cos 2 (sin? S — cos? S) 4- 

+ dyysin 2 (d, sin S — dy, cos Sp + 

+ rcosz grad! Vy} dt 4 7(0)$ (0) cos 2 (0), 


— 2ur fds cos z— sin 2 (hy cos S + dy sin S)) + | 
{ 


' 
zs J {a — rz — rS?sinzcosz— 
n 


— 2ru (Sy in S—,, cos S)— 2QruS [dy sinzcosz 4 
+ cos? 2S, sinS -$ 8, cos S$) 4 we [Sy cos S + 
+ 43, sin S) (sin 2cos 2 (Ay, cos S + b,)sla$) + 

+ 44, (sin? z — cos’ z))—d4 sin zcos 2] + 

+ rgrad’ Vn} dt -+7(0) 2 (0). 


‘ 
reef rdt 4 0(0), S= —!_rScos sydt-+ $10) 
a 


CO? 
a 


gen | ! (r2)dt + 2(0). 


" 


(3.286) 








We note that the second and third equations (3.286) may be 
partially integrated. 









Simultaneously regrouping the expressions 
contained in these equations, we obtain: 






r[Scosz + u( - by sinz cos S — 
— by sluzsinS 4 dycosz)] = 


t 
= s [ta + 712 + w(by sinS — bcos S)i[$sinz + 


Q 

+ 4 (dy Cos 2 cus S 4 d,cos 2sinS $ d5,81n zNI— 
‘—eScosz + u(—bysinz cos S—dy sinzgsinS-$ 
+ 4,008 2)) + rcos2z prad! Vij} dt + 

+ (0) (S(0)cos 2 (0)-+ uf — 6, sin 2 (0)cos S(0) — 


— by sin 2 (0) sin S(0) 4-8, cos 2 (0))}, 
rie + a (dy, sin S — ,,cos S)] = 
e 








= f (a; —r[$sinz + u(hy cos 2cosS+ 
é 


+b, cos 2 sinS + dy sn 2)) [Scosz + 
+ u(— dy sin z cos S—- A) sin 2sInS-{-d,)cus 2)] — 
Fle -+ (by, sinS — bcos Sy) + 


+ begead! Vp) dt 4-7 (0) (2 (0) + 
“+ 4 [dy sin S (0) — d,. cos AY) 












(3.287) 


The fifth and sixth equations of system (3.286) may be similarly 
altered, We note also that, since equations (3.268) are a snecial case 
of cauations (3.286), partial integration is also possible in equations 
(3.268), as is their representation in the form of (3.287). 











Form (3.287) of the ideal equations is convenient in that the 





groups of variables contained in them may he simply expressed in terms 


of the projections of the absolute angular velocity of the trihedron 
Pio on its axes. 


Indeed, from expressions (3.205), (3.281), (3.282) and (3.284) 










oy Sse | ud, cos 20058 + 





-f,, 08 2 sin S 4-8, $l 2), 
; oO = 2-faC by sind | dy cos S), 
3) == Seosz + 
+ u(dycosz — & sins cos 5 — &,,8inz sin S) . (3.288) 


Therefore, substituting relations (3.288) into the first equation 


(3.286) and into both equations (3.287), we may represent them in the 
following form: 
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t 
Pes f (4) -# 7 fod, 4-0%,] + grad! Vint] dt + 7(0), 
é 
‘ 
FW) = f [2 — 760¢2)0049) — Foy) -F 
‘ 
-Frcos z grad! Vujj| dt + 7 (0)0,,,(0), 
t 
— FO) = af [1 rear + Faq) + 
6 


(3.289) 
+ rerad' V1] dt — 7 (0)0,,,(0). 


In doing this, clearly, in place of the last three equations 


(3.286) we must write: : 


t 
pes f rdt-+r(0). 
6 


sf 
i] aa S- 
ame reece cos 2—6y Sin 2cos 
s= | ptr ee bn 





—d,)5inz sin) | dt + S(O), 
¢ 


z =f — + 


of 4 by sin S + by, 605 5)| dt + 2(0). 


(3.290) 


Equations (3.289) and (3.290) are easily compared with equations 
(3.82), obtained in §3.1 for the case of Cartesian coordinates, 
with a moving trihedron on a sphere surrounding the earth taken as 
the trihedron Oxvz. It is necessary only to note that for the spherical 
coordinates r, S and z the following relations obtain: 


Viyy == r, Vey) FF FO), x = = Fu, ; ( 3 : 291) 
with the x, v, z axes coinciding with the directions of the vectors 
£5, 3 and r) respectively. 


In equations (3.289), as in (3.82), the first integration gives 
the projections of the absolute angular velocity of the moving 


trihedron on its axes. From this point on, however, 
differ. 


the solutions 

In equations (3.82) the second integration is performed 

1Long the axes of the moving trihedron Oxyz and the Cartesian coordinates 
x» = y = 0 and z = r are found the moving coordinate system O,xyz. 
Then the projections of the absolute angular velocity on the axes of 


the moving trihedron are used to find the direction cosines of the 


x, Y, Z axes in relation to the £,, ny,  (&', &?, &7?) axes and the 
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conversion from the Cartesian coordinates x, y, z to the fy, "ys Se 


coordinates or the £, n, ¢ (n', n’, n?) coordinates is effected. 


When equations (3.279) and (3.290) are used, the projections of 
the absolute angular velocity of the moving ~ trihedron £,¥o¥5 
are expressed using equalities (3.288) in terms of the time-derivatives 
of the curvilinear coordinates S$ and 2. The coordinates themselves 


are then found by integration. 


We note further that comparison of equations (3.82) with equations 
(3.289) and (3.290) shows also that in the determination of coordinates 
S and z the first intearation may be performed not only along the 
directions of Eo and Ey, but also along the directions f 9 and + 3° 
rotated relative to Yr, and ft through an angle W(t) in a plane normal 
to —, i.e., tanaential to the sphere of radius r concentric with the 


earth. 
If a 
= ott sing. 
Tal ~ mai | 
? 
= =— —2. sin tp + —2- cosy, 
[alas Tala al 
(3.292) 
then the corresponding ideal equations may be written in the following 
form: 
‘ 
tes J (a, + ra ee t wh] } grad! Vit} dt r (0). 
=f |") _ roy, Mie rol, -|- 
+(rcos 2 grad’ \" Wycosy | 
+- (read! Vi) sini fd {0 (O)uy, (0), 
‘ 
My = | "> ra’, my, of te, 
— (rouse urad! Vn psiag 
4 (rad! Vayens fdr i 000 C0) | (3.293) 
Clearly, 
ms, mid t. 


, e ( 
1 5 Sar | 
uw, 4, sf Suny. 
’ . ’ .. 
Oar, ste bo cos 


(3.294) 
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Fquations (3.290) may now be used to find § and 2z. 





It is evident that w(t) is arbitrary. Specifically, it is possible 
to calculate, in analogy with condition (3.81), to select W(t) such 
{ at it satisfies the condition 


a, = 0. (3.295) 


Let us now turn to equations (3.211). In accordance with relations 
-281), (3.282), (3.284) ana (3.285), they reduce to the form 


’ 
nt = — | —ufrcosz[Scos2-F u( —dy sing cos S + 
é 


+ by,cos 2 —6,, sili 2 sin §)} _ 
_ ir [z 4-4 (d,, sin S —,, cos S)| + 
4-urtcos 2 (ninj — npn) dé +- WM. | 


t t ' 
: w 
Ws > J (n(£—#e :)+ reose [Seos 2+ 
+ u(— dy sing cos S — dy) sin z sin S + 65)¢08 2)] + 
9 
4 Lj — S sine — u(dyysins 4 d,,¢08 2 sInS + 
cos? . 


+ 4 cos z cos S)] $+ (min — 149)) hat 4-1 (0). 


cos 2 





‘ . 
y= — f {rpé+-sgeose JS cos 2 -f u(dy cos 2¢0s S$ 
Q 


1 
% 
-{- by) 608 2 sin S4- dy, sin z)1 4: + Iz + e@ysinS — 
—,,cos S)]-facos z (at — nfl dt-4- }(0). 


(3.296) 


It is not difficult to demenstrate that for constant u equations 
(3.296) satisfy the following values of ny? 


Ny = (d, 608 2608S +4 d,,¢08 2 sin 8 dj sin2), 


! : 
= Feare (~ 8 sin S 4-4), cos 8), 


Wes 1 (=a, sin z0s S—4,,sinz slaS | 6,,cvs 2), 
1 =(4,,coszcnsS | db, coszsin§ t-,, siz), 


ji C 
t= pred Ge 4, sin S + 0,, cos S), 


= i (—4,, Sin 2605 S—,, sin 2 sin -4-8,, cos 2). 
n= (1 coszcusS j-d,coszsinS +, sin 2). 
Weep (— 4, sin S 4-4, cos S). 


(3.297) 


m= ; (~bn sinz cosS—6,,sinz sinS -+4-d,,cos 2). 





In equalities (3.297) the direction cosines La are determined 
by table (3.273) and relations (3.274) or (3.277). 


As in the preceding cases, the reduced values of ny May be obtained 
not from equations (3.296), but from equalities (3.258). They may 
also he obtained by computing the direction cosines hetween the vectors 


> 


rh Yo, F5 and Aye Roe n3 and then dividing them by the corresponding 


Lame coefficients. This is evident from the second group of equations 
(3.184), if we rewrite them in the form 


it = “le (;' all Oe 
Ay \ 4% hy aut] ” 


The terms in parentheses on the right sides of equalities (3.297) 
are the direction cosines between Ey; Toy Fy and fie na ie and the 
factors in front of the parentheses are the reciprocals of the Lame 
coefficients. 





From equations (3.212) 
nN sanle (3.298) 
Taking into account relations (3.297), we obtain: 


yi =r (dy cos 2cos $4 6, cose sind -f dy sinz), 
Wear (d, 005 26088 4-by 005 2sin S$ 8), sin 2), 
== (dy cos 2608 S -+ d,, cus zsinS + d,,sin 2) (3.299) 


> 
The direction cosines between the Ek axes and the newtonometer axes 


» 


e, are found from formulas (3.213). 


Let us denote these direction cosines by Yyq° Let them form the 


table: 


& é 2 é ) 
(Vu Yi Vn 
fy Va Yue Yn 
€) Yu Ya Vu. 


(3.300) 





Using expressions (3.281) for the Lame coefficients and (3.283) 
for the partial derivatives of the ES coordinates relative to «° from 
relations (3.213) we obtain the followiny expressions for the elements 


of table (3.300): 


- Vu = (A, cos zcos $+ 4,, cos z sin S +. 6,,8Inz) cos ut — 
— (by cos z cos S + 8, cos z sin S +4, sin z)sinut, 
Via == (6,008 zcos S + 4,,c08 z sin S 4-8,)8in 2) sinut + 
+ (by cos zcos S + 6), cos z sin S 4+ 6,,8Inz) cos uf, 
Via = by, cos 2008 S-$ 4, cos zsinS 4+4,,sinz, 
Yn = (— 6), sin S +4, cos S)cos ut —(d,, sin S +8,,cos §)sin ut, 
Yn =(— &, sin S + 4, cos S) sin ut + A 
+ (— by stn S + 8, cos S) cos xt, 
Yn = — 6,, sin S + 6,,cos S, : 
Yn == (— 6), Sin zcos S— 4,,sIn z sin S + 6,) cos z) cos ut — 
— (— dy sinz cos S — by sinzsinS +4), cos z)sinut, 
Ya = (— 54 Sinz cos S— d,, sin z sin S 4-8, cos 2) sin at + 
+ (4, sin zcos S — dy, sinz sinS -+ 4, cos z)cos uf, 
Vay = — 6, Sin zcos S — 6,, sin z sin S — by,c08 z. 





It is useful to note that the direction cosines 835 may be 4] 
obtained from the expressions in parentheses on the right sides of 
relations (3.297). To do this it is necessary to substitute Ay + ut 
and dy + ut in place of A, and Ao in formulas (3.274) defining Syy° 


and then to substitute these new values of 65 into relations (3.297). 

The projections of the absolute angular velocity of the trihedron 
Yi¥or3 on the directions of the vectors forming this trihedron were 
obtained above. These projections are defined by equalities (3.288). 
It follows from these equalities and from formulas (3.209) that 


AM, == HS cos z+ u(— dy sin z cos S — 
— $3, sin z sin S + 63, cos 2)], 


Mi, =z H(z — u( ~4y sin S + 05, c08 S)}, 
Mi = H[Ssinz + u(d4 00s zcosS + f 
+, 5,08 2sinS +- ds, slnz)}, 4 (3.301) 


Thus, the operational algorithm of an inertial system determin- 
ing Gcovecic coordinates, when the basis of its functional diagram is a 
free gyrostabilized platform, includes formulas (3.296), (3.297), 
(3.299) and (3.274), as well as expressions for the direction cosines 
Vig: In place of formulas (3.286), formulas (3.289) and (3.290) or 
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(3.293), 
equalities (3.297) equations (3.296) may be used. 


(3.294) and (3.290) may also be used, and in place of 






If a maneuverable gyronlatform is taken as the basis of the function- 
al diagran, the expressions for the direction cosines Vis of the 
newtonometer axes relative to the axes of the stabilized platform 
should be replaced in the operational algorithm by equalities (3.301), 
in accordance with which the moments controlling the nlatform are 
formed. 


Formulas (3.286), (3.289) and (3.293) contain the comnonents of 
the gradient of the force function of the earth's qravitational field 
along the axes of the O,n'n?n? coordinate system bound to the earth 
These functions should be given as functions of the coordinates n*, 


If we assume that the gravitational field is spherical, then, as 
is easily demonstrated, equalities (3.264) obtain, and therefore 
formulas (3.296) and (3.297) drop out of the ideal equations. 


If we consider that the vector qradV of the strength of the 
earth's gravitational field lies in the plane of the earth's meridian, 
then in accordance with formulas (3.265) 


prad'V = grcosh, grad? V = p2sin)., 


RaeV = gz}, 
3.302) 


where I9 is the projection of the vector gradV on the plane of the 
equator, and 93 is the projection of this vector on tne earth's axis 
of rotation. The quantities 5 and 33 are functions of ° and r. 

The geocentric coordinates required for the formation of the right. 
sides of (3.302) -- the latitude ¢ and the longitude \ -- are related 
to the geodetic coordinates S and z by the equalities: 


cosgcosh==4,,coszcosS § 4.605 25inS 4-4, sine, 


(3.303) 


cosgcosd =AycosccusS 9 8), cos 2 sinS +8, ,sinz, 
sigs by cus zosS 4 Aycus ssn S 4- ees) 





be 


The components grad*y of the gradient of the earth's gravitational 
field enter into the integrands of formulas (3.286), (3.289) and 
(3.293) in the form of the sums 


grad’ Vn}. rcos zgiad! Vn}, 


rgiad' Vi}, 
(3.304) 


where the components qrada*v are defined hy equalities (3.302), and 
ne by equalities (3.297) 


Equalities (3.302) contain the geographical longitude A. At the 
same time we may assume in accordance with sums (3.304) that they 
may be written in a form such that the longitude \ does not appear 
in them. In order to find this form, we introduce g! and g*, which 
were defined in accordance with equalities (3.266) as the projections 
of the strength vector of the earth's gravitati~nal field on the 
direction r and the direction tangent to the gece :ntric meridian. 
From equalities (3.266) 


gp=ae'cosg— g'sing. 


epazg'sing — g’cos 9. (3.305) 


Let us subti*ute these values into equalities (3.302), and then, 
along with relations (3.297), into the sums (3.304). Then, after 
obvious simplifications using equalities (3.303) and the orthogonality 
of table (3.273), we arrive at the formulas: | 


grad’ Vn) = gt, 
rcos 2 grad! Vay = Para — by sin S + 4, cos S), 
rpiad! Vy} = oe! ~ 5, sinz cos S — 
—d,,sinz sin S + $,,c08 2), 


(3.306) 


as required. 


As is evident, in formulas (3.306) the quantities 


wae 6, sinS 4 Ay, cos $), 


Zorg (— bu sinz cos S—Oysin 2 sin S 4 Ay cos 2) (3.307) 



























> > > > 
are simply the cosines of the angles between Yo = Yo and rz = 7, 


and the bearing to the north at the current location of the object. 





Comparing all of the above alternatives for representing the ideal 
ec lations of an inertial system determining the geodetic coordinates 

r, 2 and S, wo may conclude that the simplest and most convenient for 
t+ case of a maneuverable gyroplatform as the basis of the system will 
ki the set of equations (3.289), (3.290), (2.306) and (3.209), to 

v' .ch the third equation (3.303) and the first equation (3.288) must 

i. added. Let us write out these equations here. Thus, assuming 

it the x, y, Z axes of the maneuverable platform coincide with the 
c.cections of the vectors Eo, Fs, z, respectively, we alter in an 

=, oropriate manner the indexation of the quantities entering into the 
ccuations and, in addition, we introduce Y, and vy into the formulas 

in accordance with the equalities v. = wor, andv,, = -w.r. Asa 


x Y Y y 
result we obtain: 
t 


r= J [nyt Uy, — Pyne + BCP. OI at-+7(0). 
0 


t : : 
com f[ectie iy 


— £19 (by sinS 4 dy 00s S)] dt 40,0) 


‘ I, 
i 
w= J {n, — vo, + PW, + 


| . + SAO ( - by sin zens 5 — dy)sins sin S -{- | 3 
' o: if 


+- 63, cos 2) Ja -4- 4, (0), 


: ’ 

. Oy Vs ! } 
pre fi dt $0), wp — Fe =F 
Q 


o, u 
Su f eas — Tory (Ontos z — by sinzcos S — 
¢ 


— by sinz sin Sy] at + S(O). 
t 
au i Jo, -f a(— dy sin 4 d.c08 Sy dt-+2 (0), 
0 
sing =A, cos zcosS -}-b,cos zsinS 4-d,sinz, 
(Sy cos S + 4,, sin §), 


V3 v2 - 
, wy led + soos 





Mi - Ho Alle = Hoy. AR, = doy. 
(3.308) 





If the basis of the system is not a maneuverable gyrostabilized 


platform but a free platform, the last three equations (3.308) are 
replaced by the table of direction cosines (3.300). 


Equations (3.308) for the geodetic coordinates r, S, and z 
include as special cases the equations for the geocentric coordinates 
r, \}\, and gy and the coordinates r, A, and ¢ examined above. In order 
to convert from the geodetic coordinates r, S and z to the geocentric 
coordinates r, i, and %, it is sufficient to require that the trihedra 
n'n?n? and zc'z*z7? coincide. This is the case if, of all of the direction 
cosines 855 of table (3.273), only 


On va hy by = i 


are non-zero. To obtain the ideal equations in the coordinates r, Ay 
and y, it is necessary in addition to set u = 0. 


To the above ideal equations of inertial systems determining the 
coordinates r, Aye 9; v, A, Szand r, S, z, it is necessary to add 
further the table (3.66) of the direction cosines between the X, Y, 

Z axes attached to the object and the x, y, z axes of the ayrostabilized 
platform, This table enables us to find the parameters characterizing 
the orientation of the object in space from the measured values of the 
rotation angles a, 8, and y of the gimbal ying of the gyrostabilized 
platform (or the platforn of the gauge of absolute angular velocity). 
This aspect of the problem does not differ in any way from the analogous 
problem for the case of Cartesian coordinates considered in §3.1. 


3.3.5. Geographical coordinates. Let us now consider an example 
of a non-spherical orthogonal reference grid, in the form of 
geographical coordinates: latitude »', longitude 4, and height h over 


the surface of the ocean. 


We will consider the surface of the ocean to be an ellipsoid of 
revolution. This ellipsoid is usvally termed a Clairaut ellipsoid. 
The minor semiaxis of the ellinsoid is its axis of symmetry and coincides 


with the earth's axis of rotation. 
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The geographical latitude @' will be defined, as usual, as the 
| angle between the plane of the earth's equator and the external normal 
to the Clairaut ellipsoid. 


To apply the general formulas of the preceding section, we will, 
i: before, stipulate the equalities 


wlesh, wtssh, we=q’. 


(3.309) 


Since the n', n?, n? axes are rigidly bound to the earth and 


--2 n* axis is directed along the earth's axis of rotation, according 


t (2.7) and (2.8) we have: 


ay! == Fs = ++ A} cos 4 cos?., 
. aie y 


1? a A) sus a’ stud, 


Hedi 
oot 

(3.310) 

where a is the minor semiaxis, e is the eccentricity of the Clairaut 

ellipsoid, and n', n?, n® are the projections of the radius vector r 

of the point O at which the sensing masses of the newtonometers are 

located on the n’, n?, n°? axes. The projections of the vector 7 on 
the £', £7, £° axes of the main Cartesian system are related, according 


to relations (3.231), to the n’, n?, n? coordinates by the equalities 


Ee Sens 


ee 








t! <= y cos ut -— sina, 
8? = y! sin al + i, cosut, | 
Besy. 
(3.311) 
From expressions (3.310) and (3.311) we obtain: 
SM = cosy enh, Gy 608 sind, oe sing’. 
é 
B= (presage +a) sind, 
ont 
Se = (>a Tae ~4+ A) cosq’ cosh, St 0, 
on! ; ( ~ ey 
ar Na errr id a +A) sing’ cosh, 
én? a(l—e) 
aaa! (sanett sing’ sind. 
a athe ety 
=(5 Tm eaargse + Ao 
i= = OM ou — Sete ; 
ies St sinut + 20 cosut, moe 
(3.312) 
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The Jacobian determinant is 


a{l--e') caasent 
t= [oases | (Tara +4); 05, 


a 


and the reference arid is degenerate on the n* axis, where 9’ = +1/2. 


The components a of the metric tensor A of the space defined 


ss 
by the coordinates h,\ and g are calculated according to (3.312) as 


follows: 
NA 
a, =0, en= |p Saage + A] cove, 
a{l—e’) 
on latin +] 
(3.313) 
i “ 
From (3.313) and (3.174) we obtain the Lame coefficients: 
hak nm (Ta iaage tA)cose. 
a a{l— e?) : 
Mo aang te (3.314) 


We may now find the non-zero Christoffel symbols from formulas 


(3.175): . a 2 
Prictae ~(7= ane i )cos q. 


e 
Pn ro The —— at), 


(le? sind gp’) 
a 
Cia2=Pa, 22 (7 fsa ts A) cosig’, 
1 
a 
=~ j-A} , 
Trett= (F7- aoe { ) 
a(l—e') 
U 2g, 2 = Pa, a = bee SaiaD t a] x 
x(7 r- Se? a) sing’ ee 
At 
2 +2 ale a ‘| I . 
Ciel (7 anne +H) x 
' a(l —¢') . 
; hs 
x|* pa ag | ok: 
2 
Cn. =lia - ou 2 ah 


(hae int’ 


22 93 ait. w) y 
et x - h 
Pret [5 sate ela ‘| . 


a 
= = ay» 
7.2 (aaa "3 t ) 


“lis a Ue ee A}sing’ cosy’, 


e*sinty wt ' 


(1 — , 
Reese a) y, 
cage -e aan 1 


a 
aes 1p Norn oa ra 
ms (j et snl’ )s ae 








eu — sing’ cosy’ a(l—e) 
la {l= asin? g’y* le etsgy 2 + a). 
. l—e') eal ey sing! gl cosy” 
r2 at a) 
ee |r + (le sin?y’)* a 315) 


243 





Finally, i formulas (3.232), (3.177) and (3.178) we find the 


symbols [ 00,8’ Tan: Fox, 8 and Tee The following of them are non-zero: 





wafer —u s 2! 
Pe, == My u'( Tate? + n)cos q. 
= 
Fon, 3 “(oar +) x 
e{l— e') ’ , 
Xlaseaor A]sing cos gq, 


a a(i—e =! 
fea \asriee _ +A] 


x (« + riser @’ cos q, 
To. — Pau (a= pe rarer =r + A) cos? 9, 


Bare — Par (psa + ax 


h e(i —e’) }: ing’ fi 
x [ + TS =i sine iS ap cos@ 


t e . 
Foam ~9(7r=3 sink? a n}cort@’ 
: é 
Nisa tt) 

a(l—e) 
tae of eng t “] x 


‘. ’ 
x (+ preimage) m9 cosg@, 


Tee (pre sare alee 
x fasSeaae Be +A)ico" 


(le sin?tyy)* sin? p’) * 





(3.316) 


It is evident that, if in expressions (3.314), (3.315) and (3.316). 
we set 
=O, PHP ath=er, 


they will coincide with expressions (3.251), (3.252) and (3.267). 
Equations (3.210) -- (3.213) contain the Lame coefficients, the 
Christoffel symbols and the symbols ys and Toye All of these have been 
found. Substituting their expressions (3.314), (3.315) and (3.316) 

into the first three equations (3.210) we arrive at the following 
relations: 


-¢ cin? 4 ye 


bn ffir alt 


i ? cos? 
+ (Wise + aye elev 


+ grad’ Vn} } dt + h(0), 
(3.317) 








=aou a ee 25) Pe SE 


(gretaaz th) heorv'= 
" t 
=f {0 — AG + 2apeos oe’ + 
+(“Saa. + ile + 2u)sing! + 


—etainte ty" 
+h, grad! voj}ae + 
aS, Aco 0 
+| premier + 10] koreorne 


a(l—e*) 
oe a Ex 


= f(enii bt yeh Wewan aarer ) x 
x (A+ u)? sing’ cosy ‘4 hygrad! Vay }ae + 
a(l—e) =m 
Sheree RO 
(3.317) 


The Christoffel symbol r33 does not enter into the third relation 


(3.317), since in equations (3.210) the summation is carried out only over 
all k different from s. 


To find ny for the case under consideration, there is no need to 
use equations (3.211), since from the relation 


ae 
tenes 


and from relations (3.314) it directly follows that 


0 d 1a 
nt 2, Wee; n at, qe (3.318) 


We will consider that the vector 


= rad V 
ae (3.319) 
of the strength of the earth's gravitational field lies in the plane 


of the meridian. Then in the second equation (3.317) the sum 


pares il dy! 
A,piad! Vay == hy grad! V “a 7% 


(3. 320) 
since this sum is the projection of the vector g on the direction eo 
normal to the plane of the meridian. 








From the condition that the vector g lie in the plane of the 
meridian, the following relations likewise follow: 


grad! V == giicos?., gtad’V c= gisind, grad’V = g3, 


(3.321) 
where 39 and 95 are functions of 9' and h. 
Using relations (3.318), we find: 
grad! Vay} = gncosg’ + ezsing’, 
h,grad’ y= — gasing’ + £36089. f (3.322) 


By analogy with relations (3.266), we introduce the projections 
56 and 56 of the vector g = aradV on the direction of the normal to 
the Clairaut ellipsoid and the direction of the tangent to the geo- 
graphic meridian. Then, clearly, 
Ri=ercosg’+ersing’. — |! 


Rix — ersing’-+ gtcosg’. 
rat, : (3.323) 


Here 56 and 59 are functions of h and 9. According to the definitions 
given in §2.2, 


EMA OF GW BA DSP, (A, 9) 


Since the surface of the Clairaut ellipsoid is a reference surface 
i.e., a surface of constant gravitational force potential, in the 
integrand of the third equation (3.317) the sum 


au? sing? Cs Gt 0 


Rath 0, 4") VT etsy” ; (3 -324) 


Relations (3.320), (3.322), (3.323) and (3.324) simplify the 
integrand of equations (3.317). Taking into account these simplifica- 
tions and adding to equations (3.317) the formulas for h, iA, and 9¢', 


we arrive at the following system of equations: 
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Gaetan gy « 


+( ji +4) x 
XO + a)? cos? g’ + Rhy’, r} dt +4 (0), 


Gear + n)hosq’ = 
‘ 
= jf { ny — hh. + Qu)cos y’ + y+ 24) X 


x| ae 4 A)sing’ jae 4 


i=f (a4[ (Soe +A) 04 


+ pote t : ] 4.(0)cos ¢" (0), 


a(t -- et) 
= si gl ct ala = 


5 eee eee 
o f (oh —(7reaaaz 4 n) x 
X AK + Qu) sing’ cosy’ — Au? sing’ cosy! 4- 
+ 8(A. 4)-- g3(0, w}at a 
a(l—ey) 
HL —e* sin? 9’ (0))" ’ 


’ Salen conn 


aye to ¢' (0), 















, 
Bai 


t= fad cose" + (peraney fay x 
a ar = +4) cosqi]at 2 (0). 


v=f pee Ure. we 
la -eFsin? yy" i 
> ([ateereses FA] art seo 
(3.325) 
the system of equations (3.325) constitutes a portion of the ideal 
' equation of an inertial system operating in a geographic reference 
arid. This nortion of the equations deals with the determination of 
he, X, ¢, hy A and 9 from the initial values of these coordinates and 
the readings of the newtonometers Nye Noe N3- Newtonometer 4 (its 
axis of sensitivity) is situated in the direction of the normal ry to the 
reference ellipsoid, while newtonometers Ny and n3 are situated in 
a plane perpendicular to rye i.e., in a plane parallel to the plane 
of the geographic horizon, the axis of sensitivity of newtonometer n3 
coinciding with the direction ry lying in the plane of the meridian, 
and the axis of sensitivity of newtonometer No coinciding with direction 
ie normal to this plane. The vectors r5 and ee point, clearly, in 
the direction of increasing ) and 9°. 
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To determine the direction cosines of the vectors Fie z, and i, 
relative to the €', &?, £3 axes of the stabilized platform, relations 


(3.312) should be used. From them we immediately obtain the direction 
cosines between the vectors Ee and the n!, n?, n°® axes: 















" " ty 
fy cosy’ cos) cosg’sink sing’ 
vs —sink cosd 0 
fy —Sing’cosA —sing’sind cosq’. 





These direction cosines, together with the direction cosines 


between the n', n2, n°? and &', &?, &3? axes . 









Dy yoy 
t! cosut —sinaf 0 
Ro sinal cosul 0 


PY 0 o 1 












fully determine the position of the vectors Fe relative to the £&', 
E?, £° axes. 


The rotation angles a, 8, and y of the gimbal rings of the stabilized 
platform enable us to construct table (3.66) of the direction cosines 
between the axes of the trihedron XYZ bound to the object and the 
x, y, 2 (&', €?, £7) axes of the stabilized platform. Table (3.66), 
together with the tables of the Girection cosines between the n', n?’, 











n? and &', £7, £3 axes, and between the Nys Noe Nz axes and vectors 
¥y ee Mor enable us to determine the orientation of the object 


relative to the plane of the geographic horizon and the points of the 
compass. 


If for the case under consideration the functional diagram is a 


maneuverable gyroplatform, the controlling moments Mo x! Maye and May! 
are formed according to formulas (3.209). The quantities Were Ways 
% 3) required here are easily found from expressions (3.205), (3.315), 
(3.316) and (3.314): 













“* 


ty =O 44) mG, yy Fe 


6) = G4 adeosy! 


(3.326) 


We note that equations (3.317) may also be represented in a form 
analogous to equaticns (3.289) and, further, equations (3.82). 


According to the well-known Dupin theorem, the surfaces of 
equal values of the coordinates of a trinle orthogonal system intersect 
along lines of curvature. We will use Yo and rz to designate the 
radii of curvature of the normal sections of the surface h = const 
passing through the vectors tS and Bay respectively. It then follows 
from relations (3.314) that 


a(l— e*) ; 
a TK aateye (3.327) 


Since Yo is the radius of curvature of the parallel of the surface 
of rotation h = const, according to Meusnier's theorem? 
n= Vesna tf" (3.328) 

The projections v {7} and V3) of the absolute velocity of the 


origin of trihedron rit 9%3 May now be expressed in terms of “ (3) and 
Weaye respectively as follows: . 


Vay FEO yaylye Vey = — Ways. (3.329) 


Before substituting these relations into equations (3.317), let 
us transform the second of these equations. We may form the total 
derivative from a portion of the integrand of the second equation 
(3.317) as follows: 


—cosq’hu eae ea A) aru sing’ = 


—etsin?g’)'! 


> + (7a + n)ucosg” }: 
(3.330) 


Integrating this portion, we reduce the second equation (3.317) 
to the form: 











(inaae +A)h+ u)cosg’ = 


t 
= [{a-ae + u)cos @’ + 


ad-e of , 
+ [eee + 8] s (L+ wsing + hyprad Vag} de 


a ’ 
+ [presiasray 1 1] Lorcos 9, (3.332) 


We now substitute (3.326), (3.327), (3.328) and (3.329) in 
ectation (3.331) and the first and third equations (3.317). Taking 
20 account equalities (3.323) and (3.320), we obtain: 


t 
he f [+ aha — MaMa) + es] ae + 4 OD. 
e 
t 
P= f 14g $+ UY) — Ady) dt + 42, (0), 
0 


t 
%)= J [25 + hus, — Vat t Ba] de + %,, (0). (3.332) 


Thus, the ideal equations of an inertial system operating in 
geographic coordinates, when the basis of the system is a maneuverable 
gyroplatform, may be represented in the following form: 


‘ 
he f [A,-F v0, — v0, + CE Jae h(O), 
é 
t 
vu, f (4, -F va, — fury) dt +-¥, (0). 
0 
t 
v, == fin, ho, — vm, + ahh, g)]dt+u, (0). 
6 


Us ty 
St Ts ae pte 





t 
vo - f to, dt + 4" (0), 
é 


t 
Ac f (ar _ a) dt +-2.(0). 
0 


é 
hes f hdt-+A(0, 
0 


hte es 


nang ee tS 
VP eh sini g! (oesatgy t 
o, = 0, 12g", 


"= 


Ahy sa— flo, Aly = fey, At, == flo,. 
(3.333) 








Equations (3.333) were obtained from relations (3.332), (3.329), 
(3.326) and (3.209). The x, y, 2 axes of the maneuverable platform 
are superposed on the directions ry, Bes e, the indices (1), (2), 
(3) in formulas (3.333) being replaced hy x, y, 2. 


As for the preceding cases, if the hasis of the system is not 
an all-moving but a free gyrostabilized platform, the last three 
relations (3.333) drop out. The appropriate tables of direction 
cosines should be used in their place to determine the required orienta- 


tion of the newtonometers. 


3.3.6. An example of non-orthogonal curvilinear coordinates. 


In conclusion let us consider an example of non-orthogonal coordinates. 
Let the coordinates defining the position of the point O in the basic 
Cartesian system be the distance r of the point O from the center of 
the earth and the angles Oy and So which form the vector r with the 

&' and £? axes (Figure 3.5). Then 


Rieercoso,, f= rcoso,, 
Par V/sinto, — costa. (3.334) 


This is a stationary spherical, but not orthogonal reference grid, 





Figure 3.5 
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oe 


From (3.334) it follows that: 


ot 
$ == Cosa, = =2 COS 0), 


A = 
= = Ysin?a, — cos?a,, 


9! 


wo, sing, = 0, 


oe 
Ov, 
Rise rslan, fasn 


és, = Vane a, — cus? 


7: 
OF! 0. oF =—vrsing 
Go; =. 03, 2 
oF fr sing, cos Sy 

00, =a sin?a, -- costo; i 


ft sino, sin Ino, sin ny 
ry sin?o, -- COs? Uy 





ee 


(3.335) 


The rufcrence grid degenerates on the 0,&*4? 
Let us assume that 


xlar, waza, x ==0). 
' 


(3.336) 


The covariant components of the metric tensor will then be: 


ay h, ayy =ay 20, ay—ay ==, 


ne sin? a, sina, 





An Oy = Tn, ny — costa, * 
#tsinu, casa, sin a, COS A, 
ay 4), = 7 


sintn, costa, (3.337) 


In order to use formulas (3.129), 


expressing the Christoffel 
symbols of 


the first kind in terms of the derivatives of the covariant 


components of the metric tensor, we write out the derivatives da 














st 
The following derivaties are non-zero: > 
a aa 2r sin?a, sin?ny ‘ 
SS ae ar = sintu, — cus? oy 
ou 2 sina, COSA, SING, COS Oy. : 
se ve ade - sin? ny - costay 
tn 
da 277 sind, COs Oy SIN? Ay COST My 

an rane iF = Gin? o, — cusée,)? : 

1 
8a, day 
a, a 
7 aie Ns COS a, (cos? 9, cos? ay + shitn, sin® 702) 

= ~  sintan, — eos? ayy? 
h 2r? sin’ ay C4197 A, SING, CO8 By 

a : = = int, — C08 Gy)? 

2 
Oar, Oy, ‘2 
uy, oy, 

; sings ens a, (cos? 0, ens? 9, +f sin? a, sin? ay) ( er 

eae (sin?¢, — cos? u,)! ? 


Plane, where J = 0. 
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] 
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Taking into account equalities (3.338), from formulas (3.129) 
we find the non-zero Christoffel symbols of the first kind: 










“ir ¢ arelnrs—y St, 
ea 


Pg. =— 5 ; Naa=ly.2=4 Sn, 







9s 
2 or 
Tn =f Ida, 5 Gay dan 
ar=!n= >, Nao Ge ae 
la ' 
Parelais 5 SP. Case tna fe. 
Bay _- teas, 
laa do, 2 da, ° 















Tyas! 4 oe tay Be. 
(3.339) 
Thus, to within the constant factor 1/2, expression (3.338) 
contains all of the Christoffel symbols of the first kind except the 


symbols lo 3 and T 33 2" which, according to relations (3.338) and 
t , 
(3.339), are: 


fi sina, cos 0, 2 2 ° ” 
laa Sere costo, 6,608? 6,-~sin’a, sti O,+ 


+ sin? a, cos? «a,), 





£2 sino, Cos ay 2 2 Pa ? 
Pras = sink gy <r conta, 08" a C52 g— sin? 9, Sin? 4- 


+- sin? 0, cos?a,). 


(3.340) 


To find the Christoffel symbols of the second kind, we must use 
relations (3.126), the right sides of which contain, in addition to the 
Christoffel symbols of the first kind, the contravariant components 
is of the metric tensor. To find the latter we may use the fact that 
the matrix composed of the contravariant components aac of the metric 


tensor is the inverse of the matrix of the covariant components as 


k* 
Forming the inverse of the matrix |/ac,/|) we find: 

alt.sj, a? sa% a4, 

a? at a — 4 ct chy ay, (3.341) 


ens sf, 
The remaining components a : are equal to 0. 
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From equalities (3.126), (3.341). (3.340), (3.339) and (3.338), 
we now Obtain explicit ae ee for the non-zero Christoffel 
symbols of the second kind Tere 


rsin® o, sine, 
sinto, ~ custo,‘ 
Pri =x Py} oe all sing, coso tino, C09 0» 

sln?o, —cos!o, . 
r stato, sinta, 
sino, — corto, ° 
ri = ni = 4 . [ys =a £08? 0, cos? a, 

sing, (sin! oy — cos 0) ° 


2 ? @ 
Ps fg ae — See pene St 7 


P= — 


j= — 


Sita, cosa, sink ay 


2 
Tu=—- sin?o, —cos!a, ° 


sin? 0, ala, cond, 


ne 
Pn — 0,—costo, ° 


Mateo — C0! 0, sino, cnso, 
y u sino, = COS? a, e 
2 cos? a, costo, 


= Fam (sno, —easFa,y 
(3.342) 


Since the coordinates r, Oy, OS are stationary, 
tof, cee Uy} xox 0. (3.343) 


The reference grid under consideration is not orthogonal. 
Therefore to obtain the ideal equations we will use formulas (3.172), 
(3.163) or (3.164), as well as the table of direction cosines (3.173). 


Substituting expressions (3.343), (3.342) and (3.341) into relations 
(3.172), we find: , 
jm [fn case Fat 


+ 20,0, ctea,cte 9.) 4 grant] dt -4- (0), 
' 


. ete 0 
16, == J [n,—2ra 4+ sai, ena, (\c0s0,c08 at 
vu 


ees sing) +. read’ Val at -}- (0) 6, (0). 
10, == { [2 ~2F6, tags eats, a (a, sinus, stndg-+ 


+9, 03.0, cos oy +6 praca! vale +f r(0)9, . 


ee j Pdt-}-7(0). neil Acrayyidt + 04 (0), 
G v 





‘ 
o,='f ‘(rapat-4 94(0). 
v 
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From formulas (3.163) we obtain: 


F Stina, si 
wane f {geese {#2 (— 6, sing, sino, — 


= 0,¢080,c080,)-4-1)} ( —0, sina sing, ~6,cose cosa + 


+ Vieng OR WD] 


arr o CUS 0, COS 0; 
mae [ude + soesete x 


xX [i (- 6, cota, cosa, — 6, c0$G, su 0,)-+- 

+ (- 6, cotu,coso, -- 6, sin a, cos ¥,)| 4- 

+ + + Pears eave leo 9, cos 0, (7q}— 
— nui) + sing, sing, (Hn) — wn})] } dt +17 (0), 


mam fla one x 


X [0} (- 4,6010,c0s “un 6, cos a, sin o,) + 


+17 (- U,cot9, cos 0, — 6, sina, cos 0,)} + 


af “ Sent 
+ 1 e+ ogee Icos $6,(1 1 — 
g Voi? 9, —.C0S? Oy | TSO Ss ( ily 


—N1}) + sino, sing, (njny — niet tor | 
| (3.345) 


Equations (3.345) are satisfied for constant u by the following 


k 
values of Nye nt =s cos 0, cos uf-f cosa, sin ut, 


"Wi See sino, cos uf-}- cota, cosa, sin uf), 
’ 
n = (os 0, cote, cos ul — sing, sin ul), 
n) = — 6086, sinul + cosa, cos ut, 
i 
ny al (sing,sin ul 4-co1d, cas, cos uf), 
era inut 
Wp =, (cosa, cong, sinul — sing, cos uf), 
a c= V'sin’ oy — cos! g;. 


2 = FR sin 


= sin? a, — costa, 


aus ee eet 
wh == £9 tin? ay — cos?ay. 


(3.346) 
| 


The quantities nk may also be obtained from the equalities 


nha r', (3.347) 











> 
in which "1p are expressed in terms of te by means of the formulas 


y, Ecos ut + slnat, 
=e —E,Sinat-+§,cosat, y= Bs. (3. 348) 


In order to use equalities (3.347), rk must be known. Since 
sora", 
a (3. 349) 
by taking into account expressions (3.341) for the contravariant 
components of the metric tensor, we obtain: 


tr! =f;, Peay (ry —reotmeots,, 


te: J, (- ryeotmcotay- +r). (3.350) 


At the same time, according to relations (3.334), (3.335) and (3.336), 


r, = 8, C080, ++ &,c0S a, -+-8, sin? a, —cos* ay, 
vy 3 &rsing, + & Viele =e costo, | 


2 7 81 0; COS Oy 
= 81 F8In 0, + ba oer | (3.351) 


Substituting Fy, Yy, ¥3 into formulas (3.350) and “sing equalities 
(3.348) and (3.347), we obtain the same values of nk Aas those obtained 
using formulas (3.346). 


Turning to the second group of equations (3.163), we ohtnrin: 


yt == alr, 


or, considering formulas (3.346), 


Wes r (cosa, cosut -+ cosa, sinut), | 
esr (— cose, slut -| cosa, cos a’ 


War V sina, cota, (8.3662) 


The quantities n',n? and n’? are required for the formation of 
the force function V of the gravitational field, which is Fee to 
be a function of these coordinates. Of course, the sums arad’ ‘ving 
may be transformed, as in the preceding cases, so as to contain only 
39 and 95 or g' and g’, defined by equalities (3.266). The latitude 
9 is required for the formation of 5 and 95 or g' and g’. It may be 
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obtained frem a comparison of relations (3.352) with the equalities 


yl=rcospeosk, —=rcospsind, y=arsine. (3.353) 


To complete the compilation of the ideal equations of the system 
n question, only the direction cosines between the newtonometers axes 
5 and the axes of the stabilized platform, i.e., the —', €7, &° axes °* 
remain to be found. 


. 
L 
» 

3 


From table (3.173) and expressions (3.351) and (3.341) we find 
the following direction cosines: 


t! e » 
é, cosa, COS 0, Vsiu? a, — cos?o, 
€, sino, clgo,cosa, cla, sin? a, — costa, 


C, cosajcigo, —stno, cig o,)/sin'o, — costa, 
(3.353a) 


§3.4. Ideal Equations of Inertial Systems Not Containing Gyroscopic 
Gauges of Absolute Angular Velocity [absolute angular rate meter} }° 


3.4.1. General considerations. Until now we have assumed that 
the inertial systems which we have been considering have contained 
gyroscopic sensing elements as well as newtonometers. The gyroscopic 
elements were used to effect the required orientation of the directions 
of the axes of sensitivity of the three newtonometers in the main 
Cartesian coordinate system, i.e., basically, in some inertial reference 
system. Specifically, the gyroscopic gauge of absolute angular velocity 
was used to determine the projections of the absolute angular velocity 
of the platform of the gauge on its axes, which made possible the 
integration of the fundamental equation of inertial navigation for the 
case in which the axes of sensitivity of the newtonomters are rigid- 
zy bound to the platform. 


It was also assumed that the sensing masses of the three linear 
newtonometers are always situated at a single point ca the object. The 
determination of the location of this point in the main Cartesian 


coordinate system was, therefore, a problem which was solved with the 
aid of the ideal equations obtained in the preceding sections. 





—: 


Even the most general considerations indicate, however, that in 
the design of an inertial navigation system it is in principle possible 
1.0 dispense with gyroscopic sensing elements . In fact, let us return 
to the system considered in §3.1. This system (Figure 3.1) consists 


of the platform cf a three-component gauge of absolute angular velocity 
to which are attached, three newtonometers, the sensing masses of which 
ire situated in the center of the platform gimbalson the object. In 
this case the newtonomter readings are the projections of the funda- 
mental equation of inertial navigation (1.79) or (1.88) on the axes 

»f the Oxyz coordinate system. 





The newtonometer readings are functions of the first and second 
lerivatives of the Cartesian coordinates x, y, 2 of the point O in the 
))xyz coordinate system, the projections ama derivatives of the pro- 
jections of the absolute angular velocity é of the trihedron Oxyz on 
its axes, as well as the projections of the vector gq of the strength 
of the earth's gravitational field on the x, y, z axes. To integrate 
the fundamental equation of inertial navigation, i.e., to obtain the 
ideal equations (3.59) -- (3.65) and the formulas deriving from them, 
it was assumed that the vector g is a known function of the radius 
vector r in the earth body-axis system. In integrating 
the fundamental equation and in converting from the coordinates x, y, 
z to the coordinates Ey, nar Sy, we use the readings Myr mye m, of the 
x! Wye u) 
respectively, for errorless operation of this instrumer.t. 


gauge of absolute angular velocity, which are equal to w 2° 


Let us now assume that, on the platform or, equivalently. in the 
trihedron Oxyz, newtonometers are rigidly attached not only at the 
noint O, but at several other points of, It is evident that the newtono- 
meter readings at these points will differ from the newtonomcter readings 
at point O even when their axes of sensitivity are identically oriented. 








There are two causes for differences in the newtonometer readings 
(assuming that trihedron Oxyz is rigid): non-uniformity of the gravi- 
tational field and rotation of trihedron- Oxyz in inertial space. 

If we consider, as previously, the gravitational field to be a known 
function of a point in space, then the difference in the newtonometer 
readings at points of and O, caused by non-uniformity in the gravita- 
tional field, may be calculated as a function of the coordinates 
determined by the inertial system. Thus, by comparing the newtonometer 
readings at the points of and O, it is possible to obtain information 
regarding the angular velocity of trihedron Oxyz, whence derives the 
theoretical possibility of dispensing with gyroscopic sensing elements 
in the design of inertial systems. i 


dom 


3.4.2. Information contained in the readings of a group of mutually 
displaced newtonometers. Let us assume that an inertial system contains 
a platfcrm which is either rigidly attached to the 
object or is gimballed. . As previously, let us attached to this 
platform a right orthogonal trihedron Oxyz (Figure 3.6). We will locate 





Figure 3.6 





the newtonometers on the platform in the following manner. We will 
place three newtonometers, the readings of which we designate as nye 


nye noe at the origin O of Oxyz, directing their axes-of sensitivity 


ee 


(the unit vectors of which in Figure 3.6 are also designated as Nye 
nye n,) along the x, y, z axes in precisely the same way as in the 


system (Figure 3.1) considered in §3.1. We select in trihedron Oxyz 
several points o* and place at each of these points three newtonometers 


oriented similarly to newtonometers Nye nye no. The newtonometer 


readings at the point 0? will be desiqnated by ni, nye ni, 





As before, we will consider the task of the inertial navigation 
system to be the determination of the coordinates of the point O° at 
ue n? are located. 


i 


which sensing masses of the newtonomters nye n 


Let Py be the radius vector of the point O° relative to the point 
O, and let r be the radius vector of the point O relative to the center 
of the earth 0. The radius vector of of relative to point 0) will 
then be 





FOAM. 
(3.354) 


i in the Oxyz coordinate system is 


Since the position of point 0 
assumed to be constant, 


Or = PSA Pry V+ 2, 


(3.355) 
where Pixs Piye Py2 are constants. 
In accordance with (1.88), 
ome SF — g(r), abs Tt — g(r), 5 (3.356) 
where 
mem ale + my + ate, 
alealy tay +ale, (3.357) 
Let us subtract the vector n° from the vector ni, and denote this 
difference by n°*. From relations (3.356) and (3.354) we obtain: 
AM sat no EE glee) +e (). (3.358) 


Using relations (3.3), we find that 





Ch ae By 20 XD KAM C(O X00. 


(3.359) 
where © is the absolute angular velocity of the trihedron Oxyz, and 

the dots, as before, designate the local derivatives of the vectors 

in the Oxyz coordinate system, or, equivalently, in the 0, xyz coordinate 
system, since these coordinate systems are identically oriented. 
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It follows from (3.355) that 


=O) = 0, 


(3.360) 
since in the Oxyz coordinate system the vector Ps is constant. Thus, 


SP ta my + 0X 00% OD (3.361) 
We introduce the notation 


a! = g(r) —£(r Ep). (3.362) 


From expressions (3.358), (3.361) and (3.362) we obtain: 
nas Bro (er gg 4 at (3.363) 


Projecting the vector defined by equality (3.363) on the x, y, 2 


axes, we find the expressions for the difference between the quantities 
i i i 


0 0 0 ; 
nye ny? no and ny ne no measured by the pee en OFS ts 
nol a= al — ns StH, es Abb . 
+ “, (0,7 «0,,) 1, (0% boytal, 
a” = nt -_ a = ti les Bees aa t 
Fy (ON, OMY) = 0, (“4 etal, 
ace ni — n° s On, - OMe ; 
TU bey ales cyte (3.364) 
; + 2 Pe e 2 wi 
Equalities (3.364) contain the newtonometer readings ney nr, nu 


and Pix Piys Pigs which are known quantities given that the relative 


locations of the newtonometers are known, the projections Oye Wye We 


of the absolute angular velocity of trihedron Oxyz on its axes, which 
‘are being sought, and the quantities ai, aye ai, 


To find Wye Wye and w, from equalities (3.364), we must first 
either use bus: latter equalities to find relations which do not contain 


i i i i 
aye aye apr Or express a, a ay in terms of parameters determined 
by the inertial system, for example, in terms of the coordinates x, y, 


z of the point O in the 0) xyz coordinate system. The expression of 
aye aye a in terms of the coordinates x, y, z gives rise to certain 


difficulties. These difficulties stem from the fact that the earth's 
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qravitational field is determined in the 0, Ene coordinate system, 

which is a rigid earth body~axis system. In this coordinate system the 
projections ee Gy 3, of the strength vector g of the gravitational 
field on the coordinate axes are functions of the coordinates £, n, ¢. 
The O, xyz coordinate system, however, rotates relative to the 0, Ene 
coordinate system. The projections of the strength vector g of the 


gravitational field at the points O and of 


on the x, y, 2 axes wil) 

be functions not only of the coordinates x, y, 2 of these points in the 
0) xyz coordinate system, but of the parameters defining the orientation 
of the O,xyz coordinate system relative to the O,EnG coordinate system, 
for example, the direction cosines between the corresponding axes. 


The latter are defined in terms of w., w., and w, and 


x z 
the earth rate from relations (3.61) and (3.64) or 
the equivalent relations (3.31) -- (3.33), (3.60) and (3.41). To find 
al, ay ae; therefore, it is necessary to use these relations, as well 


as relations (3.62) and (3.63), relating the coordinates fy, ne, Gy and 
E, ny Z% with the coordinates x, y, 2z. 


As before, we will use V to denote the force function of the earth's 


gravitational field: 


Ve=:V(E, 9, &). (3.365) 


The projections Gee Gye Fe of the strength vector g of the 
gravitational field on the €, n, % axes will then be: 


av ov ov 
a=o: &n= Wy em ye: (3.366) 


Substituting into the function V (£, n, ¢) the expressions (3.63) 
for the coordinates €, n, % in terms of the coordinates x, y, z and 
the direction cosines Bi5ft), we now obtain: 


VerV(xX, y, 200) (3. 367) 


Time enters explicitly into relations (3.367) in terms of Bi, "t). 
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The function V(x, y, 2) t) is the force function of the earth's 
jravitational field in the 0, xyz coordinate system. Indeed, 
relations (3.367) and (3.63) we have: 


from 


ov wv ov ov 
Fe Mt Sohn + Se Bu. 


. “" 
ov ov vy DV 
By a Baty Bint EO. 


ev _e@ , (3.368) 
ie oF = Ent Sy hn 4 oF bw: 
Ae, 


Be = RB + Koha + RB 
&y = kB + Pat Fsbo 
B= FB -t RP t eho. (3. 369) 


Differentiating equalities (3.368) with respect to x, y and z, 
we find: 


ov _ ov av nV oy 
Bat Tae Mi Gyr Oh er t+ 


ary ay av 
+2 (arm Biba + Seog Buku + once nf) . 
av av py? ary 
ar = f+ or 04 “ar Bt 
ary ov av 
+2 (sea0 bt See Bubs: + Fyog Ps) ' 
ov ey eV ey 
at = Gr Mat Sar tht Sere 


. , eV a uy 
+2( 2 tbat dogs OB t yey Bethy). 


Now, taking into account the fact that the O,xyz and 0,&n% 


coordinate systems are orthogonal, the validity of the following 
equality is easily demonstrated: 


ov PV ory’ ay, at way 


pat t Geb a = ay toe tae (3373) 


But since the function V(&, n, &) is the gravitational potential, 


: er ; ; ; 12 
it satisfied Laplace's equation in the O,Fns coordinate system. 
Therefore: 


ev ory vy 
a (3.372) 
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ne 


As a result, the strength of the earth's gravitational field in 
the O,xyz coordinate system will be the gradient of the function 
V(x, Ys, 2, th: 


@= grad V(x, y, 2.0) (3.373) 


Let us return to relation (3.362) and find explicit expressions 
i? and ay. 


i 
or ay, a 
x! 


From relations (3.362) and equalities (3.373) and (3.355), it 
follows that 


—Rtad V(x +O ie0 VAP: 2 EP OD. (3.374) 


Assuming that Pye D Pe. are small, we obtain. 


y’ 


0 av ay’ 
al — Pa Feaiy Ply — Dude Pree 
i av A a se OES 
Oy = — Brady Oe “Gy Oly — Dyas Pur 
av ay an 
0) — eds Pie — ay de Pv — ast Pe (3.375) 


In relations (3.375) the second derivatives of V are taken at the 
point 0, i.e., at the point with the coordinates x, y, z. The second 
partial derivatives of V with respect to x, y and z are determined by 


equalities (3.370). The mixed derivatives are found from expressions 
(3.368) and (3.363). They are: 


ov ary’ ey Ey 

ay i a Bailie ae Babs a ee 
ov A 

4 orgy (Putas tata) 4 tr (Br Bua-t BoP) 4 


4 te (Oat Bull. 


wy wy ney 


@ 
ae nae. ft es 
dade ay? Mabie ¢ oy 


Babs bee Bak 
4 Seay Oss + Baas) 4 EE Bast Baad + 
tpg iB, # Buf 
Bg Be eb Be OY tat 
brag Oy EBB) F sane EBA) + (3.376) 
4 gas Piast BB. 
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Figure 3.7 













Then 





Pry = Ps 


= P2, == 


= 



















Substituting equalities (3.377) 
i~r' ve at the following expressions: 


A - 1 (wi, f oF + 


a eal (6, +4 an 


he 











ay = t{ut + oF + 





a? m= (6, Fae, — 





a” = (0, + a0, — 





A x t{- ®, “foc 


. 
a 
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Piz = Py = 


ay = (. . a, + 0,0, — 


nit == t(- o, + 0,0, — 


Relations (3.364) and (3.375) define 
nt” for arbitrary selection of the point of. 


It is convenient. to take as the points ot the points 0!, 0? 


Mm. = 


MM, = 
a, 
Pay = 0. 


into 


ove 


ow }* 


oy 
‘Oxuy]" 


ov ) 
dxve}* 


av 
Osdy}* 
ov 
“ot )* 
av 
“oy ae}! 
eV 
Tar): 
ov 
~ Oy dr ]* 
av 
ae] 


5 


the quantities n 


(3.375) and (3.64), we 


oi nts, 


’ 


(3.377) 








(3.378) 





, and o', 
situated on the x, y and z axes, respectively, at equal distances 


from the origin O of the Oxyz coordinate system (Figure 3.7); as will 
be seen below, this does not cause the anaiysis to lose generality. 


It can be shown that equalities (3.378), together with the first 
equality (3.356), exhaust the information obtainable from newtonometers 
rigidly situated in the Oxyz coordinate system near its origin: they 
exhaust it in the sense that the mounting of extra newtonomters in 
addition to the twelve situated at points 0, 0', 07, and 0? add nothing 
to the information already available . 


Indeed, let an additional newtonometer be situated at some P with 
coordinates Ox 1 Py and Po. and let the direction of its axis of 
sensitivity e Sine constant angles with the x, y, 2 axes, the cosines 
of which are Yr" Yo and Y3: Then from equalities (3.356)}) (3.364) 


and (3.375) we see that the reading of newtonometer Np will be: 


fy = ny, + my, + my, + (cp, —p,)+ 

+0, (09,4 o0,)— 0, (0, +) — 

av av ov 
— Gat 2 — Sady Oy Sear Wt 
+ [wor, -« es 2 (v9, + 0,p,) —- 
ev ov 
— 0, (+0) — iy he Sat 5° spar Oe] Yat 
+ les, rg op,)+ %, (op, +4,%,)—e, (0 + of) a 
av ov eveo7. 
— Geos 1 ~ Gy de 8 — “dat Mal Ye (3.379) 


Grouping the terms on the right side of equality (3.379) reduces 
it to the form 





Ay = anty, + ayy, + ayy, + 


saber Sint ind ony Beet 
+(-3, aa, — Ly z)vs | + 
+ °,I(- 8,4 me a ar) %s («2 boy ' a )y, + 
+(% Be oe Far) Vil Is Ife, fue, i ak I+ 
+ ( 0, } te aaa) \ (ot t oy t a wee) Nal: (3. 380) | 
Comparing equality (3.380) with relations (3.378), we see that | 


the expressions in parentheses on the right side of equality (3.380) 
are the right sides of relations (3.378), divided by £. Therefore 
equality (3.380) may be represented in the form: { 
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Mp ay, tg, st aeyy + AE (agg agity + ay) + 
+ PRY A at Fay) + 
‘ 
+ fe (amy, 4 at'y, + ably,), (3.381) 


Thus, the reading Np of the newtonometer is a linear combination 


of the readings of the twelve newtonomters nye nye noe nye nye oe 
“ ni, nye nye n} situated at points 0, 0’, 0?, and 0*?. This demon- 


2 
n nyo 


n 


strates that addition of newtonometers to those situated at points 0, 


o', 0? and 0? does not increase the volume of information contained in 


the newtonometer readings. Of course, this demonstration is valid 


only under the assumption that 2, Pye Py and Pp, are sufficiently small 


such that, in the Taylor series expansion of 5V/dx, 9V/dy, 9V/oz in the 
neighborhood of point 0, only linear terms in 2, Pyr 2 


y and OP. need 
be considered. 


3.4.3. The ideal equations of an inertial system with only 


newtonometers as its sensing elements. Let us consider the basic 
alternatives for compiling the ideal equations of systems in which only 
newtonometers are used as the sensing elements. To do this we will 
represent equalities (3.378) in a somewhat different form. 


Forming the appropriate linear combinations of equalities (3.378), 
we obtain the following relations: 


ay 2y 
ait ae — ae (Ser + Sor — Ger) = — Behe 


A a at | 


| 
av ov av 
+1(—Sa + Sur + Sr) = — 22, 





(3.382) 
na — ae ta +15 _ Sr 4 Ss) = — 2u?; | 
nol al? 4.91 ay = 2lu,u,, 
ay tap + 2 ae = lan, (3. 383) 


24,03 ov : 
a; + ny +2! ayor = hoo; 
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ast at tata 





aA 


a 





(3.384) 


The nine equalities (3.382), (3.383) and (3.384) are linearly 
independent and therefore fully equivalent to equalities (3.378) Their 
Linear independence follows from the fact that the determinant of the 


Ae s : 
soefficients for ny ; noes nos (s = 1, 2, 3) is non-zero: 
1 000 10 00-1 
1 000-10 00 1 
-—! 000 10 00 1 
0 101 00 00 0 
A=| 0 010 00 10 o]=16¥0. 
0 000 01 01 0 
0-101 00 00 0 
0 010 ov-10 of 
0 000 01 01 0 (3.385) 


Equalities (3.382) may be s.mplified on the basis of the fact that 
it follows from the Laplace equation (3.372) that 


ay ov aVv a FV 

oN) SY. OE oe 255 

a oy as as 

oy oy" ' ave aa 

Ut dy?) de! pe” 

ov ot a av (3.386) 
~ Oe at “oy? 1 dst © On 


Let us substitute these values into relations (3.382) and complete 
equalities (3.382), (3.383) and (3.384) by adding to them the equations 
for nye nye and n> deriving from formulas (3.356), (3.3) and (3.373). 
We then obtain four groups of equations: 


. av 
| von = ou, t ty We 
av’ 
“y” ‘ 
av 
oe 


- * 
, = n} — tt, foe, 4 


. 
v= no ay, } oy, { - 


: \ (3.387) 
Nort, — yz m, J. 
y Sty wx -f0,2, 


F2U,— Oy FOL | 
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— 2a? o — att eat fa — 2 Se, 
av (3.388) 
— Qa? =z at! — a? + a — ot 


le? a att + nt — ad — 1 SY; 


Da, = wet + ni 2, 


2la,w, At fA 21 Oe (3.389) 
Mayo, = AP + A+ 21; 


lio, =: 40? — 
Qo, <= — Xl 4 99 
, e ae 
ler, r= 0! — n°, (3. 390) 


The first group of equations, i.e., equations (3.387), are the 


same as equations (3.59). They enable us to use nj, nye Nor Wye 


Wy 
Wo to determine the Cartesian coordinates x, y, z of the point O if 
the force function V of the earth's gravitational field, the initial 
values of the coordinates x(0), y(0), z(0) and the initial values of 


their derivatives x(0), y(0), 2(0) are known. 


The second and third groups of equations relate the projections 
of the absolute angular velocity Wyr Wy and Wo to the characteristics 
of the gravitational field and the newtonometer readings. Equations 


(3.388) contain, in addition nye nye and noe the readings nye n2, and 


4 

ny of only three newtonometers, while equations (3.389) contain the 

readings n? 
Cee ey 


' nye nee fe n; and ny of six newtonometers. Equations 


(3.388) and (3.389) are second order algebraic equations. 


The expressions w2, w?, and w? in terms of n°} n°? and m and 


x y z hy! 

the second derivatives of the force function V are evident from rela- 
tions (3.388). In order to find them, we have only to divide relations 
(3.388) by 22. 





It is also easy to find expressions for Wee w? and we from 
a 


equalities (3.389). They have the form: 


(tata aia) (e+e +21 eae) 





‘a 2t(n ni? 4. a +21 on sor) 
OY +0? 2 (tbat ban ae) (08 ba to 
= wy 
fat an 4. 2t oo 
eset ar 
OY SaaS ee © 
H eter tae (3.391) 


The fourth group of equations, equations (3.399), velate Wye Wy 
anc Wo to the readings of six additional newtonometers. These are 
the same six newtonometers the readings of which are contained in 
equations (3.389). Equations (3.390), as distinct from relations 
(3.388) and (3.389), are differential equations. A noteworthy char- 
acteristic of equations (3.390) is the fact that they are linear and 
do not contain any characteristics of the gravitational field. It 


follows from equations (3.390) that: 


t 

O, == x I ("? _ n;') dt-+, (0), 
v 
fi 


Wy = a J (— 43! + af) de +t, (0), 


t 
«, uy { (nm — 2) dt wv, (0). 
Pea), ae te (3.392) 


Like equations (3.390), the systems of equations (3.388) and 
39) contain, if the characteristics of the gravitational field 
snown, three unknowns: Wye Wy and W>° However, only the system 
juations (3.390) permits complete determination of Wye and 
* means of formulas (3.392). The quadratic equations (3.388) 
t determination only of the moduli lwyl, Just. and lwol. but 
not permit determination of the signs of these quantities. It is 
v.dent that knowing the signs of Wye Wy and w, at the initial moment 
of time is, in general, insufficient to determine the signs of these 
qauintities subsequently. Equations (3.389) also reduce to quadratic 


equations and therefore do not permit determination of the signs of 


270 





as 


Pores EEE : are weed SeenON RL TPIT TL TE TOT LT LTTE oe 


Wr and Wo. Indeed, if the signs of these quantities chanae, 


the left sides of equations (3.389) do not change sign. 


Thus, use of equations (3.388) to find Wyr Wy and Wo requires the 
simultaneous use of all three equations (3.390) in order to find the 
signs of the projections. But since the signs may be found using 
equations (3.390) only by fully determining Wye Wy and ws from these 
equztions, equations (3.388) become superfluous. 


Consequently, to find Wye Wy and w, we may either use the three 
equations (3.390), or some combination of equations (3.389) and 
(3.390) .23 From the point of view of simplicity the first approach 
appears to be the most appropriate. The second method has several 
variants. Thus, it is possible to use one of equations (3.390) and 
two of equations (3.389), for example, the first equatior of (3.390) and 
the first and second equations of (3.389). It is possible, on the other 
hand, to use two equations from system (3.390) and one from (3.389), 
for example, the first two equations (3.390) and the second or third 
equation (3.389). The remaining equations in systems (3.388), (3.389) 
and (3.390) are superfluous here and may be used only as redundant 
information. 


To summarize, let us enumerate the equations which can constitute 
the operational algorithm of an inertial system without gyroscopic 
sensing elements. 


These are primarily equations (3.391), the integration of which 
yields relations (3.59). Included, further, are the equations for 
determining the projections Wr Wy and Wot either equations (3.390) 
or, equivalently, equations (3.392), or one of the above-mentioned 
combinations of equations in systems (3.389) and (3.392). The 
operational algorithm will contain equations (3.60), by means of which 
the direction cosines G34 between the £4, ne, Sy, and x, y, Z2 axes are 
found, and equations (3.61) and (3.64) for the direction cosines 


“G5 between the £, n, %, and x, y, z axes, or the equivalent equations 


(3.31) -- (3.33), (3.41), and (3.60). Finally, the operational 








algorithm will contain equalities (3.62), relating the coordinates 
Eee Ne» and cy to the coordinates x, y, 2, equalities (3.63), relating 
the coordinates &, n, © to the coordinates x, y, 2, and also equality 
(3.365) ,by means of which the force function of the earth's gravita- 
tional field is determined in the earth body~axis coordinate sys-~ 

tem O,6n3, and the equalities (3.368), together with the required 
-elations from equalities (3.370) and (3.376), depending on which of 


the equations from systems (3.389) and (3.392) are chosen to determine 
the projections Wye Wy and Ws 

The combinations of relations enumerated above form closed systems 
of equations. From them may be found the coordinates x, y, z and the 
velocities x, Y> Z, the coordinates [£,, na» Ge and §, n, %, and the 


projections Wye Wy We of the absolute angular velocity. Of course, 


the velocities less Tighe le and E, ne t may also be found if necessary. 
These equations nay also be used to determine the direction cosines 
aise assy and Baye characterizing the relative positions of the Oxyz, 


Oye Sy and OyEns coordinate systems. The first of these coordin- 


ate systems is bound to the platform on which the newtonometers are 
mounted, the third is rigidly bound to the earth, and the second 
is formed by the coordinate axes of the main Cartesian coordinate system. 
If the nlattorm on which the newtonometers are mounted 

is itself gimballed, the rotation angles of the gimbal rings 
determine, in accordance with table (3.66), the orientation of the 
OxY2 coordinate system attached to the object in relation to the Oxyz 
coordinate system. Together with the direction cosines Ose table 
(3.66) defines the orientation of the object relative to the main 
Cartesian coordinate system, and,together with Bis: in relation to 
the earth body-axis coordinate system 0, ons. 


In constructing the operational algorithm based on the relations 
enumerated above, we place no restrictions on the orientation of the 
Oxyz coordinate system, leaving it arbitrary. As was the case with the 
systems using gyroscopic sensing elements analyzed in preceding sections, 
it is possible to place various requirements on the orientation of the 
Oxyz trihedron. Thus, it is possible to rigidly attach Oxyz to the 
Oobiect. It is possible to orient it identically to Oy eae le or O,Ent. 








Finally, it is possible to make its orientation a specific function 


of time and the coordinates calculated by the inertial system. 


Of special interest in this regard is the case in which the gravi- 
metric system is used only to orient the platform in a particular way 
relative to the gravitational field, for example, such that one of its 
axes always coincides during unperturbed motion with the direction of 
the strength vector of the gravitational field. In this case, since 
the coordinates are not determined, Wry, sand We aiso need not be 
Getermined. They can be eliminated from the equations. The 
quantity to be determined will be the parameters characterizing the 
deviation of the platform from a given position in relation to the 


gravitational field. 


Up to this point it has been assumed that the gravitational field 
is known but arbitrary. {It is to be expected that, for a specific 
form otf the gravitational field, the ideal equations may prove to be 
simpler than those derived for the general case. They may also be 
simpler if the Oxyz coordinate system is oriented in a specific manner 
in relation to the gravitational field. 


If the earth's gravitational field is considered to be spherical, 


then 
vet, (3.393) 
where 7 
em Vat rea (3.394) 


and . is the product of the mass M of the earth and the gravitational 


constant. 


Differentiating equation (3.393), we find: 





a ee 
Bat - =). hw —% (1-H), 

Gra h(i (3.395) 
me: z Me, oar =e 


273 ; 


eo 


If the Oz axis of the Oxyz coordinate system is superposed on the 


radius vector ry expressions (3.395) simplify, since in this case 


Kezy=:0, 27, (3.396) 


It follows from equalities (3.395) and (3.396) that 





ov ov ev ov a 
Oe Oy ~~ Dedy ~ Oxde  dyue . 


ov n ov Vv = 8 

Oe ST tt Dat OF ne 

av 

St are (3.397) 


Turning to equations (3.387), (3.388), (3.389) and (3.390), we 
note that for the case of a spherical gravitational field, its para- 
meters drop out of the first two equations (3.387) and all three 
equations (3.389). In this case, as in systems (3.390), only the 

projections of the absolute angular velocity and the newtonometer 
readings remain in system (3.389). System (3.389) enables us to deter- 
mine w?, w2, and ws algebraically using only the newtonometer readings. 
Corresponding formulas are derived from relations (3.391), if the mixed 


derivatives of the force function V are set equal to 0. 


3.4.4. Using algebraic equations only. Additional remarks. Let 


us consider equations (3.388) and (3.389) for the case of a spherical q 
gravitational field in greater detail. We substitute. into these equations 
the derivatives (3.395) of the force function of the earth's gravita- 

tional field, after first having introduced the following designations: 


a, ye (AEA a AY, y= 94 (ny — Hy — A, 
4,=2 y (a? — nt n¥). 
ay (ET). 4, 3 (OPED 
ay, y, (0 +A). 


pPssk, xjresa', ylresy', aire’, 


After substituting we arrive at the equations: 
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= a ~ a ee 


wt =a,— a(l— 3x"), a =a,—Ak(I —3y"), 
wt =a, — k(1 —32"). 
0,0, = A,, + 3kx'y’, 0,0, =4,,-F 3hy’2’, 
o,, == 4,,-} 3k2'x', 
ee ee 2 ( 3 7 398) 
xf fe 2 al 


Equations (3.398) are algebraic. They contain seven unknowns: 


Mpc eer Saar Wyr Wye Wy and k, which under certain conditions may be 


ec ined from these equations. One of these conditions is knowledge 


7 W 


ot \«e sign of at least one of the Projections Wr Wye Wy of the 
absolute angular velocity, and also the sign of at least one of the 
coordinates x, y, z. This is possible in certain cases. Thus, if 

the platform is mounted on an artificial satellite of the earth and 
the direction of its z axis approaches the direction of fF, 

z ~ ry, and therefore z >0. If, in addition, the orientation of the 

y axis is close to that of the normal to the orbit and the velocity of 
the angular oscillations of the platform around this axis is less than 
the angular velocity of the satellite's rotation around the earth, 
then the sign of Wy becomes known. 


The first six equations (3.398) may be written in the form of the 


tensor equation 
Ti! — arte 4-kTM 4 TH 29, 


where 








wt m0, 0,0, xl oxty! xtz! 
THs on, wt 0,0,), Ti) Ft y's! y” 
8, 0, ow ax’ aty) 2? 
1oo0 My ayy te 
To =/0 10 TN =] Oy, 
3.399 
001 | a,, a ae ( : 
All of these tensors are symmetrical. Tensors rfl) and 7 (2) are 


dyadic products of the vectors and r/3k/r times themselves. )4 Tensor 


to is unitary. The components of tensor Ti are the quantities 


measured by the newtonometers. 











As a result of the fact that tensors fl) and 7 (2) 





are the dyadic 
+> >> 

products ww and rr3k/r’, only the first invariants of these tensors are 
non-zero. They are obvious: 









Mes? 4- ot tolsu, J et y? 27 el, 





Let us examine the invariants of the ténede iT () + 14), 


Jj =a, -f a, -}-a, — 3, 
J, = — 3k? -+ 2k (a, +a, -+0,) — a,a, — a,a, — 
—a,a, +- a? + a, +- a? 
d= — hI + h(a, -4- 0, + 4,)+ k(— 0,0, — 
—a,a,— a,a,-t-a?, +a), -+ a2) + 2a aa — a 


s ay yeae 


—@ a —ala —a?,a,. (3.400) 


any yea 


















The invariants Tye Jo, and J5 do not depend on the orientation of 

Let us calculate the invariants by appropriately selecting Oxyz. 
Superposing the z axis on the direction of r, we will have: x' = y' = 0, 
z' = 1. Thus we obtain: 






Oxyz. 















jee? — 3h, tyne — MCLOV | p20, (3.401) 


The relation J, = 0 is a cubic equation in k. This equation has, 
in general, three distinct real roots (ky) <k9<k3). 
desired value Ko: The realness of the roots 
that the roots 
tensor T{4), 
evident that 


One of these is the 
derives from the fact 

of the equation are cigenvalues of the symmetric 
Comparing expressions (3.400) for Jy, Jo and Jz, it is 


ou, 


pe, MS, 
N=. 4 ae f 


“ok Gk 


a3 4 (Ky) 
ome pave a reas 


and therefore the desired quantity is the middle root 


According to the second equality (3.401), 

i.e., Ko = ko: 
The equation J3 = 0 has a double root ko for Jo = 0 and a triple 

root for Jy = 0. In the first case, in accordance with the second 


equality (3.401), the vector of the rate of rotation of 
Oxyz has the same direction as the vector tr. 
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In the second case w? = 3k. 


a7J3 
For Jz = 0, depending on the sian of J, = syz- = w? - 3k, either 


the roots ky and ky or the roots ky and ky will coincide. It is 
evident that if J,>0, ky = ky = Ko? if J,<0, ky = k3 = Ko: 

After k = Ko is found from the equation J3 = 0, Wye Wye Wor xs; 
y' and z' may also be found. Relations (3.400) and (3.401), along 
with the equations obtained from the invariants of TM) 4 7) and 
Tf) 4 7&3), may be used for this purpose. The following approach may 
also be used. Since ky, ky and k3 are eigenvalues of tensor pi”. 
equations (3.398) may be reduced to the main axes of this tensor, 
after which they are easily solved.?® 


It is possible, on the other hand, to find x', y', z2', Wor Wy and 
We by beginning directly with equations (3.398). In this case it is 


convenient to perform the following change of variables in equations 
(3.398) : 


x, 0,—x'V3k, x,=0,— yk, 

x) =0,— 2/V 3k. 

My = 0, -+ x! VFR, Yp= ay + y' VSR, 

Ys =O, + 2’ Y Tk. (3.402) 


As a result we obtain the following equations in place of the 
first six equations (3.398): 


Aya, ky yyy — ky yyy eta — hi 
M2 +- xy = 2a yy. yey + xoN 2 2ay,, 


MM 4 MM 2a, (3.403) 


Substituting now Yy" Yo and Y3 from the first three equations 
(3.403) into the last three, we obtain the quadratic equations 





(a, —&) (24) — 20,, 22 4-a,—k=0. 


(a, —&)(32)' — 20,, 2 4-0,—k=0. 
(a, — (2) —%,,3¢-+4,—k= 0. 
(3.404) 
Since x; and y; enter symmetrically into equations (3.403), equations 


for Yo/Yy0 ¥3/Y> and Yi/Y3 coinciding exactly with equations (3.404) are 
obtained: 


(a,—k) (2:)'—20,, 2 +0,—h =0, 
(a, — (2) —2a,, 2 +4,—k =0, 


(a, —&)(21)’ — 20,2: +0, —keo, (3.405) 


From equations (3.404) we obtain: 


a por [4 a3, —(4,— )(6.— DE 
Sg yen al (3.408 








A 
eh 
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The expressions for Y2/Y," ¥3/Y2 and ¥,/Y3 differ from the expres- 
sions for Xo/X) + X3/X> and X4/%3 only in that the signs + appear in 
the brackets in front of the root in place of +. This correspondence 
between the signs derives from the last three equations (3.403). 


We note that the equaticn for k may be obtained from relations 
(3.406) by multiplying the left and right sides of these equalities. 
It can be shown that this approach also leads to the equation J3 = 0 
obtained above. 

Denoting the right sides of equalities (3.406) by Ao," 439 ana 
4\3° and the right sides of the analogous equalities for Yo/Yy0 


¥3/Y2 and ¥1/Y3 by boy. b35 and bi 3: we obtain two systems of homo- 
geneous linear equations: 


Xq— Ay Xy == O, Xy— Ay Xp =O, Ty — yy ky = 0; (3.407) 
Ya — Say FO. Wy — bay, =O, yy — Oyyy =O. 
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Solving them, we can express X, and x5 in terms of X3 and Y) and 


Y> in terms of y3: 


Ky 945%), nye gh, Wy = Oya, y= pe. (3.408) 


To find x, and Y3 we can use the equations 


xMty +a" al, of tof toj=a,+a,+a,. (3.409) 


The first of these is obvious, while the second is obtained from 
the first eyualities (3.400) and (3.401) or directly from the first 
three equations (3.398) by adding them. 


According to equalities (3.402) 


’ 


re tep, yeh, wa tebe, 


ate He ym et a= veo (3.410) 

Substituting here x,, x, and yj, Yo from relations (3.408) and 
introducing the resulting expressions for Wye Wye Wer x’, y', and z’ 
into equalities (3.409), we obtain the following equations for X3 
and ¥3: 


¥3 (by + 07,03, +1) + x4 (a7, + 7,07, + y- 
— Bynes (951045 + Oyyb 40430) 4 1) = 12ky, 
3 (Oi + O},03, 4 ')+ +3(a],+ aia}, + N+ 
Hye sOirtiet Oysb aan I=4 (a, + a,+2,). (3.411) 


Dropping Y3 (or x3) from these equations, we obtain a biquadratic 
equation for x3 (or Y3)- 


Up to this point we have analyzed a system without gyroscopic 
sensing elements, and which determined the Cartesian coordinates ¢,, 
Nar Gy OY €, nn, & The conversion to curvilinear coordinates may be 
effected in exactly the same way as with systems using gyroscopic 
elements. We will not consider this case in detail, confining our- 
selves to the following considerations which may prove useful in under- 
standing the problems arising in converting to an arbitrary reference 


grid. 
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In the general case complete information is given, as was shown, 
by twel.ve newtonometers located at four points not lying in the same 
plane. The directions of the axes of sensitivity of the sets of three 
newtonometers at each of the four points should be non-coplaner 
within each set. If the tetrahedron whose vertices are the 
four points at which the newtonometers are located, is rigid, the 
task of the inertial system reduces, essentially, to determination of 
the coordinates of the vertices of the tetrahedron. To determine the 
coordinates of any of the vertices, the three non-coplaner newtono- 
meters whose sensing masses are located at this point are sufficient 
(if the earth's gravitational field is known). It is also necessary 
to know at each moment of time the orientation of the directions of 
the newtonometer axes as a function of the coordinates being determined 
and of time. The orientation parameters of the tetrahedron relative 
to the coordinate system OE eS, become known, clearly, as soon as 
the coordinates of its vertices are known. The orientation of the 
newtonometers in relation to the tetrahedron, on the other hand, should 


be given as a function of the coordinates determined by the system, 
and of time. 


In conclusion, let us consider one more problem. In compiling 
the ideal equations we assumed that the earth's gravitational field 
was known. Under this assumption, it was possible, on the basis of 
relations (3.368), (3.370) and (3.376) to determine the first and 
second partial derivatives of the force function of the gravitational field 
with respect to coordinates x, y and z which entered into equations 
(3.387), (3.388) and (3.389). . At the same time under this assumption 
we obtained a superfluous system of equations for the navigation 
parameters of interest to us, since we had available the nine equations 
(3.388), (3.389) and (3.399) for Wyr Wy and Woe The question arises as 
to whether it is possible in compiling the operational algorithm of 
an inertial system to have preliminary knowledge of only some of the 
characteristics of the gravitational field, and to determine the missing 
ones from equations (3.388), (3.389) and (3.390). 


It is evident that it is impossible to fully determine the charact- 
eristics of the gravitational field from equations (3.387), (3.388), 


(3.389) and (3.390). In fact, if we assume that in (3.387) 
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v, =, =0,=0, 
(3.412) 
then the fifteen equations listed above are sufficient to find Wyr Wy,» 
Wor Xe Ye and z and the nine first and second derivatives of V at point O 
with respect to coordinates x, y and z. There are, however, no 
superfluous equations, and if equality (3.412) does not obtain, the 
number of unknowns increases by 3 (vy. vy sand v2). and the number of 
equations becomes insufficient. We note that the introduction of 
gyroscopic sensing elements in addition to the newtonometers leaves 
the situation unchanged. This is due to the fact that the system of 


equations (3.390) does not contain the parameters of the gravitational 
field. Thus, if Wy w 














and w, are determined using the gyroscopic 


gauges of absolute angular velocity, equations (3.390) simply become 
superfluous. 







On the other hand, equations (3.388), (3.389) and (3.390) enable 
us to determine Ws ¥, and w, and the second derivatives of V as 
functions of time, such that if the second derivatives are known as 
functions of coordinates (for examvle, of &, n and 7%), equations 
(3.388), (3.389) and (3.390), together with equations (3.61), (3.62) 
and (3.64), also enable us to find the coordinates x, y, z as functions 
of time. In this case, obviously, equations (3.387) may not be used. 

If equations (3.387) are used, the first derivatives of the force 
function, which enter into these equations, should be given as functions 
of the coordinates, i.e., the projections of the strength vector g 

of the earth's gravitational field on the axes of th. coordinate system 













attached to the earth should be known (as functions of the coordinates 
Ef, n and ~). 


In conclusion we note that, for the practical realization of 





systems which do not contain gyroscopic sensing elements, extremely 
accurate newtonometers, with a range of measurement from g 
te (197 %to 197!4)e are required. 
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or wy, is not known from external information sources. 
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More precisely, the function V satisfies the Laplace equation both 
on and outside the surface of the earth. 
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14. Compare, for example, Kochin, N. Ye., op. cit. 


15. The preceding results can also be obtained by other methods. Com- 
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Chapter 4 


THE DERIVATION AND TRANSFORMATION OF THE ERROR EQUATIONS 
OF INERTIAL NAVIGATION SYSTEMS 


§4.1. The Perturbation Mode of Inertial Systems. Basic Instrvment Frrors. 


The equations describing the ideal functioning of inertial navi- 
gation systems examined in the preceding chapter constitute algorithms 
on the basis of which various systems may be constructed. In order to 
realize the algorithms it is necessary, clearly, to have available the 
required instruments and devices. These are, primarily, inertial 
sensing elements: newtonometers and gyroscopes. Further, computational, 
including integrating, devices will always form a part of such a system, 
In order to effect time integration and the synthesis of time functions, 
an inertial system should include a timer from which time signals are 
fed to the computer; these signals should mark absolute (newtonian) 
time, which may be assumed as corresponding to the astronomical siderial 
time. Finally, the system should include devices which effect the 
interconnections between the various elements and instruments, including 
servo devices based on one or another principle of operation. 


The equations describing the ideal functioning of inertial systems 
include the initial values of the coordinates and their rates of change, 
i.e., the initial conditions of the motion of the object in which the 
inertial system is placed. These initial conditions shculd be known, 
Moreover, the ‘sensing elements of the system should be oriented in a 
particular way at the moment at which the system begins to function. 
Their initial orientation should correspond to the selected algorithm 
describing the functioning of the system. 


The ideal equations are sufficient for describing the functioning 
of an inertial navigation system only when all of its elements and 
devices are errpr-free (ideal) and when the initial conditions of the 
system correspond precisely to the initial conditions of the motion of 
the object. 








In real systems these conditions are fulfilled only to a certain 


level of approximation. Therefore, the mode of functioning of an 
inertial system differs from that described by the ideal equations, 

and the navigation parameters are imperfectly determined by the system. 
This mode of functioning, or, in other words, the motion of the inertial 
system, determined taking into account errors in initial conditions 

and instrument measurements, may be termed the perturbed motion of a 


navigational system. 


Since the algorithm characterizing the unperturbed motion of the 
system is known, in dealing with perturbed systems we are primarily 
interested in their deviations from unperturbed motion. 


Equations defining the deviations of variables describing the 
state of an inertial navigction system from their ideal values will 
henceforth be termed error equations. These equations determine the 
stability of the inertial system as a whole. They also establish 
the connection between errors associated with system elements and 
errors in the initial conditions, on the one hand, and errors in the 
systems' determination of the navigation parameters, on the other. 
Thus, the properties of the error equations determine, in the final 
analysis, the functional accuracy of the inertial system. Analysis 
of the properties of the error equations constitutes, therefore, one of 
the fundamental goals of the analysis of an inertial system. 


Analysis of the error equations permits determination of the 
reguirements on the system elements which must be met if the system 
is to achieve a previously specified level of accuracy. Study of the 
error equations further permits systematic selection of the algorithm 
describing the ideal functioning of the system (including the reference 
gcid in which the position of the object is determined), and the 
orientation of the sensing elements. Finally, the error equations 
permit, as we will see below, rigorous determination of the acceptability 
of various simplifications of the algorithm determining the functioning 


of an interial system. Moreover, it is only on the basis of the 
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properties of the error equations that it is possible to judge the 
need for corrections in an inertial system, as well as the effective- 
ness of various correction procedures. 


Before proceeding to derive the error equations, it is necessary 
to examine in somewhat greater detail the basic sources of error which 
perturb the functioning of an inertial system. 


The essence of the functioning of an inertial navigation system 
consists in the processing according to a specific algorithm of the 
information contained in the readings of inertial sensing elements: 
newtonometers and gyroscopes. It is to be expected that the instrument 
errors associated with newtonometers and gyroscopes are the primary 
sources of error in the functioning of an inertial system. 


The primary content of the algorithm determining the functioning 
of an inertial system is the integration of the fundamental equation 
of inertial navigation. This integration presupposes knowledge of 
the initial conditions of motion of the object. Error in these initial 
conditions also leads to perturbations in the functioning of an inertial 
system, The algorithm selected to integrate the fundamental equation 
(different algorithms may be used in different systems) presupposes 
a specific orientation of the sensing elements of the system, keginning 
at the moment at which the system begins to function. This appi.ies 
equally to errors in the specification (or the pre-start computation) 
of the numerical values of the initial conditions, as well as to errors 
in the realizations of these values in the system. 


Further, the solution of the fundamental equation depends on 
a priori knowledge of the gravitational fieid of the earth, i.e., the 
magnitude of the gravitational pull as a function of position ina 
earth body-axis coordinate system. Solution of the fundamental 
equation also presupposes a given motion of the earth around its center 
of gravity. Errors in specification of the gravitational field 
and the earth rate give rise, clearly, to error, 
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Finally, the instrumentational realization of the algorithm for , 
integrating the fundamental equation and the appropriate orientation 
of the sensing elements gives rise in a real system to error. This is 
due to the instrument error of the timer, the computing and integrating 
devices, and the servo and transform systems. Enyineering inaccuracies 
in the mechanical (kinematic) elements of the system are also of 
relevance here: inaccuracies in dimensions, angles between datum planes 
and alignment directions, coaxial misalignments between elements, 
slack, elastic deformations, etc. 


An inertial navigation system includes, as a rule, a large number 
of elements and devices. All of these elements and devices contribute 
their error to the functioning of the system. However, it would be 
incorrect to attempt to reflect as large a number of elements as 
possible in the error equations. A more effective analysis of the 
error equations would result from the reduction, if possible, of the 
error contributions of all of the elements to a few characteristic ones 
covering all possible sources of error. In other words, it is always 
expedient to use the smallest possible number of independent parameters 
defining the state of the system, 


In an inertial navigation system, error in the specification of 
initial conditions and the instrument error of the sensing elements, 
the newtcnometers and yyroscopes, may be taken as characteristic 
error sources of this type. Instrument error in the inertial sensing 
elements will henceforth be termed basic instrument error. The instrument 
error of all other elements and devices in the system can in the over- 
whelming majority of instances be reduced to a few equivalent basic 
error types, i.e., error in the sources of primary information. Error 
in the specification of the gravitational field and the earth 


rate likewise reduce to equivalent basic error. 


The possibility of reducing the instrument error of any element 

i or device in an inertial system to an equivalent error in the sensing 
elements is not, generally speaking, obvious. It will be evident from 
the following that this possibility occurs only when all of the elements 
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and devices in the system fulfill, even though with a certain degree 


of error, their functions, i.e., all elements and devices transform 
the information fed to them in accordance with those portions of the 
ideal equations which they realize. This means that at the output of 
any device there is always, along with an error signal, a basic, 
useful signal. Error in this case may always be represented as some 
additive error introduced into the output of the device. 


It is evident that such types of error in the functioning of the 
elements and devices of the system are also possible when the algorithm 
defining the ideal functioning of the system (or of some part of it) 


breaks down. This occurs, for example, in zones of instrument dead time, 


in air gaps and stagnation friction zones. In these zones the elements 


in question may not fulfill their function in the system: the useful sig- 


nal may be absent at their output in spite of the presence of an input 
signal. 


We will return to this problem in Section 4.6. In this section 
we will use concrete examples to show how the error of system elements 
and devices may be reduced to an equivalent basic error. In the 
meantime we will consider that, as a rule, the only instrument error 
in an inertial system is the instrument error of the sensing elements: 
the newtonometers, the geometrical sum of whose errors we will designate 
by the vector An, and the gyroscope for measuring absolute angular 
velocity, the vector sum of whose errors we will designate as Am. 


The physical sources of instrument error in the sensing elements 
were discussed in Chapter 1, which included a derivation of the 
equations describing their operation, and we will not consider this 
question further here. We will consider sn and 4m as given functions 
of time. They may be either determined or random. The form of these 
functions may of course be a function of the pa:.meters of motion of 
the object on which the inertial system is mounted, in particular 


velocities and accelerations (g-loads). 


It has already been noted that the error equations link error in 
the cetermination of the navigation parameters with the instrument 
error of the elements of the system and error in the specification of 





the initial conditions. In developing the equations describing the 


ideal operation of inertial navigation systems it is assumed that they 
should solve two fundamental problems: first, to determine the 
coordinates of a moving object and their rate of change, and, second, 
to guarantee the required orientation of the inertial sensing elements 
and to define the orientation parameters of the object. It is 
accordingly necessary to obtain equations defining both error in the 
determination of the coordinates of the object and defining error in 
the parameters characterizing the orientation of the inertial elements 
and the object in space. In the general case these two groups of 
equations are related. However, a number of considerations make it 
expedient to begin by deriving the equations defining error in the 
specification of the coordinates, and this will be the subject of the 
next three sections of this chapter. 


$4.2. Equations Describing Error in the Specification of 
Cartesian Coordinates 


4.2.1. The vector form of the error equations. We will derive 
the equations describing error in coordinate specification for the 
system examined in §3.1l. 


Equations (3.53) -- (3.58) or (3.59) -- (3.65) constitute, in 
essence, the functional algorithm of this system, i.e., the equation 
defining its ideal operation. Equations (3.53) -- (3.58) and (3.59) -- 
(3.65) are fully equivalent and differ only in their form: equations 
(3.53) -- (3.58) are a vector description of the operational algorithm 
of the system, while equations (3.59) -- (3.65) are in scalar form. 


Equations (3.59) -- (3.65) based on the newtonometer readings 


n n., n, and the absolute angular velocity readings m,, m_, m 


x’ vy zZ x y 2 permit 


us to obtain the Cartesian coordinates of the object x, y, z in the 
coordinate system 0, xy2, and also the coordinates fy, Ny, % in the 


basic Cartesian system and the coordinates £, n, « in the coordinate 
system O,6n¢ rigidly bound to the earth. 
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We recall that the force function ¢ 





(6, n, 6) of the non-spherical 
component of the gravitational field which enters into equations (3.56) 
and (3.65) is considered as known. Also considered as known are the 

projections u 














gr U7 U, of the absolute angular velocity of the earth 


around its axis, which enter into relations (3.67). 


The initial conditions of the ideal equations (3.59) -- (3.65) 
are: 


vy (0), Vy (0) v2 (0) -- the values of the projections of the absolute 


linear velocity of the object (more precisely, the velocity of the 
apex of the trihedron OL yz connected to the platform) around axes 


X, Ys Z2 at the initial moment of operation of the inertial system; 


x(0), y(0), 2(0) ~~ the coordinates of point O in the coordinate 
system O)::yz at the initial moment; 


#4500), 8459) -- the initial values of*the direction cosines between 


axes x, y, 2 and axes £,, ny, S, and &, n, 6. 





Now let am. ams Amo. Ane Any. an, be defined as the instrument 


error of the device measuring absolute angular velocity and the 
newtonometers, respectively. We will consider these quantities to 

be functions of time, either determined or random. At the initial 
moment of operation of the inertial system they may be different from 
zero. We will denote their initial values by Am, (0), am, (0), Am, (0), 











An, (0) ’ ny (0) ’ An, (0) ° 


Alsu let bv, (0), bv (0), év,(0), 5x(0), 5y(0), 52(0), 6a55 (0), f 


65,10), Cer SNyge Slye SE, Sn, 56 be the error in the specification 
of the corresponding initial conditions. 


We will denote deviations of variables and functions from their 
values corresponding to the unperturbed, ideal functioning of the 


system by EVa6 Oye bva4 bx, bY, 62, basse SB se Cogs Stier OS ye 58 , 
un, 56. 















In order to obtain the error equations, i.e., the equations 
corresponding to perturbations 6x, dy, 6z etc., it is necessary to 
substitute x + 5x, y + dy, 2 + 62, ... for x, y, 2... in equations 


(3.59) -- (3.65), and m, + bm. n 





oe. and 





5 + én, see for mer n 


set 
to subtract equations (3.59) -- (3.65) from the resulting equations. 
If we ignore the squares and products of the perturbation, the 
procedure for deriving the error equations reduces to the derivation 
of the usual equations in the variants corresponding to equations 
(3.59) -- (3.65). 















The modification of equations (3.59) -- (3.65) may proceed in 
a completely formal manner since we are considering the general case. 
The significance of this remark consists in the following. Let us 
assume that we are considering not the general, but a specific case, 


in which the orientation of trihedron Onve has been selected in scme 


special fashion. In this case a number of terms may dro» out. For 
example, if we assume that the z axis of trihedron 0 is directed 


2 












along vector g, then in the first and second of equations (3.59) 


projections dy and dy will be absent. In this case the formal 


modification of these equations will not enable us to obtain 69, and 
ogy, which, clearly, should enter into the error equation, since in 


the perturbed mode the conditions under which the z axis and the vector 
g would coincide will not be fulfilled. As is well known, in the 
compilation of equations describing the variations in dynamic systems 
for the purpose of investigating their stability or the transient 
processes occurring in them, it is always necessary, before attempting 
to derive the perturhation equations by means of formal variaticn 1 

of the initial unperturbed equations, to make certain that there are 

no forces acting on the system other than those occurring in the 
equation describing the unperturbed motion of the system. 







In our case, as has already been noted, equations expressing to 
a first approximation the influence of perturbations 6x, éy, 62, etc. 
may be obtained equations of variations of (3.59) -- (3.65). 


So ene ae 


We now turn to the derivation of these variations equations for 
(3.59) -- (3.65). These equations may be obtained eith- 
er by varying the scalar equations 


(3.59) -- (3.65) or by varying | 
the equivalent equations (3.53) -=- (3.58). We will begin by deriving the 
variations equations from the vector equations (3.53) -- (3.58). 


Varying equations (3.53) -- (3.58), we obtain: 
bo <= f [An —Am X 0m X b0-4 dg -4-Ag) dt+4o (0), 
® 


t 
Wr am f (do — mX be — Am X rid? + 8 (0); 
e 


t 
R= fon xm +k, xX Am) dt $68 (0), 
dn, fon, % mtn, X Amp dt, +O (0). 


¢ 
Oh |, XM mt + 8, Xx Amide + 88 (0); 
e 


t 
B= f 188 X (m—u) +B X (Am —du ~Au)| dt +88 (0), 
@ 


' (4.3) 
dys j (O04 (m—u) 4- yX (Ain -5a—Au)} dt -+4n(0), 
° 
‘ 
OG es f US X (mu) $< (Nema du —Auii dt +85 (0): 
° 
dg = —8("F) +b groded. moh sea) 
bu = ad} -f atin tush: (4, 


Oster Ber dk. ayer neon, 
adr tte a,. 

dete R468, | Anesdre gy fer dy, (4.5) 
Abaca Ar Boh re Ag. 


The variations equations (4.1) -- (4.5) include, in addition to the 
vectors 
Ames Am x q- Nyy fb Naz, (4.6) 
An =a \a,x “f Any Anz 
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of the instrument error of the device measuring absolute angular 


velocity and the newtonometers, the error vectors Ag and Au. These 
errors may be expressed by means of the equivalent errors Am and Am. 


For now, however, it is expedient to preserve them in the equations. 


There are two reasons for this. First, the errors Ag and Au are in 


themselves characteristic of inertial systems. They reflect incomplete 
knowledge or specification of the force function of the gravitational 
field and the earth rate. Second, using the errors af and AU it is 
possible to demonstrate the procedure of reducing specific types 


of errors to equivalent basic errors. “ 


The variations of the variables entering into equations (4.1) -- 
(4.6) are isochronous. We continue as yet to regard the timer in 
the inertial system as ideal. We will return below to this question 
and will show, in particular, that error in the specification of time 
may also be reduced to certain equivalent basic errors. 


We now move from the integral equations (4.1) -- (4.3) to their 
differential forms, which we obtain by differentiating them with 
respect to time in the coordinate system O)xyz, i.e., in the same, 
coordinate system in which the integration of relations (3.53) -- (3.55), 
and consequently relations (4.1) -- (4.3), was performed. Considering 


equality (3.1) and shifting terms not containing variations of variables 
to the right side, we obtain: 


OF + 2u'X OF + 0 % (0X dr) fr % Or — bg = 
asAg--An—2Am Xr + AmxXr— (4.7) 

Am X (a %r) — «0X (Am ¥ 4); 

Ok, fo KOE, = BL Am, On, + 4 OM, = HX a} 


: (4.8) 
ay ofa OE, = b, KX Am; 


ome 


3 -F eo — a) X ARE KX (Am — Aa — au), 
dnt (9 — wd X by = Hy (Xm — Au — du), (4.9) 
M4 (on — a) <2 8% (Nm — Aw = du). ff 


In equations (4.7) -- (4.9) the dots denote, as before, local 
differentiation in the 0) xyz coordinate system. The initial conditions 


of the differential equations (4.7) -- (4.9) derive from the integral 


equations (4.1) -- (4.3). The initial conditions are: 











At d br (0) 
6¢ (0), d7 (0) == er) — cacy % br (O)— Am) X 7(0),. (4.10) 
85.(0), 4n,(0). 88, (0), 8§.(0), 81 (0), A$ (0). 


Since the error in the computation of the initial value of the 
velocity appearing in the second equality (4.10) is 


ARCO oa by 4-00 (0) X 4 (0) + 60(0) X (0), (4.11) 


bF (0) may be represented as follows: 


8 (0) == Brg + [deo (0) —- Ams (0)}, < (0). , (4.12) 


e 
where Fy is the error resulting from the introduction of the initial 


value r(0) into the system computer. 


If the initial value &(0) is measured by a gyroscope measuring 
absolute angular velocity, and is not a calculated value, 


09 (0) 3 Am (0), MF (0) = Ay, (4.13) 
Let us now transform equations (4.4), (4.5) and (4.7) -- (4.9). 


Let us first determine the variation of 6g. From the first equality 
(4.4) we have: 


bg =dgrad © 4-Sorade (2. 0, 


Aprade = EOS + Se Om bE AS gad be. (4.14) 


We introduce the vectors 


(4.15) 


Ory a(n ORE, +r Sn) n+ (F888, 
Or, (FARE H (rou Er ALE 





Then relations (4.5) may be written in the form 


Mya tar, Orpen ly +8r,, (4.16) 


where vector 6r is defined by equation (4.7) and the vectors 6F, and 


oF, are introduced through the equalities 





OBO + nan, + oA, 
Ory = EAE + dn + Fat (4.17) 


From the equalities (4.17) it is easy to see the physical signifi- 
cance of the vectors oF, and GF 4: these designate the total error in 
the determination of the coordinates of the object in the 0,84 Sy and 
O,E ng coordinate systems, respectively, consisting of the error 6r in 


the determination of the x, y, 2 coordinates in the O, xyz coordinate 
system and the errors br, and br, in the conversion of the x, y, 2 


coordinates to the &4, "ye, Ss and &, n, & coordinates. 


Taking eccount of equalities (4.17) causes the first formala (4.4) 
to take the form 
Sgrademe Hay + Sdn bt 
+ (Mo gnd Se) 8+ (Ore ata <-) n+ (Ora -sctad aye (4.18) 
Let us turn to (4.8) and (4,9). 
The trihedra Ol ba Nabe and 0,6" are rigid, so the vector 
triple f, + 6¢,. Ty + ona, Cy + SC, and & + 56, N+ bn, © + 5 likewise 
form orthogonal trihedra. Since the vectors Shans BN s Sys and 6£, 6n, 
and 62 are small, it is possible to introduce small rotation vectors 


6, and 69, such that the equalities 


= OF. Ons Kn, Bf = OX F 


ea--O%E. Sys 0% =—-0,xF. (4.19) 


will be valid to within the second order of smallness relative to the 


- > 
vectors of,, 5 Tgs Oe; SE, bn, and 6. 








Substituting relations (4.19) into formulas (4.15), we find: 
Mather, Ae, oy Xe. (4.20) 


In order to determine ey and é, we proceed as follows. We 


substitute the first equality (4.19) into the first equation (4.18). 
This substitution and a few simple transformations yicld: 


OX E40 Eb XO, XE) A CB. (4.21) 


; é ; : 3 
We now substitute into relation (4.21) the expression for ¢, 


from the first equation (3.54). This gives relation (4.21) the form: 


OBO, XE, Xd NO XE 8, KAM. (4.22) 


It is easy to verify that the following identity holds: 


0, XR, Kon 4 a < (0X Ee (en X XR. (4.23) 


Using this identity, we derive the following equation from 
equality (4.22): 
(0, Fo X 0, — Amy < f, = 9. 
-(4.24) 


But since the vector quantity in parentheses is essentially 
arbitrary, it follows that the vector oy should satisfy the equality 


6,-+ oO, Sm. (4.25) 


For Bae analogously, from the third equality (4.19), the first 


formula (3.55) and the relation (4.9) we obtain 


OK S40, 1 (wd) dt u)*< (0, ¥ 3) 
(Ma Am 4 du) (4.26) 








which, using identity (4.23), may be reduced to a form analogous to 
(4.25): : 


6, -+ (m — u) X 0, = Am — Au — bu. (4.27) 


But in accordance with the last equation (4.9) and the last three 
equalities (4.19) 


agit: (4,28) 
We therefore finally obtain in place of (4.27): 
6, -}- 40, = Nm — Au. (4.29) 


In deducing equations (4.25) and (4.29) we made use of the 
first equalities (4.8), (3.54), (4.9) and (3.55). The result, of 
course, is the same if we use the second or third of these equalities. 
In fact, ‘if, for example, in equation (4.24) &, were replaced with 
ny Or ¢,, the final result, i.e., equation (4.25), would be unchanged. 


We now return to equalities (4,14) and (4.18) If in relations 
(4.14) we insert é&, 65n, 6¢ from “he last three equalities (4.19), 
we obtain the expression 

byrade cs 0, grou Egeadde, 
(4.30) 
in which the term grad 6£ may be represented, according to relation 
(4.18), in the following form: . 


grad de = (ar, > tad aye + 
4-(d7. ett So) yt (dey eenet Vg (4.31) 


Let us now collect the transformed equations in a system equivalent 
to equations (4.1) -- (4.5). For this we will use relations (4.7), 
(4.25), (4.29), (4.20), (4.16) and (4.30). The error equations of the 
system under consideration will then reduce to the following system of 


vector equations on variations: 
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OF + Dee xX OF or X (wr K Oe) f 09 X Or — 
— dgrad £-+0,x grade -- gtad be x 
ox Ag-}-An —2Am Xr —Am xr — 


— Am X (@ Xr) — 0 X (Amt X FY; (4.32) 
6, -+o X 0, = Am, (4.33) ; | 
6, 4-0 X 0, = Am — Ag; 
br, =, «KF, ér, += 0, X Fr, { 
Or, == Or + Or,, dry edr + dry. | (4.34) 
Tne initial conditions of the differential equations entering | 


into the system (4.32) -- (4.34) are given by relations (4.10) -- rf 
(4.13). 


The solution of the error equations (4.32) -- (4.34) enables us 
to find the vectors 6r, bF5, bE 4. i.e., the error in the determination 


of the Cartesian coordinates in the O,xyz, Oyo Me Se and O,E 0G 


coordinate systems as a function of the error in the specification 
of the initial conditions, the basic instrument errors 4m and An, 


and the errors Ag and au in the specification of the gravitational 
field and the earth rate. 


4.2.2. Equations defining error in projections onto the platform_ 
axes. Let us now turn from the vector error equations (4.32) -- (4.34) 
to the scaler error equations. The most convenient way of effecting 
this transition is by projecting these equations on the the x, y, 2 
axes of the platform of the inertial system, since the local deriva- 
tives in equations (4.32) -- (4.34) were taken in this coordinate 
system, 


Expanding the vector products in equations (4.32), we find: 
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oxe— & $ af) Ax -f @, - dy = Du, Ay ao 
+(0,0, 4 tn dz + om ae _- 
- (s grad L — th X grade -{ tad dr) = 
aye w Ag, +-An, — 2(Am,2 — Am,y) - 
—Am,z “$ Any — a, (Am,y + Am,z)— * : 
—Am, (oy +0,2) 4 2a (oy Am +0, Am,). 
by— (o} + 0}) sy 4 (0,0, — w,)dz ~ 2eo, 02 + 
+ aa, + 0,)00 + Ya, be — (4.35) 
—(3 grad + —0,X% grade 4-urad w) oz Ag, +An,— 
—2(Am,« — Am,2)—Am,x 4 Amz — 
—o, (Amz t Arta) ~ An, (1,2 + 8) + 
+ 2y(o, Am, +o, Am,), 
02 -- (6? + of) + (0,0, — dx — 20, Ax + 
+ (0%, + a, ay 4- 2u, dy _ 
— (dsr 4 — O,X grade + gad *) 2 
= Ag, + An, — 2 (Ant, yA) — Amy Am, x— 
—w,(Am,x + Amy) — Am, (u,« + 0,9) 4° | | 
+ 22 (a, Am, +0, Am,). 


: From equations (4.33) and (3.64) we obtain: 


bu + 0,0), — 0%) = Ait ys 8), + 4%, 0,9, = we (4.36) 
t,, -t0,0,, —0,0,.= Am: 


6, + 0,0, — 0,0, = Am, — Au, 

4, + 0,9;, —0,0;, = Am, — Au, 

6,, + 0%, — 0, 0,, = Am, — Au, 
Au, = Ausf, + Af -+ Nehy, 
Au, = Auf, $ Au fy + Mf. (4.37) 
Au, = MnP + AaB, bNuBy. 


Finally, from relations (4.34) we find: 


dy Or = O,2, dy dy + oy, ee 


bx, = 0,2 —0,,), Avy dx + Avy, | 
62, =9,,y—0,,¢, Azj=dz + As); 


6x, =20,,2—0,,9, Ou, ody + Avy, 
by. =30,,* ~ 0,2, by, as dy fe Ay, (4 ° 39) 
627,=0,,7 — 0,x, Ac, sade + de). | 
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The initial conditions of equations (4.35) -- (4.39) are the 
quantities: 6x(0), 6y(0), 6z(0), 6x(0), 5y(0), 62(0); 0 (0) + 0), (0), 


012 (0) 824 (0), %2,(0), 95, (0). 


In accordance with (4.11) 


8x (0) = B89 + Jo, (0) — Am, (0)} 2 (0)— 

; — |b, (0) — Am, (0)] y (0), 

83 (0) = bjp-4-[u, (0) — Am, (C9] x (0) — (4.40) 
— [du (0) —Am, (0) 2(0), 

82 (0) == B29 + Jv, (0) — Am, (0)] y (0) — 
— |b, (0) — Am, (0)} x (0). 


In equation (4.35) the projections 


(ogra £ — 0; X grade + grade) 
(0 graa £ — 0, X grade + grad te) . 


(0 grad + — 0, % grade + grad te) 


(4.41) 


have intentionally been left unexpanded. Before expanding expressions 
(4.41), it is necessary to consider the following. For a gravitational 
field as close to spherical as that of the earth, 


Ierade|<<:|erad £ |. (4.42) 

and so 
[erade] << [dere EI. (4.43) 
Equations (4.35) -- (4.39) are the essence of the equation in 


variations. They were obtained by formal variations of the equations 
describing the ideal operation of the equations (3.53) -- (3.58) 
describing the ideal operation of the system. Only terms which are 
linear relative to variations of the variables were retained. Terms 
containing squares of variations, products of variations with each 
othe~ and products of variations and instrument error quantities were 
considered to be sufficiently small to be ignored. 
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Thus, in the perturbation égrad 





only the linear terms are 


retained, i.e., 


} grad * : pa £ *( Se 4 3e w). ; (4.44) 


At the same time 6gradc has the same order of smallness (which 
may be verified by performing the corresponding calculation) as the 
quadratic terms of the series exnansion of the spherical component 
of the gravitational field, which were ignored in equality (4.44), 
the more complete form of which is: 


gual pPap — grad Sa dgrad Oma | (—a 4 3° %). (4.45) 
Consequently, if only the linear terms are left in the expansion 

of the spherical component of the gravitational field, there is no 

need to retain the variation of the non-spherical component. The 

variation of the correction for non-sphericity of the gravitational 

field is retained in the error equations, so that it is necessary at the 

same time to retain the quadratic terms in the expansion of the 

spherical component, i.e., in place of égrad e, determined by equality 


(4.44), the quantity 


kad pay — Rad F Ne (4. 46) 


" ur Shr Ayade Wade? 
meme rd pp nb pee — Ae 


must be used. 


We note that in relaticns (4.44) -- (4.46) the quantity é6r 
denotes not the modulus of vector Sr, but rather is defined by the 
equality 


ar ={r 4 de} r (4.47) 
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It seems that it is senseless to speak of retaining the quadratic 
terms of the expansion of (4.46), for the reason that the entire set 
of equations (4.35) -- (4.39) are linearized 
equations. If, however, we return to the ideal equations (3.53) -- 
(3.55), we notice that these equations are linear in ft, v = at/dt, 
es < eae Esmee excepting vector g, which is a non-linear 
function of these variables. Therefore, when the instrument errors 
are absent, equations (4.1) -- (4.3) and consequently also equations 
(4.7) -- (4.9), iff the perturbation 6g is abstracted out, are exact 
equations for the perturbations 6r, 6V, 58,, Sty, O@y, 62, bn, 6e. 


In the investigation of the stability of an inertial system discussion 
will center around solution of the homogeneous error equations, based 
on the assumption that instrument error is zero, and only errors in 
the initial conditions are the source of perturbation. Thus, with 
regard to the homogeneous equation (4.7) -- (4.9) their accuracy is 
determined only by the accuracy of the expansion of (4.46). 


At the same time the homogeneous equations (4.36) and (4.37) are 
first order equations, i.e., linearized equations, since in introducing 
the small rotation of vectors 8) and 85 and in making the transition 


from equations (4.8) and (4.9) to equations (4.36) and (4.37) we 
ignored terms containing the squares and products of small angles. 
But the homogeneous equations (4.35) semained exact in the sense that 
the degree of their approximation is determined only by the error in 
the approximate representation of (4.46). 


The stability of the system of homogeneous equations (4.35) -- 
(4.39) is determined, obviously, primarily by the differential equations 
(4.35) -- (4.37). It is easy to see that equations (4.36) and (4.37) 
are 30lved separately from the others. The solution of equations 
(4.37) takes part only in the formation of édarade in equation (4.35). 
Equations (4.37) are not associated in any other way with equations 
(4.35). But éyrade is a quantity of the second ovder of smallness. 

The use of linear equations (4.35) -- (4.39) in its formation can 


302 





a 
a 
q 


seat 





give only a third approximation of the error, but the second 
approximation remains exact. 


It follows from these considerations that in the first approximation 
the quantity égrade in equations (4.35) may be substituted for 


using equality (4.44), and the quantity égrade may be considered to be 
sufficiently small to be ignored. In this case expressions (4.41) 
in equations (4.35) are replaced by: - 


dprad, + =F (—ox+ 3x ), 
dour, Bam Sy (byt ay Z). (4.48) 


a # ér “A 
grad, 7=7 (-0 + 92 +). 


where 


Path 242% be |r fdr] pos Ce (4.49) 
- : 


The equalities (4.48) and (4.49) are equivalent to the vector 
equality 


Sgr” 4 { Or 4 3r a). (4.50) 


The following conclusions may be drawn from the above. 


If we ignore the variations of the non-spherical component of 

the gravitational field, the differential equaiton (4.35) may be 
solved independently of equations (4.36) and (4.37). The corresponding 
vector equations (4.32), as well as the first and second equations 
(4.33) may be dealt with in the same manner. Thus, ory and oF, become 
independent. 





If there are insufficient first order equations, their subsequent 
specification should consist in the following: equations (4.8) and 
(4.9) should be taken instead of equations (4.36) and (4.37), and 
in equations (4.35) the projections of the vector égrade and the 
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quadratic terms of the series expansion of the spherical component 
Gf the gravitational field (4.46) should be retained. 


We obtained the error equations (4.32) -- (4.34) or, equivalently, 
equations (4.35) -- (4.39), on th basis of the ideal vector equations 
(3.53) <= (3.58). It is possible, >f course, to obtain these equations 
directly from the ideal scalar equations (3.59) -- (3.65). In view 
of the importance of the error equations in the solution of the 
fundamental problems of inertial navigation, we will repeat their 
derivation in analytic (scalar) form. This will permit a clearer 
understanding of the transformations and assumptions made in the derivation 
process. Moreover, we will henceforth need certain scalar relations, 
the derivation of which will require the re-derivation of a large portion 





of the error equations in scalar form. 

In order to derive equations (4.35) it is necessary to differentiate 
the scalar equations (3.59) with respect to time, and then to vary them 
except for 8Vy. év vo. and to substitute expressions (4.41) for 


&9y0 Sdye 5g,- 


y’ 


" In order to obtain equations (4.36), we must obtain the 
differentiated equations (3.60), replacing ms m,¢ me with Wye 


Wye Wee Performing the differentiation and varying, we obtain 


a bay, + bet yay — den tory 2 ty Am, — «yy Am,, 
bt, f- Wty yin, — Bee, gy ox Am, —a, Am,. (4.51) 

bis + bay, — bryos ay Am, — 2), Am,; 

bay, ba; 0, — dayga, = 1 Am, — ay Amy, 


bityy -$ ba yia, — ba, 0, =a Am, tty Am,, 


Big, 4 bagi, — dayn, “= tty Am, — «tz, Am,; 
bay, 4 bay, — daa, ==, Am, — ay Art, . 
bray + bata, — B03 00, = tty Am, — ay Am,, 
diy, fds so, — tye, say Am, —ayAm,, 


1 
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In order to further transform equations (4.51), we introduce 


the notation 


0,, = — a2 buy — @7,4a,) — ay dn; 
0), = a bay; + ay, day fay bay. (4.52) 
0,, = — ay, a,, — a, da, — ay day. 
By varying the obvious equalities 
Oyaftyy + O21; + ayztty = 0, (4.53) 
2y)044- F404 Oya, = 0, 
Gn + My Oy + Ay0y = 0, 


we see that, with an accuracy to within terms of the second order of 
smallness relative to bag ys the projections Boy! Pye ee may also 
be represented in the following form: 


Q, =a), + ay dt, -+ 04,605), (4.54) 


9, = — ayy day, — An bay — ay hay, 
61, =) ay, + ay bay, 4- a5, dat). 


It is easy to see that 1x! ®1y" 12° defined by equalities (4.52) 


or (4.54), are the x, y, z components of some small rotation vector 
5 of the trihedron 0,xyz relative to the trihedron O)f,%%¢,- This 


small rotation is characterized in a change by a magnitude 6935 of 


the direction cosine O54 between the x, y, Zz and Ey, Ny, Sy axes. 


We now multiply the second equation (4.51) by 13° the fifth 
by 93 and the eighth by %33 and add. Grouping, we arrive at the 


cquality 


bay 24) ft dtytty, $f. bet sty to, (1, 40,, 4-ba, 2, § day) 4 
tm, (a, he, bay bt, 4 de) Am (7, iy bay 


— Am, (004 fF ott, + yay). 


(4.55) 
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Taking into account relations (4.53) and (4.54), as well as 


ait ah, + at (4.56) 


and, consequently, to within terms of the second order of . 
smallness 


Oy tuys + 00, + ay, bu, == 0, 


(4.57) 
we obtain from equation (4.55): 
Adi fH didn $y diy — 0,0, = Am,. (4.58) 
But according to the first relation (4.54), 
yy Betyg -F tty Oty $- yy edgy = 
Oy, — tty) — yy bag, — ty day, (4.59) 


Replacing now ay3" G53: rr in the right side of equation (4.59) 


with their variations from the third, sixth and ninth equations (3.60), 
we find that 


@,)4u,, Fay day, fay An 
SO (Oy ay | yy baty, Fy Tr 


=e (bay payday, ba Aa). 





(4.60) 
Since the second term of the right side is equal to zero, 
4,44) 4-4), let,, fry det, a 
SW, (Uy Ay T Oy Oty, Peay) (4.61) 
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We now insert relation (4.61) into equality (4.59), and the 
latter relation into equality (4.58). Taking equality (4.52) into 
account, we obtain 


4, +u,t, — 0,0, = Am. 


(4.62) 


If we multiply the first equation (4.51) by @,3- the fourth by 
53. and the seventh by 233 and add, then, using equalities (3.60), 


(4.52), (4.54) and relations (4.53), (4.56), (4.57), we arrive at the 
equation 


4, +00), —,0,,=Am,. | (4.63) 


Finally, multiplying the third equation (4.51) by Oy0 the 
sixth by G21 and the ninth by Ga,- we find that 


6,,4+0,0,, — 0,0), =: Am,. (4. 64) 
Comparing equations (4.62) -- (4.64) with equations (4.36), 
we see that they coincide. 


Equations (4.37) may be obtained from the scaler equations (3.61) 
in a manner completely analogous to the derivation of equations (4.62) 
-- (4.64). This requires only the introduction of the small rotation 
vector é,. the projections of which on the x, y, z axes are 


826 = Bin the + Bs ABy, + Bir Ba = 

= — fir fs — bahar — boy (4.65) 
8, = — fis Oi — Bi At) — Bas OB == 

=O ist ha ot Ba fa 
02, == Bia hay 4-82: 4B + Bar By = 

== — Bir Bia — Bor 8822 — Bin OP. 





and, in addition, the use of equality (3.64). 
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We note that the homogeneous equations (4.51) are exact . In 
going from equations (4.51) to equations (4.62) -- (4.64), we modified 


equalities of the type (4.53) -- (4.56) and ignored squares of 
variations of the direction cosines 6a; and their products. The 
homogeneous equations (4.62) -- (4.64) are therefore first approxi- 


mations of the effect of the perturbations. Analogously, equations 

of the form (4.51), which may be obtained from the equalities (3.61), 

will be precise, while equations (4.37) will be first approximations. 

This confirms the considerations expressed above * regarding the accuracy _ 
of equations (4.8), (4.9), and (4.36), (4.37), since equations (4.51), 

like the analogous equations for 6Bi 5. are projcctions of the vector 


equations (4.8) and (4.9) on the x, y, z axes. 


In the process of deducing equations (4.36) and (4.37) directly 
from the scalar ideal equations (3.60) and (3.61), we obtained relations 
(4.52), (5.54) and (5.65), which link the variations bay and 6B; 


Q ; 
of the direction cosines to Max! Oy" ae and Coy! Boy" Bon" respectively. 
These relations permit, in particular, expression of the initial values 
64,0), yy Oe 95,10), 99,0), Soy (0). 05,10), in terms of ba; 5 (0) 


and 6655 (0). 


In addition, we will show how equations (4.37) are obtained from ' 
relations (3.31), (3.32), (3.33), (3.41) and (3.21), (3.22), (3.23). 


From formula (3.41) it follows that 


Mi, =a, ha) Hetty ts, $0,005, + 
ea, dul, fey dat, fay, but, 
40%, bal, Oa, 4-04, da, 
+a), 00, bay, ‘a,, “bay, ba ” 





‘ See page 300 [of translation]. 
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Substituting here the values Gige a ij! bas, ba ij from 


expressions (3.31) -- (3.33) and (3.21) -- (3.23), and noting that 


’ ey ’ 
By = 2),0,, 4 9),9;, + @),0,,. 
- , ’ 
69,0), + ah, + a0, 


and making use of the orthogonality property of the tables of direction 
coSines (3.16) and (3.27), we arrive at the equality 


6, = Py (,—4,) — OB) (w, ~* a,) + 
+ ithe, — (m8, + Aaby + Aah) — 
— (ay 8, +g 8 + 05 88)) — 
— Bisldm, — (Auaf,, + Au hy + Ausfy,) — 
— Hei + 44 Bx + Hoy), 


which also follows from relations (3.61), (3.64). The remaining 
analogous equalities following from these same relations are obtained 
in a similar manner. The further derviation of equations (4.37) is 
obvious. 


We now derive relations (4.52), (4.54), (4.65) directly from 
relations (3.17). According to (3.17) 


OB, = bey -$ buy ry + dees, 
bn, == bag d ++ buy + bay, 


8, =e bay - btyy 41> dase. (4.66) 


Further from relations (3.17) and the first three equalities (4.19) 
we find: 


bay = — Ot), + 0),042. 
bey = — Oty 4°, ty. 
0,3 = — 0, 04, -+ Oj ay: 
bay, = — 0,05 + O47, 
bay, = — 0,0 + ,021. (4.67) 
$435 == — 0,47, -+ 0,04); 
bay, = — 0,0, -4-0,,413;. 
buy, == — 0,05 +9), ty, 
a5, = — 0, ,45, + 0,,05,. 
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If we now multiply the third equality (4.67) by A120 the sixth 


by Boos and the ninth by G35, and add the resulting equalities, 


taking into account the relations 


of, 4-4}, 4-a2, <1, } 
MA + Oza, + aysry, = 0, 


(4.68) 
we obtain the expression for %). 


04, = — O20 — Aydt, — ay May, 


(4.69) 


which coincides with the first formula (4.52), as required. 


The remaining-five formulas (4.52) and (4.54) may be obtained 
in an analogous way from equalities (4.67). 


In order to obtain formulas (4.65) from the latter three equali- 
ties (4.19), the relations 


BE et yt oh 2, 
On = Bae 1 Ohay 1.2, 


&, 2 Apyx 4 bhay + Myr. (4. 70) 


must be used to write the equations linking the variations 6854 of 


the direction cosines with Ooy? Soy! Son" analogously to equations 
(4.47), and the same operations must be carried out on them as in 
the derivation of formulas (4.52) and (4.54). 


Thus, we have obtained equations (4.35) 
scaler equations (3.59) -- (3.65). 
(4.38) and (4.39) and, 


(4.37) from the ideal 
It remains to obtain equalities 


to obtain from relations (3.65) 
From equalities (3.62) we have: 


in addition, 
the projections (4.41). 








Ox me buy b, -F ban, -£ bcts,8, + 

Ha, Of, +t, bn, + ay, &,, 
by = ba,6, + dtm, + day, + 

+94,85, +a An, -f ay 45,, 
bz = 60,38, + ba, 1, -f dak, a 

+ a), 8§, +4, 1, + Oy A. 


But according to expressions (4.17) 


Gy dE, +a, dn, 4-05, &, == 3x5, 
0,265, + andn, +05, 85, = dy, 
a), 03, + a@,, 4, + ay, 4, = dz). 


On the other hand, using £4, ny, &, from relations (3.62), we 


bad, + ban, -f dat, = : 
(gy Oey, Hy Oty Paty May VF (yy Bay, bitty Many & 
tty, bat) yk 4 (45, b25 4-ay Any, 4-4, 8044) 2. (4 . 73) 


As a result of the orthogonality of the table of direction cosines 
55 it is possible to write with an accuracy to within the second order of 
smallness: 


City Gh 1 ate, 20, 


but accorling to equalities (4.52) and (4.54), 





ay, Sy, + 0, dry, 4t-an day = 0,,, 
Gyday f My day fy bey, ss — 0,,. 


Thus, taking inte account the first equality (4.72), the first equality 
(4.71) assumes the form: 


by == 0), —- Oz + bx5. 
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But from formula (4.38): 
8,,y — 9,2 = — dx). 
We therefore finally obtain: 
$x,20,,2—O,y, dx, bx + dx, 
(4.74) 
which coincides with the corresponding equalities (4.38). The 


remaining equalities cf this group .nay be obtained in an analogous 


manner. 


In order to obtain the last three relations (4.39), it is necessary 
to use the equalities 


bx = M8 + Hn 4- Sd + 1 88 + By dy + By 98, 
by = O88 + OA, n 4- 881% + Bi OE + By dn 8,88, 


5 
bz = Chk + an t+ ops 8 + Bis BE ++ Bd + B88, (4.75) 


that follow from formulas (3.63). 


Completing the derivation of equations (4.35) -- (4.39) from 
(3.59) -- (3.65), we obtain from the latter equations the projections 
(4.41) of the variations in the intensity of the gravitational field 
of the earth on the x, y, z axes, i.e., we show that the following 


expressions for 59x. dye 6g, obtain: 


og, = ( tad £ —- 0, >! grad © + grad ar) ; 


r 


bg, = (derad b 0% grade+ gradde) (4.76) 


r 


4g, ° > (Ograd “—0,% grade + grad ac) ‘ 
& 


The three equalities (4.76) are clearly equivalent to the single 


vector equality 


(4.77) 
Og = dgiad . — 0, % grade 4- grad de, 
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the correctness of which we are now certain on the basis of 
equations (3.65). 


From equations (3.65) it follows that 


bee 85 8 5 ik t Bad + Bt) + 
+6 i (Ba ¥-E Bay + By2) 4 8 Se (Pak + Bary + fst) -+ 
ehh +9 Oh He My) + 


+ % (4 By 9B +2 ihn) + 
+ Ma ty ta 1 


(4.78) 
whence 
dg=Oprad E+ grad de 4- SH gt Se ont 5s oy. 
(4.79) 
But according to the final three equalities of (4.19) 
SENS FE by 4 Se A 0, ¥ pate, 
- (4,80) j 
The validity of equality (4.77) follows from formulas (4.80) and 


(4.79). 


In conclusion we will write the error equations in vector and 
scalar farm, 


If the coordinates being determined are the £,, ny, 6, Coordinates 


in the fundamental Cartesian coordinate system, then the error vector 
equations form the system 


OF -f 2a ar tea Lor 4 eC Z AP) 


op Bete — 86 MOB an § Vg —2 Nm F (4.81) 
—Am Yr \m tor) ow “(Am <r), 
2 0, Fe > (= Mat. 
ér, =O. Ar, s hr -ar,. 
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The initial conditions of system (4.81) will be the quantities 


Or (0) 0", 87 (0) =F, 04(0) = HF. 
(4.82) 


The following scalar equations correspond to the vector equation 
(4.81): : 





be [Gt + 8 — 24%) —} — of] ox + 
+ (0%, —%, ee au) by — 20, by + 
+ (0,0, -+6, — S42) b2 +20, 82 = 
=x An,-+ Ag, —2(Am,z—Am,y)—Am,z + Amy — 
—, (Amyy +Am,z) — Am, (wy +0,2) + 
+ 2x (v, Amy +0, Am,), 


85+ [4 at + at 29) at — wt ]dyt 
+ (0,0, —6, — 344) dz — 20, 82+ 
+ (0,0, -+6, — SY) ox + 20,81 = (4.83) 
ex Any + Ag, — 2(Am,2— Am,2) — 


—Am,x + Am,z —w,(Am,2 -+ Am,x) — 
— Amy, (0,2 + 0, 4)-{- 2y (m, Am, + w, Am,). 


+[4 (x7-f y? — 22?) — of — 02] 82+ 
+ (20, —a, - Say) bx — 2u, bx 
+ [a,e, + “, oF Sr) by + 20, by = 
w= An, + Ag, —2(Am,y — Am,x) — 


_ Am,y + Am,x — 0, (Nm x + Am,y) = 
— Am, (10,2 + ayy) + 22 (co, Ant, -F oo, Am,); 


6, +,,, — 0%, =Am,- 
6,,+4,0,, — 0,0), = Am,, 
b, + 0,0, — 0,0, = Am,, 


(4.84) 


6x, = Oy2—- Oy, Oy) = Oe —O,2, 
ay Oe 4.8 
1 . 85 
bx, dx 4-du,, Nyy - bv f Nyy, 
b2,=h2 4 dz, 





The initial conditions of these equations will be the quantities: 


6x (0) = 8x, dy(0) = dy, 82 (0) = 42", 
Bx (0) = di, OY(M) = Ay", 82°) = 829, 
0,0) May Bt), Fut ut bt, ee 


0,, (0) = OF, = a7, Aah -F 0}, du, + u§, da4,, 


6, (0) = O, = att, ba4, +- at, ba, + a, da}, 


where, in accordance with relations (4.40) 


B29 <= By + (dea? — Ams”) 2” — (a? — Lan?) y", 
By? adj 4 (Sex? — Am) x — (bu) — Am’) 2", 
2° = 32,4 (Seo — Ami) x” — (bo) — Am)) x. 





4.2.3. Additional remarks. If the coordinates being determined 
are the Cartesian coordinates £, n, & in the coordinate system attached 
to the earth, then the first equation (4.81) is retained, but the 
final three equations are replaced by 


6,-+0 X 0, = Am—Au, | 


672 =) Xr," bry = br + dr, (4.38) 
with the initial condition 6,(0) = fine 


Corresponding to equation (4.88) are the scaler equations 


02.02, — 0,9), == Am, Au,, | 


6,, 4-0,9,, — 0,0, =e Am, — Any, (4 a 89) 
6,4 0,0,,— 00), = \a, — Muay; 
$x, = 0,,2—0,,y. dy, 0,2 -- 0,2, 
$2, =0,,y— 0,2": (4.90) ° 
bx, enbepda,, by, = by 4 Sy, b5, 42-4 be, 
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The initial conditions of equation (4.89) will be the quantities 
defined by the following equalities, analogous to the final three 
equalities (4.86): 






























ss 03, == Bi, OM, + O48, +640. 
0,,(0)=0? = BF, Mis t+ 82, 68, 8, 602, on 
0, (0) = 03, == 1,4, 49,003, +, 41, 


It may be seen from equations (4.83) and (4.89), that the errors 
Ag and Au may in fact be replaced by the equivalent basic instrument 
errors Mn and Am. One feature of this substitution should be noted, 
however. If equations (4.83) and (4.89) are compared, the following 
circumstance is revealed . The right side of equations (4.89) 
includes the projections of the vector Am - Au, while the right side 
of equations (4.83) contains only the projections of vector Ait. 
Therefore the substitution of the equivalent value dm for du is 
effected in the following manner: first, in equations (4.8°) the 
following substitution is performed 


Am‘ =: Am — Au, 


(4.92) 


> 
then Am' is substituted for am in the right side of equations (4.83), 
while other terms containing su are dealt with by the corresponding 





equivalent variation of the error vector An. 


Equations (4.81) for the corresponding scaler equations (4.83) -- 
(4.85) do not differ in essence from the system represented by the 
first equation (4.81) and equation (4.88). They differ only in the 
right sides of the first cquation (4.88) and the second equation (4.81). 
By virtue of the reducibility of the error Au to the equivalent errors 
Am and an, this difference is insignificant. Therefore only the 
system of equations (4.83) -- (4.85) will be considered in the following 
discussion. 
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Up to this point in this section, the discussion has concerned 
the derivation and transformation of the error equations of inertial 
navigation systems containing gyroscopic sensing elements. I. 

§3.4, however, it was shown that it is possible to construct an 
inertial system in which gyroscopic sensing elements are absent. 

In these so-called gravimetric inertial navigation systems, the only 
sensing elements are newtonometers. All initial information on the 
basis of which the operational algorithm of the system is constructed 


derives from these elements. 


The operational algorithms of inertial systems lacking gyroscopic 
sensing elements may be of different sorts. These systems may contain, 
as was shown above, from 6 to 12 newtonometers depending on the 
algorithm. The minimum number of newtonometers -- six -- corresponds, 
naturally, to the number of degrees of freedom of an object freely 
moving in space. As was shown in §3.4, the equations describing the 
ideal operation of an inertial system containing no gyroscopic sensing 
elements detcrmining the,Cartesian coordinates, may differ from 
equations (3.59) -- (3.65) in that relations for the calculation of 
in accordance with the newtonometer readings,are added to 


Woy U 


x ay 2 


the latter. 


The error equations of an inertial system without gyroscopic 
elements dct?rmining the Cartesian coordinates will therefore differ 
from equations (4.83) <=) (4885) as well. The difference will consist 
only in the addition to equations (4.83) -- (4.85) of expressions 
a@erived by variction of the relations used to determine Wye mye wo. 
As was stated in §3.4, the basic means for determining Wye Ye 


y 
. is the use of equations (3.392). In this case the error 


equations (4.83) -- (4.85) remain valid. It is necessary only to 


substitute for Am. ams Am, the following expressions following from 


relations (3.392): 


' 
Am, =: be, = W i (An? — Any yat }- dua, (0), 
Ss 
An, = ba, J 4 J (Mx? _ An} dt + deo (0), 
me 
Am, =e tea, a fon Aa dt ; fa () (4 : 93) 
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As is evident, this changes only the right sides of equations (4,83) 
and (4.84). 


§4.3 


Error Equations in the Determination of Curvilinear Coordinates* 








4.3.1. 
coordinates. 


The general case of non-stationary oblique curvilinear 
We will derive the error equations for an inertial 
system determining arbitrary curvilinear and,in the,general case, 


non-orthogonal and non-stationary, coordinates gee tl _ of an 


















object in the basic Cartesian coordinate system Oyen MeSee AS in 
§4.2, we will confine ourselves for the moment to that portion of 


the error equations which relates to the determination of the coordinates 
of an object. 


In order to solve this problem, it is sufficient to examine the 
inertial navigation system described in §3.2, in which a free: gyro~ 
stablized platfomn was taken as the basis of the kinematic system, 
and the newtonometers were oriented along the vectors r', r?, 3 pf 
the mutually based trihedron. The operational algorithm of this 
inertial navigation system is given by equations (3.172) and (3.163) 
or (3.164) and the table of direction cosines (3.173) characterizing 
the orientation of the axes of sensitivity of the newtonometers 

e, ey, 8, relative to the stablized platform, i.e., relative to the ' 










axes of the basic Cartesian coord‘ nate system 0,6'67E%. 







As in the derivation of the error equations of an inertial system 
defining Cartesian coordinates which was performed in §4.2, we will 
reduce the instrument error of the elements and devices of the system 


to a few basic instrument errors. As before, we will take as the 







basic errors the errors of the sensing elements. In this case, these 


will be the errors An, of the newtonometers and the orientation errors 
s 





V. D. Andreyev, Error equations of an inertial svstem determining | 
arbitrary curvilinear coordinates of a moving object. Izv. AN i 
SSSR, Mexhanika, No. 4, 1965. 


of the gyrostablized platform. The latter may be given as three 
angles characterizing the deviation of the trihedron associated with 
the platform from the required position. It is more convenient, 
however, to define, as before, the orientation errors of the gyro- 
stablized platform by means of the projections Am, s of the absolute 


angular velocity of its rotation in inertial space around the Ee 
axis of the gyrostablized platform. 


Varying the basic inertial navigation equation (1.88) and taking 
into account the basic instrument errors discussed above, we obtain 
8( 7 — a) An —2Am x 5 SA xe, 
. Am == Amy, + Amy yy t-Ameg,. 
(4.94) 
On the other hand, 


8(S%- — g) ba (u'r), (4.95) 


From expressions (3.132) for the contravariant components of the 
vector n in the basic coordinate system, and from which the formulas 
(3.172) were derived, we find: 


Marin EE ae “f- 20 npr” fot ge’) + 
E(x ED eH f- ON Se" “by Fat g’)ar,. 
é (4.96) 


From relations (4.94), (4.95) and (4.96) we now obtain the 
following three equations (k = 1, 2, 3): 


O(n) Vanek” FOR ET pt) | 
(x4 Daa" 4 OP ote” EP get be, (4.97) 
e= An* — (2 Am s< “ _ oe A r) ort. = 


3ly 


Equations (4.97) will be the first group of error equations for 
an inertial system determining arbitrary curvilinear coordinates. 
They clearly correspond to equations (4.1). 


Let us now expand the expressions appearing in equations (4.97). 


r k k k A f . 
Since Thi. Tons Tog are functions of the coordinates We ase 


and time t, and the variations are, as befure, isochronic, 
8(0? HP aa" + Voan Na — gp’) = 
= ba" $0 nbn” ba" 4 oo (Tak) 72" on + 
4. 


+ M8) be" $2 soa (Tada pttbat — be". 


(4.98) 
According to the definition of r3 
br, me OF go, (4.99) 


On! ox" 
From this, recalling the definition of theChristoffel symbols, 
we obtain: 


a 
ag or, = éxI',8. 


(4.100) 


> 
Let us introduce the vector q and its contravariant components 
(q)* according to the equalities: 


qd ! 
(24m x ar + OP xr) rts g sr en(g)t 


(4,101) 
and compute the values of (q)*. 


For the vectors im and dr/dt appearing in expression (4.101) 
we have: 


Am = As.’r, <= Ame’, 


ar 


ar Si 
“352 xr, -f a 


at 


(4.102) 
From the second equality (4.102), it follows: 
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. — 
eee ar Sin eames 





a 5 
J it SE ot omit + at, 


) = 4,,(x!-+-a4), 


(4.103) 


2\ k 
where ¢ and dr denote the contravariant and covariant 
dt dt k 


> 
components of the vector dr/dt. Further, 





So)! wa Amt + Am! (Pai! +Tet). | 


dAm ), =4,, ( d\m\" 


a “a (4.104) 
and, finally, 
(y= ; a A, 
(n= a"*(r),. 
(4.105) 


Substituting (4.102), (4.103), (4.104) and (4.105) into the left 

side of equality (4.°01) and introducing the Levi-Civita symbols (3.150), 
(3.151), (3.152), we obtain the following representations of 

expressions (4.101): 


(q)*=¢" [2¢rm,( a he bE (47), ry] = 
=e [2Am,a u(s! 4 al)-+ 
oa, casey pemyl F 
+ ans(Am" + Am! (1,22 +1) 5 or”): (4.106) 


Let us find Sg According the formulas (3.11) and (3.15) 


&=grad of grade (1), 1, 97) (4.107) 
Therefore, 
gte- -teeee 1 gtad’ ry)? > — aera torad ‘in? 
: : (4.108) 
where nf is defined by equations (3.163) and (3.164) 
We now obtain 
Bete — 808 eet) + gradi nt | gend!-sus (4.109) 
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In order to find ény is it necessary to vary equations (3.163) 


or their equivalents; the variations of the first components in the 
right side of equalities (4.109) may be expanded immediately: 


| 8( free) sue? a(S) + Bee oaet, (4.110) 


Using formula (4.44) we expand the first terms of the right sides 
of equalities (4.110): 
wrt (5) ty (be — 3 25") tee 
: er ory bnt me ere rgatte « rbxt 
3 an Of? Or? 


om Hox? — a 
r 


a5 Oa Ox (4.111) 


In order to expand the second terms of (4.110), we consider the 
equalities 


Fata, Pa rdr = ~—7 bry. (4.112) 4 


Then , 4 


Hope tet en — NM Sa Tha tin’ (4.113) 


Substituting (4.113) and (4.111) in (4.110) and also in 
(4,109) we arrive at*the following expressionce for agk. 


(pe Hag pi gts OF 00 an 
ee r3 weed 4r° dx" ox" 5 
ye 


map Ayt A ooead’S pnt te dnt 
=f ar age" Pe det -fograd Sent -f- prad!e ont, 


(4.114) 


In considering in §4.2 the error equations of inertial systems 
determining Cartesian coordinates, we concluded that in the first 
approximation of the error cquations the variations of the nonspherical 

components of the earth's gravitational field may be ignored. It is 
| evident that this conclusion is valid here as well. 





In place of relations (4.114) we will then have: 


dg" =— Sint gin oe ort ay bat i ao a amt, 43 a, 
+ i an ont ‘ (4.115) 


Taking these equalities and equalities (4.106), (4.100), (4.98) 
into account, we obtain from relations (4.97) the equations: 





toe” OP gt 8x” +35 (Pont) x7" x7 4 55 (Vat) bx" € 
23 a. 7 (Con) edn" + Pot bx” Font = 


2 
- 34 at" mae so ante 4s a aT 4h ox" 4. 


+(x’ +In se” Pane tT 
-+- yr ott OC oC) Eo" = An ~. Cee 


atm vA oc? 
aeplta? + (Pine 4- To?) Am! Ss ox! (4.116) 


Equations (4.116) constitute the first group of error equations 
of the inertial navigation system under consideration. To them it 
is necessary to add the equations 


Of + Ol (Iiix" * Vet) == Am’, 
_ or 
but = Eg, = c 


Oxf = dx" + dx!, 
(4.117) 


The first group of equations (4.117) is analogous to equations 
(4.84) of the preceding section. The equations of this group define 
the small rotation vector 94 of the hydrostabilized platform in 


inertial space, resulting from its free drift. 


The second and third groups of equations (4.117) define, ana- 


logous to (4.85), the errors 6x°, in addition to bx®, in the 


ee 
determination of the coordinates «* caused by the fact that the angle Oy 


is different from 0, and total errors $x* in the determination of the 


3 


coordinates analogous to the errors $X30 6¥3, 623 in equation (4.85). 





Before analyzing equations (4.116) and (4.117) and examining 
special cases, let us transform them somewhat. As a result of the 


transformations we obtain the following system of equations: 


bx + 4 axe +- 2(Mntx” + Put) dx" + 


+((- fe Poet + Pol ot) S03 


+2(<59 Pog Pol 0) #4 nage + Poi) -+ 
ox” 


as 


ay an 


oot it at" art drt dx" 
ax° Ox” ox" 


oe ay, Aman (x! 4 ah) + 


an . ‘") ' 
tanldi® 4 (Ciuc 4 Val) m5 sc}. (4.118) 
OF yO} (te + ae 
ot = € Mav ; 7 eo 


but cs dx? | dnt. 


The initial conditions of equations (4.118) are obvious. 


Equations (4.118) contain the contravariant components an® and 
> > 
am® of vectors 4n and am of the instrument errors of the sensing 


me 
elements. The projections An, of vector 4n on the axcs of the 
s 


sensing newtonometers and the projections AM, s of vector mon the 


axes of the gyrostahilized platform, i.e., on the axes of the basic 


Cartesian coordinate system, are known. 


a 
Since in the system under consideration the unit vectors ce. of 





“> 
the newtonometer ames are disposed along the vectors r® of the common 


basis, 


An, -An eg = yr: (4.119) i 
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Hence (not summing over s!) 


Ante An, Var, (4.120) 


From equalities (4.94) and (3.88), (3.89) 
Am! cs Am «76 as Ainge SE ame, (4.121) 


We note that the orientation errors of the newtonometers in the 
class of systems under consideration may be obtained by varying the 
elements of table (3.173). We will not present here the relations 4 
obtained from this variation; this will be done below. 


4.3.2. Orthogonal coordinates. Cartesian and geocentric 


coordinates. Let us examine several special cases of the derived 
ideal equations of an inertial system using curvilinear coordinates. 
For stationary coordinates, when 











Ton == 0, Poh =20, af =20, 


j (4.122) 
the first two groups of equations (4.118) assume the form: 
OH" Edu! + OD die” On? 

+ [ere (32, ee Pals) +eTs= 

os Se a" a ae 

wer Oat dx" 

= Ant — 6" [2A aga! + a4, (Am* 

sacm\ | Ort 
+ Am'T in Ve x) 


OF -+ Os? Am’, 


| 5x° = 
(4.123) 


The third and fourth groups of equations (4.118) do not change, 
nor do relations (4.120) and (4.121). 


If the coordinates «* are non-stationary, but are orthogonal, 
then only the diagonal components o* the metric tensor are different 
from zero. As a result, the first and third groups of equations (4.118) 
may be written in the following form: 
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dat fH a f 2(Wad™ | Uta” 
[erie (2 Wee 1 Voal'st) + 
tal O 4s ort “a shee 
2% (so tn Val sn) “i: (4 Etyies 


4- a re _ oe Ao ort on a | 
Oa One ae 





(4.124) 

== An* — it { 2a,, Naty (x! +a) + 

seul ai" 2) 
« 


tas Citta get ort 
Out == Ea, 0; — 


2 on" 


The second and fourth groups of equations (4.118) and relations 
(4.120) do not change, but equalities (4.121) take the form: 


Am! = Anes Ls att (4 . 125) 


Finally, if the coordinates are stationary and orthogonal, 


Vob == Mo) = a = 0, 
: a (4.126) 
must be substituted into equation (4.124), as a result of which 


these equations take the following form: 


“ Bact 
on BS aa 5 tater” i 
re awe abs oe 
+ [87% (Sel at 10 aa} {Vax — 
on 
nytt ode 
4r° ast ae | 


Ant gt [esate Neel 


ir? 


2 4,,(Aer* | Nate Vin) at (4,127) 


Equations (4.124) and (4.127) correspond to the ideal equations 
(3.210) -- (3.213) in orthogonal curvilinear coordinates. 
If x', «7, «2 are non-stationary Cartesian coordinates, 
equations (4.124) transform, as expected, into equations (4.83) -- 
> 


(4.85). In fact, in this case the vectors x3 are unitary, and the 
orthogonal trihedron formed by them rotates as a unit. All of the 


Christoffel symbols are equal to zero, while the non-zero diagonal 
elements of the metric tensor are equal to one. 


Taking this into 










account, we obtain from equation (4.124): 





on + bx" + OPE ox? + 


é tre, a). de or? ar? 
+[ 57 Grn + Tt) oe ee 







=An'—€,, [? Am' (x! + af) + 
+(Am'+ omits) 2 2 . (A. Hee) 
1 + Oil Am", a 
Oa me Gal 5 Ger ohm Ont Oh 







Since the coordinates are Cartesian, 







17 = (+ (n+ G0? 
(4.129) 







or? a 


amet, (4.130) 


The symbols ae and too for the case in question have already 
been calculated in §3.3. Turning to formulas (3.233) <= (3.237) 
we find: 


oir (athe + Pt) = 
= (OX 09) «Fy + Wyldy — Fy + Fu?, (4.131) 
Oye OF ort x(a Xr), , 


Substituting (4.131) and (4.130) into (4.128) we arrive at the 
equations 


bx? + 5 (2? dnt — Sala, dnt) + 
+2 X7,) rh dnt 4. 
+ lox r)er84 wt, — eee] bet = 
== Ant — 6 [2Am,]7, § (4 r)-,] + 
+] Nm, dete nerdy). 
OF 4 O(a xnyert a Am bate € 0K, 


bat ee hal; bat, 


(4.132) 





Since the coordinates are Cartesian, re = rs and, consequently, 
the contravariant and covariant components are equal; also equal are 
the Levi-Civita symbols € oak and ¢ Stk The indices in equations 
(4.132) are therefore disposed in such a way as to guarantee the 
summing rule. Fxpanding the mixed products in these equations, then 


summing and noting that quantities Eye oe PG yes re oe Wye Wor 


Fail 2 2; . 
W 33 Am, An,, An, 6), Oi" 8) in equations (4.132) correspond to 


> + 


. . oP 
the quantities xX, y, 23 X%, Yer 23 Ws Wye wi Am, ms Am, i Saye Si" 815 


in equations (4.83) -- (4.85), we easily convince ourselves of the 
identity of equations (4.132) and (4.83) -- (4.85). 


The error equations (4.118) were obtained by considering an inertial 
system the kinematic basis of which was taken to be a free gyrostabilized 
platform. In §3.2 it was also shcwn that a maneuverable gyroplatform 
may also serve as the kinematic basis in the determination of ortho- 
gonal curvilinear coordinates. Equation (4,118) remain valid, of 
course, in this case as well, and only the instrument error Am 
changes, being specified not as projections Am, S, but as projecticns 
AM) On the axes of the maneuverable platform, i.e., on the rs a a 
tions. As a result, in calculating the contravariant components 
of the vector Am in the basic coordinate system, instead of formulas 


(4.125) we will have formulas 


An! Ams, yo", 
(4.133) 
where AM (5) denotes the errors in the specifications of the projections 
of the angular presession velocity of the maneuverable gyroplatform 
on its axes (tho instrument errors in the formation of the controlling 
monents and the free drifts taken with inverse sign). According to 
formulas (3.209) and (1.7824), 


Amy) -a(4p ye J 
Am) = UC Me) At Mt, 
Amy, =A (a) 7 (4.134) 
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For purposes of illustration, let us derive from equations 
(4.118) the error equations for the geocentric coordinates r, A, 9 
in a trihedral bound to the earth. 


Since the geocentric reference grid is orthogonal, instead of 
relation (4.118) we may begin from equation (4.124) and the second 
and fourth groups of equation (4.118). 


We will use the values (3.252) for the Christoffel symbols 
calculated above for a geocentric reference grid, the values (3.267) 
of the symbols CA aes and the values (3.250) of the diagonal 


components of the metric tensor. Substituting these into the first 
group of equations (4.124), we obtain the following values for the 
individual terms in the left side of these equations. 


For k = l: 


2 (Mabx™ 4 Pol) x7 = | 
== 2 (Vibe? + Por) deep Pah! oe] = : 
= — 2r (prp+-(1-+ u)cos? gdh), f 
omen a 4 ond é 
[* x (= Prat Pinal vn) -F . 4 
+2" (5 Pott Foal) Oat == (4.135) 
i” 
eed CC ee 
Pn bx! [2% (Tot Pai) + CET + 
HTS Oe [20 ? 9? (20d + Pae)] 
re — Ort! EE fF Shao ays 
—2b2(u + Ayres’ y ny sity COs) = 
— be fery — 6b hay sing cusqh 
$4 PAG + To!)) oe = 
[ae To { Vax t I )} * 
Q 


= 





Tio 847 p27 be? aie +B) a? = 


ox 
e=—bratcosty phar (u2 sing cosp—q)—O4r2 costip, 
2 gy? 9 
Han Lae iO pt em a de, 
r’ Ox! ax" r 





For k = 2: 


For k = 3; 


2 (Talk -- Mn) dn” = . 
w= 2 (Tate! + Vol) 64 + (Pai? + BD da? + 
+ (Tia! + Psp) 27] = 
= 2[ 67 Ate ach + unary + ).(2—quens)] 
é 2 a age 2) coma 
(se Tan +! ‘mal sa) “x + 
+2 (= Papas ra) | io = 
wm A Laie (tabi? 41) +20 (ae rif)) ax + 
$0} on} (Kite + 2 et) (a) Pol + 
bP ba? fa (Pa? + 2M) -+ et ste? | -+ 
4 Pad ba! fod (Pe + APO) + A (WH? + 2) + 
Psd 4 Pb] + PS 8a fod (Pade + Poi) + 
O(a? + a) +? 4 Pe 
=: — 26r dake tarp — 2 dy (A 4- wy(iit 5 tone) — 
—on [io + 2u)-+4? +22 gas] ; 


On oar Ort Or 
Ree 


[ae Pa -+ Pe (*' + Tet)] bn me : 


wa PRK? Ou! 4 P2 (He! + Ped) Oe EP (i EP eS) On 


+0ix’ bx'be a +0) (—Gtanp—u!) —dphtanp. 


2(Padx™ 4-13) bx" 
m2]? + Vea) On + Pat? Oe! + Pk be] a= 
= alert + O11 + u)singcorg +92] : 
[(-aoe Pat + Pett) wie 4 
0 e ~ 7. “a a 
+2(35 ro4- Pell ) x J e 
= sale (Mate? + 2003) 4-20 dae "| de” 
HUT 20 sta se 4? (Pee? -+ 2Po))] Oa! + 
APS li? + 203) + PG] ba + 
Taian! (Wade? + Po) + 90 (Use + 1] ox? = 
= br 4 (A -+ 2u3) sin poosyp 
+ 202(4-4 0) (f cos ip — Tsing) sing - 
— bp 02+ 2ud.) sin?@ +4}, 


[age Ft Pani + 1] a4" 
= see Pode” + Tse? + Pa) el 
P(x! + Pel) dx? 4-1 Ax? bn? == 
a2 br Lip f a? aingcus g) + Asinpeosy 6). + 
+ bp es =~ asin? 4) : 
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(4.136) 


(4.137) 











Noting that for the right sides of the first group of equations 
(4.124) the following relations hold 






























or? or? ert 
Oat 2x', Od = Gar =O 


(4.138) 
and taking into account expressions (3.183) for the Levi-Civita 
symbols eatk, we have: 






Ant — €7}2a,, Ama, (x" 4 a}[—- 
— E24, Ama (x? + @2)] = 
= An! 42 V/ =u [Am (n? +-a?)—Am? (e +45)). 
An? — €3!7(2a,,Am%a,, (%! + a3) + 
+ a3 [Am? + dn! (Taln™ +00) x'] = 
- €'"[2a,, Am'a,, 43 a} = 





an424/ $0831 (X9-4 a3) —Am (ila) — 
— Vt lan Am? (#13 +20 eS (4, 139) 
+ Am x'Ts + Ant'x'T 3] «), 
b An? — E19 |20,, Am'a,,(x? + a))| 
- €7[2a,, Am’a,, (! +-a}) + 
+a (An? + Am! (Cazn™ + P2)) x'| = 
| = An'-42 V Set [Ana (nt +-a})— Am! (x? 4-a7)} +- 
a ¥ tnen [Arn? + Ami? (I's3x? + 3) + 
{ + Am! (Tain? 4 Vol) + An’ (Pe Pie’) 





| where,according to the first group of equalities (4.103), 
as = Of. (4.140) 
Comparing (4.140) with (3.232) and (3.130), we have: 
@)— ua‘ oe ee ' 
g ua (u's y os) (4.141) 
Whence, using relations (3.246), (3.247) and (3.250), we find 


(4.142) 





We may now write explicit expressions for the right sides of 
the first group of equations (4.124) for the case of geocentric 


coordinates. Substituting into formulas (4.139) the values a5 
m m 

Tox’ “oo 

, a&®® trom 4 





from equalitics (4.142), the values of the symbols re 


from relations (3.252) and (3.267) and the values Ane 











(3.250), we arrive at the following expression: 





An! + 272 cos g jimh. u) — Amey, 
Ant + <2 (Ami — m7) — 


r 7 ‘ 
mae JAm3 + Am?(A -+- a) sing cos g + 





+hms£4 Amt #), . (4.143) 
An? +. 2cosy [Am — Am'(h.-+ uJ + ; 
+ reosqjAm?+ Am3(h-+-ujanp+ Am! Sins. 


+Am? (é — Gant] ; 







Here An® and am® are the contravariant components of the vectors 
»> 


4n and 4m of the instrument errors in the basic coordinate system. 


Using formulas (4.120) and (4.133) they may be expressed in terms of 


the projections An( 


3) and AM (5) of the vectors an and am on the 





> 
directions re: 










Substituting AN (5) and Amis) for 4n® and am® we obtain the 
expressions 


’ tek rent Moses Amal 
Ani 
ros @ + wag 


ee _ Amy & +-u)sin gq}. 







care [Amae = 2Ams)& _ 





= 


+2 © Amygy — Am yy (A+ 4) 608 9+ ~ (4.144) 
Amy, — dm) 3.+ u)sing. 











Combining equalities (4.135), 






(4.136), (4.137) and (4.144), we 


obtain the desired first group of error equations for a geocentric 
reference grid. 
















or — [3 +0 + + cost] de — 
[2h + u)(rcus*p—rysiuqgeosg) + ricastg]or+ 

+ ir +uy siugcosq — 2ry— ryldp = 

_ er(at u)dh cos? o— Qrp dp = 
== Any, + 2r AYER CS +- u)easq— Amal. 
R[F AG pay a+ S25 tansy — tan] + 
+ Lik — 2p (A+ u)tany) or 

cal [2a + aq +2 £ ¢. + U)tanp _ Brant] 89 ~ 

+2 (F — tant) oh —2(). + u)djtany +2 é (. + 4) Or'ex 


dng, 1 , ; (4.145) 
Tay + cre [Amat — 2m = — 
















— Ants) — Am, (2. + 4) sin a] ‘ 
e+[4-—d +n)? siu?yp — 4? 4- hoy + 
+[2£6.+-upsingeos yp — 25 G+ uy stitg+ 
+isingcose]oat tid uy singcosg +i] + 
+2(A-+u) sing cospdh +2 sour + af bp 


A é 
= = +2 day, > — Any (h + 4) cosg + 





+ Am: — Amy, 0. +4) sing J 


Equations (4.145) correspond to the first group of equations 
(4.124) or, equivalently, to the first group of equations (4.118). 


The second group of equations (4.118), if only the non-zero 


Christoffel symbols and te symbols are retained, take the form: 












D1 OF (Waa? + Pol) 4-0 abe? <= An! 
OF (Vix? 4A) + OF (de! Sx?) 4 
$ OF (I zie? E's) =: An’, 
OF 4 OW ste? 4 OF (22H? Hod) + OW x! == Am. 






(4.146) 





Introducing the values (3.252) and (3.267) of the symbols te 


and 
Ca and expressing am® in terms of Ams) in accordance with formulas 
(4.133), we obtain: 

0) — 0i7 (A + uyc08"@ —Oirg = Amy,, 

r+ of Ate + of (£ —sune) — 


(4.147) 
—oah+ ding coe. 


3) 

fr cos@” 
° ‘e Amoy 

i+ oft +01 +u)singcosg+ 022 : 


Equations (4.147) correspond to the second group of the error 
equations (4.118). 


Finally, the third and fourth groups of equations (4.118) may 
be written, using formulas (4.138), (3.250), (3.251) and (3.183), 
in the following manner: 


ér,= 0, Breet. i bp: = — Or cos, (4.148) 





ie 


Ory ead t dry, dAy== 02 +2), Op, =a Op dq). (4.149) 


Equations (4.145), (4.247) -- (4.149) constitute a complete system 
of error equations for coordinate determination in a geocentric 
reference grid. ' 


We note that equations (4.145) and (4.147) -- (4.149) may be 
obtained from formulas (4.83) -- (4.85), since the geocentric reference 
grid is orthogonal. We also note that this grid is spherical, i.e., 
vector ry is directed along the radius of the earth from its center, 


> 


> 
and vectors Yor 3 are normal to this direction. Moreover, we will 


consider that the x, y, z axes in projections on which equations (4.83) 

-- (4.85) are written, are superposed with vectors ov ee r,,respectively 
vo. the main basis of the geocentric reference grid. In this 

case 


Y= N= 6), fer, 


(4.150) 


should be substituted in equations (4.83). 
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According to (3.269) and the correspondence of the x, y, 2 axes 
and the vectors Foe 2 and Fe 





On, =o, a(h tau)sing, 0, = 4, (4 151) 
tg) == 0, = (1. + 1) C08 G; i 


A 
Amy = Am, Any, ==Am,, Anis, = Am, 
: ; 4.152 
Anas An, Any An, Any = An, ‘ 


In addition, it is evident that the relations 


by =rdp, b2-=br, bx =z Ahr cosy. (4.153) 


are valid to within the second order of smallness. 


Substituting expressions (4.153), (4.152), (4.151) and (4.150) 
inte equations (4.83) and dividing the second of t!:e resulting equations 
by rcos) and the third by r, we obtain equations (4.145). 


In order to obtain equations (4.147) from equations (4.84), we 
must take into account the further fact that in equations (4.84) the 
> 


quantities Baye 94 91, are projections of the vector 8, on the 


y ’ 
xX, Y, 2 axes, and that in (4.147) the contravariant components of 
cnis vector in the main basis are expressed in terms of 


Oy, Ore Oy. Therefore, in analogy with formulas (4.120) and (4.133): 


On, = 04 (1) == 01. My, == 0).2, 2 0}, cosp, Oy = Oy, = 70", 
(4.154) 
The substitution of (4.154) in (4.84) gives equation (4.147). 


Finally, from relations (4.85), with the aid of relations (4.154) 
and (4.150), relations (4.148) and (4.149) are obtained. 


In the same way that (4.145), (4.147) -- (4.149) were obtained, 
the general equation (4.118) may be used to derive the error equations 


for any reference grid, in particular, of course, for those reference 


grids discussed in §3.3. 








§4.4 Reduction of Error Equations for Curvilinear Coordinates to 
Error Equations for Cartesian Coordinates. 


4.4.1. The pessibility of reduction. The error equation (4.118) 


and the resulting error equations for specific reference ‘grids are 


extraordinarily unwieldy and complex. One may easily veri- 


fy this by referring to equations(4.145) and (4.147) -- (4.149) for 
geocentric coordinates. Especially complex are the first group of 
equations (4.1]8). This is not surprising, since these equations are 
essentially none other than variations of the general case of the motion 
of an object ( mass point) in curvilinear coordinates in a spherical 
gravitational field and under the influence of several arbitrary forces, 
i.e., variations of Newton's general equations in curvilinear, non- 


orthogenal, and non-stationary coordinates. 


Although equations (4.118) are linear, their coefficients, 
determined by the trajectory of the object with which the system is 
associated, are complex functions of time. Equations (4.118) and the 
equations derived from them for curvilinear coordinates do not possess, 
as a rule, a symmetry which is clearly enough expressed to facilitate 
their analysis. Simplification of these equations by ignoring various 
terms is in general impossible, since various of these terms may be 


of decisive significance depending on the character of the motion of 
the object. 


Another possibility is to simplify equations (4.118) by dividing the 
possible trajectories of motion of an object into several classes on 
the basis of their practical interest, i.ec., to simplify the equations 


by reference to the various categories of objects for which the inertial 
system is designed. 


However, even for a given class of trajectories the concrete form 
of equations (4.118) will vary as a function of the structure of the 


inertial navigation system, i.e., as a function of the coordinates in 


which it operates. Thus, the problem in any case reduces to the consid- 


eration of a large number of equations of the form (4.118). 





This may avoided if analysis of the error equations for any 
reference grid is reduced to their analysis in any one reference 
grid selected in an appropriate fashion. This approach, in conjunction 
with the reduction of the real instrument errors of the system clements 
to the equivalent instrument errors of the sensing elements, makes 
possible a general analysis of the error equations of inertial systems, 
as we will see. 


The expediency of this approach derives from the fact that there 
is no direct need to consider the error equations in the form of 
variations of the coordinates determined by the system. In fact, with 
regard to the synthesis of the ideal equations, one of the problems to 
be solved is the selection of the reference grid on which the kine- 
matics of the apparatus to a significant degree depends. Here it is 
necessary to be able to consider the ideal equations directly in 
those.reference grids from which the reference grid which is to be 
realized is selected. The real problem in the analysis of the error 
equations is to establish system characteristics such as operational 
stability, and also to determine how errors in the determination of the 
coordinates of the moving object depend on the instrument errors of 
the system elements and the errors in the specification of its initial 
conditions. These characteristics, clearly, may be obtained by examin- 
ing the error equations in other coordinates than those in which the 
actual inertial system operates. The actual instrument errors and the 
errors in the initial conditions should, of course, be translated into 
the coordinates in which the error equations are being analyzed. 


The possibility of converting the error equation (4.118) from 
one coordinate system to another derives directly from the fact that 
these equations are, essentially, variations of the basic inertial 
navigation ecuation (1.88), which, clearly, is invariant relative 
to the coordinate system selected for its solution. Even equations 
(4.118} have a tensor character and as a result their properties should 


not depend on the choice of coordinate systen 








We will show this directly by transforming equations (4.118) 
into an invariant (vector) form. 


Let us consider the case in which the coordinates x° are stationary, 


and there are no errors deriving from the gyroscopic elements, i.e., 


or, 
i = 0, Am20. (4.155) 





We introduce the vector 


p 2dr = bx'r,, 


(4.156) 
along with its time derivatives 


p= and g= Se (4.157) 


As usual, we will denote the covariant and contravariant components 
of these vectors in the main basis by Ps and ae Ps and p*, 


and qs and a®, respectively. 


Applying the operation of covariant differentiation to the contra- 
variant components p® = éx ® of the vector p, we find 


p= ba 4 Pane", 


(4.158) 
Applying the same operation again, we obtain: 
g’ asta’ 4 nee On” 4-Vinne” Ox" 4- 
HK" bn" 2. Pel entx et Ang. (4.159) 


According to the definition of the covariant and contravariant. 
components, we have: 


P=p'r, and g =¢'r,. (4. 160) 


ain = a atl 
ncn sta ati acacia cas ne Ai acini teat AE 
hat teeth iment ati En 






On the other hand, for stationary coordinates, the following 
equalities hold: 





cae = x'?,, 





£6 Gt $Date Nr. (4.161) 


Varying equalities (4.161), we obtain: 
























‘de ie oy, . * ‘ ancien 
b= mont, + sap etd == (de +124" 8x") r,, (4.162) 
which is equivalent to equalities (4.158), and also 






OSE (it + Tati), + 
+n (ox* $e Det OK” fH ONT oe rat) =a 
=r, [o f Date Oi” ON’ fy Int 4 


+(e Pag") Ox°T 2]. (4.163) 


Since the variations are isochronic, the operations of variation 


and differentiation should allow variation in the order of their 
performance. 


— 


Therefore, the bracketed expressions in equalities (4.163) 
should be equal to the expressions in the right sides of relations 
(4.159). It is easy to show that this is in fact the case. 


Indeed, from comparison of these expressions it may be shown that 
they are equal if the sums 


.mS oy vos 
mH an" (2 ! aa + ! mal 0) — 
oi » 
— HTK OK" (ar rete Vail’) = 
a 


om: 
t es nx” ox" 
ax” 


(4.164) 
} are equal to zero. 





oe oak  O ne spk 
| an “4 ! mal SS ae | mam P gl sn . 


But the bracketed expressions on the right sides of equalities 
(4.164) are simply mixed components of a Riemann-Christoffel tensor, 
i.e., a tensor of spatial curvature defined by coordinates a 





«2-8 0 
Rain. = wo 


Pah fe Pndl st — 25 Ph — Pot (4.165) 


This three-dimensional space defined by the coordinates «* is 


Euclidean. It allows the use of a Cartesian coordinate system. 
Therefore, the Riemann-Christoffel tensor is identically equal to zero. 
Consequently, 
Rian: 50. 
(4.166) 
It follows from this that the left sides of equalities (4.164) are 
also identically equal. to zero, which is what we wish to prove. 


Considering relations (4.155) and (4.166), the first group of 


equations (4.118) may be simplified to take the form: 


Oi + tat — Se tt OO 8 4 Oh eb + 


Ox® Ox" 





+ { x7" (<5 Pats Vaal) 4h S) Ae" ae bn’. 


(4.167) 


Using equalities (4.166), (4.165), (4.164) and (4.159), we arrive 
at the following form of equations (4.167): 





oy Nae ue Or? Or? (4 168) 
—z bx* — aa oF" . 
v4 et Ve xt ha? x? = An*. 


But in correspondence with relations (4.111) and (4.1%), 


u 8 an Ore iets 4% = Op", 
anes re da’ ig (4.169) 


an" a2" 


Therefore, equalities (4.168) take the form: 


2 


Cee (4.170) 
and this is equivalent to the vector equality 


; Sites (4.171) 
or the equality 


SI bag = hn, (4.172) 


as required. 









od 


If the coordinates are non-stationary, then the left side of 
equation (4.118) may also be reduced to the form of (4.171) or 
(4.172). In order to demonstrate this, in place of formulas (4.158) 
and (4.159) the following formulas should be applied: 


Pins On! +-(Uaane™ + Von) bx", (4.173) 
@" =a bx! +2 (lain? + Potdan? + 

$ [adit + Cade + Tod) (Padi 4 Pad) + 

+ sea Cmte 4-Vot) A+ 2 ry + Foi) tn" 


and, in addition to identities (4.164), the identities 
2 o9 Ox® [2x" (sr Tos +0 val a) + 


+ ei + Be Tel)? ox 





. 0 *a 7 
men 218 i + [Tot tS (ahi + Dat) + 


(4.174) 
FT nal ob” Toe (Poax” + ra} on’, 


should be used, the validity of which follows from the relations 


0 
ox" 





, a pe sped + spe 
Von op Vat ~ Vent 10 ft Vaal oss 


Von ‘ 
ae Vg STi 4 allel — Pals. 


Considering that according to equalities (4.197) the terms on 
the right sides of the first three equations (4.118) containing em” 
are obtained by expanding the expressions 


: i par d\m ., pt 
f (2.\m ar a eisless: 


(4.175) 
we concluded that the first group of equations (4.118) is equivalent 
to the vector equation 


dtd, a ‘ ‘ 
Oo +g An—2Am x So OM ye, (4,176) 


Similarly, the second group of equations (4.118) reduces to 
the vector equations 





(4.177) 





Finally, the third and fourth groups of equations (4.118) reduces to 


the vector equalities 


Peers, Ory == ar + or, (4.178) 


It is evident that equations (4.176) -- (4.178) and (4.81) coincide. 
In fact, in equations (4.176) -- (4.178)' the differentiation is absolute, 
i.e., carried out in the basic Cartesian coordinate system O16 eles. 


The differentiation in the first two equations (4.81) was carried out 
in the coordinate system O,xyz, which rotates relative to the reference 


2 


coordinate system Ouere ee with an an angular velocity uw. It is 


evident that the first and second equations (4.81) are the same as 
equations (4.176) and (4.177), expressed in terms of projections on the 
axes of the trihedron O\xyz2. 


Projecting the vector equalities (4.176) -- (4.178) onto the 
axes of the basic Cartesian coordinate system and recalling that 


© -grad” (4.179) 


we obtain: 


OE FD 4 OY — 2G TA! — 
Bee! noe | atte? 
se “e a3? -- yet OE) == 
= An 2(Am,29 -- Anm.2) - Am 3 4k 2 
OR Fe 1? by? — 2a PLOY — 
a HVE gen SURE ge (4.180) 
re » r » 


= Any — 2(Am, 2) = Am, 3) Amt! + Am 83, 
OB Fe 1? = 2 
' eie2 
— we or Sse a3? a 


= An,— 2(Am,§? — Am, i = Ame? + Am ths 
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wat one — a tgp amt = 


Gy mAmy. Over Aaya (4.181) 
b= Am: 


OBOE — Oe Ob Oe — OR 
Of} == 0.8? — 0,8, 
ORAS EEL. OE Hs bt? + OR, (4.182) 
O83 == O39 ++. 85). 
Equations (4.180) -=- (4.182) may also be derived from equations 
(4.83) -- (4.85), if in the latter it is assumed that 
care (4,183) 
and the correspondence of the coordinates &', &?, &3 in equations (4.180) 
-- (4.182) to the coordinates x, y, z in equations (4.83) -- (4.85) is 
taken into account. Of course, equations (4.180) -- (4.182) may also 
be obtained directly from equations (4.118). In order to do this, 
the Cartesian coordinates ¢', &*, £3 in the basic Cartesian system 
should be taken as the coordinates «%, In this case, in equations 
hae and the quantities ag van-~ 
ish, the non-diagonal elements of the metric tensor become zero, 
the diagonal elements become one, and the Levi-Civita symbols are +l 
as a function of the order of their indices. Considering all of this, 


(4.118) the symbols fens Ce, 


and also the equality 


(4.184) 


we immedaitely obtain equations (4.180) -- (4.182). 


Thus, analysis of equations (4.118) may be reduced to analysis of 
the system of vector equations (4.81) or the scaler equations (4.83) -- 
(4.85) corresponding to this system. 





The relation between errors in Cartesian and curvilinear 


4.4.2. 
Conversion of initial conditions and instrument errors. 


coordinates. 


Examples. Warying ee (3.89) we arrive at the following 
equations relating bE > to 5 


&n "8 


Ott a SE bt (4.185) 


Using the table (3.16) of the direction cosines between the 


c}, €7, &3 and x, y, z axes, we find 
(4.186) 


! ot! 
ox * xa), dy == 50 O*"G,2 


“3 
oz = 3 dx*a,,. 


6z we differentiate equalities (4.186): 





In order to find 6x, 6y, 


Sra ae t 








orn? 
= (sor ae on” a Ga 
eae (4.187) 
oR! is Oe ae i 
+ araee a tay) Ot Sat oye 8 te 
b5 = SE a bit + 
ans *, or = 
+ (Gale +- Jat sz) ay+ Oa C49. 


Here the direction cosines a5 are defined by table (3.16) and 


equalities (3.21) -- (3.23). 


The relation between the or components and the projections Say 
is given by formulas analogous to formulas (4.186) 


9 9 
Ly vz 


(4.188) 


— 9 yt oe! 
0, ve Ora, Oy t= oS Ula,2, 


ps » 

0,, =~ 
7 53. 
2 ant at: 








Formulas (4.18), (4.187) and (4.188) permit us to find the initial 
values 6x(0), dy(0), 6z(0); 5x(0), 6y(0), 62(0); 05,60), 01, (0), 0), (0) 


in terms of the known initial errors x 2 (0) in the x® coordinates, their 
derivatives « 30) and the initial errors of (0). 


In addition to converting the initia! conditions in making the 
transition from equations (4.118) to (4.83) -- (4.85), we also need to 
convert the basic instrument errors. In equations (4.83) -- (4.85) 
the quantities Any, An 


ane Am, + Am, Am, are the projections of 


y’ y 

> > > 

vectors An and Am on the axes of the xyz trihedron. The vectors An 
> 

and Am are given by their projections on the sensing axes of the 

newtonometers and the elements measuring absolute angular velocity. 


This means that we must obtain formulas for calculating Any. Any, Ano, 
Ams Ame Amos in terms of the known Me! AM s or Mis)? which are 


related to An® and am® by relations (4.120), (4.121), (4.133). 


In accordance with equalities (4.120) we have: 


Ans c= An'r, 2 = Va" An, r, -§,. 


(4.189) 
From (3.88) and (3.89) it follows that 
nabs. (4.190) 
Therefore, 
: oe (4.191) 
where the summation is carried out over all k. 
If we now use table (3.16) of the direction cosines, Any, Any 
én, take the form 
An, Va" Ane, a ty). 1 
Aa, == Va"? \n,, om ia, (4,192) 


fae, ont 
An, Va Mate, eae ,, 


RE 


ae 


where the summation extends, clearly, over the indices k and s. 


Correspondingly, 


Am, = Am att. An, And, An, = Nase (4.193) 





Formulas (4.193) give the values of Ams Am, and An, for the 


case in wnich the basic inertial navigation system is a free gyro- 
stablized platform. If the basic kinematic system is a maneuverable 
platform, and the x, y, z axes coincide with its axes, then the 


vector am will be given directly by its projections Am, am, An,. 


It must be remembered, however, that selection of the rotating 
coordinate system 0, xyz in which analysis of the error equations 

(4.63) -- (4.85) is being performed, is not, in general, a function 

of the orientation of the newtonometer or platform axes. In particular, 
if the x, y, z axes do not coincide with the axes of the maneuverable 


platform, the projections Am, Am, om. the values of which are 


substituted into equations (4.83) -- (4.85), should be calculated on 
the basis of the given projections of the vector Am on the axes of 
the maneuverable platform. For this, it is necessary, obviously, to 
know the position of the platform relative to the x, y, 2 axes, in 


terms of the projections on which equations (4.83) -- (4.85) were 
derived. 


ai it 


ckltcinontn 


Since the goal of the analysis of the error equation is, basically, 
-> 
to stidy the variation over time of the quintity [6r,| between parallel 


lines as a function of errors in the initial conditions and instrument 
errors, the inverse transition from the variations 6x, dy, 62, 

to &»° is, in general, not obligatory. But this transition may be 
useful in the experimental investigation of an inertial system, since 
tne parameters which may be directly measured in such an experiment 


will be the errors in the coordinates determined by the system, i.e., 
the variations of Bh, bx = &x > 


ee Se 








In order to effect the reverse transition from 6x, dy, 6z to 


bx, we will use equalities (4.185). They may be regarded as a system 
of linear algebraic equations in ans 


Be ant + a dx? i dx? as At, 
ort 


SE out 4 SH a xt 4 2 EO? ms 8, (4.194) 
SE ont + PE nt + SE, bn?) mm OD, 


The determinant of system (4.194) is the Jacobian J, 
which according to condition (3.92) is different from zero over the 
entire range of the operational values of the variables 1%, Therefore, 
system (4.194) has the unique solution: 


ay? of a? at? 
but = J [oe (Sr SE — ot oat) + 


+80( Sr dr — oe ont 
+0( BSB) 
btn fo ( Sh he —  ) 
+0 ($8 Sh) (4.195) 
ree (SS Be a. 
wom plo a ah gh) + 
+r (s se - 2 oat + 5a) + 


OL 03? oR? age 
+00 (Sir gar — ier | 


In equalities (4.195) the quantities SES should be expressed 
in terms of 6x, dy, 5z and sy: According to table (3.16), 


ORY = Oxeryy -t- Oytsa 4- 62043. (4.196) 


Henceforth, we will require the explicit expressions deriving 
from relations (4.186), (4.187), (4.188), (4.189), (4.192), (4.193), 
(4.195), (4.196), for the curvilinear reference grids considered in 
} §3.3. Let us determine the corresponding relations. 
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For the first of the reference 






grids considered in §3.3, the 
quantities 6° were defined in terms of re 9, Ay in formulas (3.246), 


and their coordinate derivatives and the covariant components of the 


metric tensor in formulas (3.247) and (3.250). We will assume that 


the axes of the trihedron 0, xyz coincide with the vectors For eye By 
Then 





: of a of 
a — 
1" = Dal Van > 1), = 


Te coe > 
=—= fe=a7 —. 
ow Vay 9 on Va, 







(4.197) 
From relations (4.192), (4.197), (3.247) and (3.250) we further find: 





Aa, sadn,, Any =An,,, An, = Sn, (4.198) 


From relations (4.193): 






Am, = —Amysinh, + Amp cosy, \q 
Am, <2 —Amy sing cos dy — Amusing sin), + : 






+ Am, cos, q 
Am, = Amy cos pcoshs + Amy cos @sin dy + 





(4.199) 











+ Ampsing. 


From equalities (4.186): 





dx=rcospd)y, dy=rd;, d2—=6r. (4.200) 


From expressions (4.187): 





Ox c= ros ya) -f rcos eh — rqsing 2, 
dys opt rip. a? ar, (4.201) 







The substitution of relations (4.197), (3.247) and (3.250) in 
formulas (4.188) gives: : 










hela eee o (4.202) 
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Finally, from (4.195), (4.196), (4.197), (3.247), 


(3.248) and 
(3.250), we find 












or = dz, 0 = a, y=. ; (4.203) 





We note that formulas (3.203) and (4.201) may be obtained 
immediately from formulas (4.200). 


For the second of the reference grids, i.e., for the geocentric 
coordinates r, A, 9, formulas (4.198), (4.199), (4.200), (4.201), 
(4.202) and (4.203) retain their form, with the exception of the 
substitution of 6A for Ay. In formulas (4.199) the only change required 
is the substitution of dA + ut for Aye 


Let us now consider the case of the geodetic coordinates 
r, 2, S. The relation between the quantities £5 and these coordinates 
is given by formulas (3.280). The time and coordinate derivatives of 
e® are determined by formulas (3.283) and the components of the metric 
tensor by equalities (3.282). Using these formulas, from (4.192) we 
find: 


An, = An,,, An, sadn, An, =An,,. 


(4.204) 


These equalities are obvious as a result of the fact that the 
quantities 
An, and An, Anyand Any, Anand An, 


are projections of the VEBECr an on the same direction, since the ee Yo 
= 
z axes and the vectors a 3, =F (and therefore also the vectors eo, 


C3 ’ e)) coincide. 
From expressions (4.193), and using table (3.300), we obtain: 


An, = AMY ys Am, = Ami Vays 


An, = Ant s¥, - (4. 205) 


From (4.186), (4.187), (4.188) and (4.195) formulas corresponding 
to formulas (4.200), (4.201), (4.202) and (4.203) may be derived, if 
z and S are substituted for » and Ay in the latter. 



























For the geographical coordinates h, »’4, 9» the Cartesian coordinates 
€~ in the basic Cartesian system are given by equalities (3.309) -- 


(3.311), from which formulas (3.312) and (3.313) for a,, and 96% ax * 


s 


derive. In the case of a geographical reference grid, which, like 
the preceding ones, is orthogonal, equalities (4.198) and (4.204) 
remain valid. 


From formulas (4.193) and the table direction cosines obtained 
from (4.197), (3.311) -- (3.313), it follows for this case that 


Am, == — Am), sin(d -{- uf) +Am, cos(A-+u/), 

Am, == — Am,, sing’ cos (+ uf) — (4.206) 
~ Am, sing’ sin(A -+ uf) + Am,,cos q: 

Am, = Am, cos p’ cos( -+ ut) 
+ Am,,cos q’ sin(A -+ at) -+ Am., sing’. 


t Expressions (4.206) are analogous to expressions (4.199). 


Further, from relations (4.186), (4.197), (3.313), (3.312) and 
(3.311), we obtain: 


e ae eee 
bx =O) cos q Greaaae tA). 
a(l—e’) * 
wn rage til tm 


(4.207) 


From equalities (4.187) or by direct differentiation of 
relations (4.207) we find: 


bi = dhcosy'( oy { u) {- 


V1 - 6? sity 


4 w.{ircosy a sing’ [a t ae ]}. 


V--e sin? yy 


yoy | ; +4 { (4.208) 


(1 = e? sin? gy 


; Ba (1 — 0) ety! sing’ cos! 
$e A - — ae | 
oo | t (1 — ef sin?y’)”? 
, 


82 == bh. 


From formulas (4.195) -- (4.197) and (3.311) -- (3.313) 
direct transformation of equalities (4.207), we obtain: 


bh =z 82, 


a (ro care 4 uy (4.209) 


“ a(l—ey a" 
a wl era cit ' 


Finally, we obtain the formulas deriving from relations (4.192), 
(4.193), (4.186), (4.187), (4.188), (4.195), and (4.196) for the 
coordinates r, 0,1 Oe the relations of which with = is given by 


equalities (3.334). 


The reference grid r, G11 S5 is stationary, but not orthogonal. 
This latter circumstance makes it less convenient than in the preceding 
instances to reduce the error equations to the coordinate system O)xy2; 


this is due to the fact that previously it was possible to,superpose 
> > > 


its axes with the vectors For ¥3r Ty (or equivalently for orthgonal 
> 


+> +> 
coordinates, with the vectors r', fr’, r?). For coordinates r, Oy, 
Coe we will therefore begin by considering the case of arbitrary 


direction cosines G5" 


From expressions (4.192), (3.335), (3.341) and table (3.16), it 
follows that: 
An, = Ang, (ay cos m4 -+ ayy cos 03 -4-ay Ysin?ay — cos?a)) + 


: + Ate, (— @, Sind, + 3, Vite ae )+ 


= cos? a, 





+An,(— Ay Sin. By 4- yy, a OS 8 io) 


V’ sin? a, — cos? oy 
An, = Ane, (acoso fan ens ay -$ a4; \/sin? a, — cos? a,) 4- 


+Ane,( ay, sina, ay 1 wa se =) Fe 


, cus? ity 


+An,, (-e2 sina, +45) — 


Sing, cas Si 
Vato, — — cos? a, x): 
An, = An, (ai.cos 0 -}-acos. 0: + tu Vein? 0) —cos?a,) + 

+An,,(—a,,sIno; +05, Vito) 4 (4.210) 


¥ stn?o, — cus! a, 


+ Ane, (~ G2, Sin 0, -+- a4, ieee) i 





Formulas (4.193), clearly, do not vary as long as specific form of 


the direction cosines sy is given. 


By analogy with equalities (4.210), from relations (4.186) we 
find: 


bx =x br (0,, 05 0, + ity, COS 0) + Gy \/stn?o, — cos’ o,) + 
Ind, cosa 
80, (— a4, 51 rapes soe) 
ve i( 1p 810.04 “Oy, Vsinto, — costa, * 
S aay finances ty 
+ rho, ( Oy, Sin dy -F ay, Fant, rz) . 
by cdr (ct), ¢08.0, + 0, 6080, -+ @5, V/s? G, — costo.) + 
rda 0), sino ne ee 
+ i(- 12 i t 
SHO, CON Og 
Vsinto, —castg,) ° 
bz =z dr (0,3 c08 0, -+ 02) cos 0, + yy stu, — cos?) + 


+-rbo, (213 sin, + Cae =) . 





+ rbo, (- 0, Sin Bg + Oy, 





+ roa, (- an sin 6, + Oy Sin 0, COS Op 


Vint o, — cosa, (4.211) 


From expressions (4,187) or the direct differentiation of relations 


(4.211) it is now easy to find 6x, 4y, 62. 


A 6, 


The formulas obtained from relations (4.188) for Bix! ly’ 2! 


are fully analogous to formulas (4.211) for 6x, dy, 6z. ‘t is necessary 


to substitute in the latter the quantitites 6}, or, @? Tor 64,60), 809. 


Let us find, finally, explicit expressions for 6ér, uy and 605 


in terms of 6x, é6y, 6z. Direct transformation of formu/as (4.211) is 


not obvious, and so we will use the general formulas (4.195) and (4.196). 
from equalities (4.195) we find: 





Using relations (3.335) and (3.336), 


br =O! cosa, 1 OL% cosa, 4 O89 [/sin' my — cusén,, 
60, = -(- Ob! sina, -+- db? cas a,cot 0, + 
- ee 4 
+d cota, V sin? a, — cos?a,). } 
8, = + (Ay! COS 4, cot 9, — 24 sing, 4 ] 
+dbeot a, sino, — cos? a,). 
(4.212) 


where 6£° are determined by equalities (4.196). 








Let us now take the basic trihedron O,6°E*E2 as trihedron 0,xyz. 
'?Then, clearly, of the coefficients 55 only the terms of the main 


diagonal of table (3.16) are different from zero (and equal to one). 
Therefore, in place of formulas (4.210) we obtain: 


An, = An,, cos 0, — Anz, sing,, © 
Aan, == An,,tos 0; — Ang, sind;, 


An, == An,, V sin! 0, —cos'0, + (4.213) 


sind, cosa, sing. 
Ang, tees ne + An, es 
eS Ney —=s 
Vin’ o, —cosio, *Vsin?o, —cos?a, * 


Correspondingly, in place of equalities (4.211) we will have: 


6x = dr cos 0, — rbo, sina, 


dy = dr cos a,— rda, sina, (4.214) 
62 == dr Vsinta, — cos? u, ++ 


76s, sina, cosa, bo, sino; cos 0, 
Vsin?o,—cos'a, | Wsinlo,—coste, 


From equalities (4.196) 


Af! = Ay, AR Ay, ata by, (4,215) 


Substituting equalities (4.215) into formulas (4.212), we obtain 
expressions for 6r, Soy, bo, in terms of 6x, oy, 62. 


For the case under consideration we may select the trihedron 
O,xyz for the reduction of the error equations in a somewhat different 
> > 


ee 
manner, relating it to the basis vectors re ry! r3: For example, using 


the fact that the vectors ras Es and Pye - are pairwise perpendicular, 


we may superpose the x and y axes of the reduction trihedron on the 
directions Ei iE ( or the x and z axes on the directions Ey) £2). In 
this case only the z axis of the trihedron will not be incident with the 


third vector r. of the fundamental basis, but it will coincide with the 


3 
vector r*, the reciprocal of r, and ro. ‘ 
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Let us find the direction cosines a; of the x, y, 2 axes 


j 
relative to the &', €*, —€° axes for this ease. Using equalities 
(3.337), the first and second equalities (3.351) and the third line 


of table (3.353a), we obtain: 


x y 2 
|) oysssoits. 
~- =~ €0s’ Gd, 602 0,cot Gg, 
R €030, ‘ita, V siu?a, — cos? a, i ; 
? 090, 0 — sing, 
cos Kp 
BP Vito, — costo, anes cot 1, ) sinta, — cos 4a,. 





(4.216) 
It is easy to see that table (4.216) is orthogonal. 


Let us substitute the derived values of aig into relations (4.210). 


After grouping and simplifying, we will have: 





An, -=An,,, 
sing, shia, ov fas Cosa, 
aah Viren «Fanta, = conta, ‘ 
An, = An,.. 
(4.217) 
Analogously, substituting the values of O55 into equalities (4.211), 
we obtain: 
bx =r, 
by = vite Seater (Sq, sin 9, sin 6, + 84,05 0, cos 04), ‘ 
bz = rhu,. | 
(4.218) 
Using formulas (4.196) and table (4.216) we find: 
é3) == bx cosa, — any Vsin?a, = cos? ay $d: cus g, cot, | 
éVerdecosa, — dz sludy, | 
Oa de | sinto, — cus? g, + ay <0 4 
ee a eet Nee (4.219) 
+4 dzeota, Psi ay — cones, 
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Finally, from relations (4.212) and (4.219), after the required 
transformations we obtain: 











Or = dx, 
Viinto, —costo tr eote 
te, bya ee, (4.220) 


az 
bo, == Fas 


In the case of the non-orthogonal reference grid r, O14 %% in 
selecting the reduction trihedron 0,xyz we made use, as was indicated, 
of the perpendicularity of vectors ry and ry,making them incident with the 


x and y axes. In the more general case, in which the three vectors 
> > > 
Yy-, Yor Fz are not pairwise perpendicular, we may select the reduction 


trihedron in the following manner: directing one of the x, y, or z 
> > 
axes along any of the vectors re (or foi we place the second axis in 


S08 ate ONT 


one of the planes defined by the two vectors of the main or reciprocal 
basis (or one of the vectors of the main basis and of the 
the vectors of the reciprocal basis). 


ha lentes 


§4.5. Errors in the Orientation of the Axes of the Sensing Elements. 
Errors in the Determination of the Orientation of the Object. 


4.5.1. Errors in the orientation of the sensing axes of the 
newtonometers and gyroscopes. Inertial systems must not only determine 
the coordinates of a moving object, hut also determine the parameters 


characterizing its orientation in space. The relations by means of which 
these parameters are found were deduced in Chapter 3 in synthesizing 
the ideal equations. 


As we saw, the problem reduces, in the final analysis, to the 





determination of the orientation of the object relative to the 
sensiny axes of the newtonometers and gyroscopes. The newtonometers 


355 





¥ iwi eae pt tn tet etait tn eS TSS 


= aA Te = = = 


om mee ee EO secs eee p-tene a Ah Cet: SCA LOO TO LTE ICAP EEE: Pree recep oR to te aaaaiEnEa 


and gyroscopes are in turn oriented in a particular way relative 

to the €', &7, &? (Ey, Ny, Gy) axes of the basic Cartesian coordinate 
system or relative to the n', n?, n° (&, n,f) axes of the coordinate 
system associated with the earth. Therefore, determination of the 
orientation of the objects relative to the axes of sensitivity of the 
gyroscopes and newtonometers entails simultaneously the determination . 
of its orientation relative to the basic Cartesian coordinate system 


and relative to the earth. 


In the preceding sections of this chapter we obtained the error 
equations relating the errors deriving from the elements of an inertial 
system and errors in the specification of the initial conditions to 
errors in the specification of the coordinates of the object. Let us 
now obtain the equations defining errors in the determination of 
orientation. These consist, clearly, of errors in the spatial orienta- 
tion of the sensing elements of an inertial navigation system and 
errors in the specification of orientation relative to the axes of the 
sensing elements. Let us therefore first consider errors in the 
orientation of the newtonometers and gyroscopes. 


Let us return to the system considered in §3.1. This system 
determines the Cartesian coordinates of the object. The newtonometers 
in this system are rigidly connected to the platform of the device 
measuring absolute angular velocity of the gyrostabilized platform 
(maneuverable or non-maneuverable). The axes of sensitivity of the 
newtonometers and gyroscopes coincide with the x, y, 2 axes of the 
platform. The problem reduces, therefore, to the study of errors in 


the orientation of the platform. 


The simplest case is that in which the spatial gauge of absolute 
angular velocity is the basic functional diagram . In this case 
the orientation of the x, y, z axes of the platform does not depend 
on the coordinates determined by the inertial system. Errors in the 
orientation of the platform in the basic Cartesian coordinate system 


are characterized by the angle 9), the projections 954° 8, 6 of 


ye: 
which on the x, y, z axes are given by equation (4.84). Errors in 


orientation relative to the earth are characterized by angle Bo, 





ay An Wied ee ae 





equations for the projection of which on the x, y, z axes, according 
to (4.88), differ from equations (4.84) only in their right sides. 
From equations (4.84) it follows that errors in the specification of 
the orientation of the platform of an inertial system depends in this 
case only on the initial crror in its orientation and on instrument 
errors dcriving from the measurement of angular velocity. 


The situation remains the same if the basic functional dia- 
gram is a non-maneuverable gyrostablized platform. In this case 


it is necessary only to set wo, = oe as 0 in equations (4.84) and 


(4.88). Analogously, the situation reduces to that of the preceding 
when the diagram ,is constructed on the basis of a maneuverable 
gyrostabilized platform if the controlling moments are developed ; 
only as functions of time. The situation is somewhat more complex if 

the controlling moments are developed as functions not only of time but 
also of the coordinates of the current location of the object, these also 
‘being determined by the inertial system. 


In this case equations (4.84) and (4.88) are insufficient for 
the description of the perturbed position of the trihedron Qxyz 
associated with the plat:form. In fact, in this case, the quantities 
Am. Am An, are the only instrument crrors in the development of 


the controlling moments. But these moments are developed according to 
coordinates determined by the inertial system. Errors in the specifica- 
tion of the coordinates give rise to a certain additional deviation in 
the position of the trihedron Oxyz from the position defined by the 
ideal cquations. This additional deviation is not taken into account 
in equations (4.84) and (4.88), although it is, of course, explicit 
contained in equations (4.83) -- (4.85) as a whole. In the instances 
examined above, in which the orientation of trihedron Oxyz was not a 
function of the coordinates, the error in the orientation of this 
trihedron in turn was not a function of the solution of equations (4.83) 
-- (4.85) as a whole. Now it will depend on them. 
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Let the orientation of the x, y, z axes relative to the EL Ee @3 
axes be qiven by the direction cosines O55 [Tahle (3.16)] or relative to | 


the n’, n?, n? axes by the direction cosines 855 (Table (3.40)). 


It is sufficient, clearly, to examine only the first case. The 

projections on the x, y, 2 axes of the absolute angular velocity ® of 

the rotation of the trihedron Oxyz, corresponding to the given direction 
cosines O35 has the form: 


@, = 04); +074; +- yy, = ty tty, a Un i 44,032, 
Wy 1) 30yy + Ayyityy + dy,0y = — 1045 = 071043 — Gy 0s, 


©, Oy) + Oty + By Oy = — dy, — O2fty — Oy. (4.221) 
These formulas follow from the equalities 


Bp — Bo ym(oXy)-F=—(0X 2) 9 =0,, 


dz az 
Ga (OK 2) Bae (OX 4) =H Oy, 


G-ya— De s(oX*)-y=—(OXy)-2=0, 


(4,222) 


e Equalities (4.222) derive in turn from the fact that the vectors 
X, ¥, 2 are the unit vectors of the axes of the orthogonal trihedron 
Oxyz (or O)xy2), rotating with an angular velocity &. 


The deviation of the position of the platform from that defined 


by the ideal equations is caused by the instrument errors Am, Amys Am, 


in the development of the controlling moments and by the following 
quantitites: 
bw, == oe 


2 a; 


OW, ns On 
Web bog Ot ar Ob. 

diy aay as avy, - 
Bay ear Mb oir OE ei OE 

0% 96) OO) ger OS) sey 
ho, GEM ars 4 5.8%} 


(4.223) 
where 663, 6€2, 6632 are the total errors in the determination of 
3 3 3 





the coordinates ¢', £*, £? calculated from expressions (4.16) and 


(4.20) in the following manner: | 
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IRF OX rE. (+0, Xr). z,, 
Sh = (+0, Xr). 8, 


(4.224) 
{the vector 8) is determined from the second equations (4.@1)). 


The deviation of the platform is characterized, clearly, by the 
variations bai, of the direction cosines defining its orientation 


relative to the €', £2, &3 axes: 


bag e205, e+ B,-dx, Aa bd, yt hye dy, | 


ba, = df, - 2-4 £, dz. (4.225) 


On the other hand, in accordance with equalities (4.224) 
ony 
bay) = Ger (Or +0, X1)+ By. (4.226) 


In formulas (4.226) it is assumed, of course, that summing is 
taken over s from 1 to 3. 


Comparing equalities (4.225) to equalities (4.226), we arrive at 
the relations 


Bybee — Ob BOL XA) BEM Bl 
Ere bys — OB, oy zt Wh Xr). 8,4 ors By). 


(4.227) 
BeBe es OS, ep OU er) Ee BY, 


wee | 
which enable us te find the variations Sx, dy, 6z characterizing the 
deviation of the unit vectors of the x, y, z axes of the platform from 
their non-perturbed position. 


Formulas (4.227) are equivalent to the vector equalities 


Be 1, XRD ADE EO, 7) Bb OP EME, 


By = 1, EMT EE NU XP Bh Ae DE 
B= 1 BYTE SEE rd BL Or BIE, (4.228) 





In making the transition from relations (4.227) to relations 
(4.228) we used the first equalities (4.19), which, if we substitute 
bye Nye 83 for fy+ Nas Sy respectively, take the form: 


83, — 0, x §,. 


In relations (4.228) summing is taken over s and i from 1 to 3. 


Let us introduce the small rotation vector § defining the position 
‘s > > »> > > > 4 > +> > 
the trihedron x + &x, y + dy, zg + &zZ relative to x, y, 2. Its 
’ 0. on the x, y, Zz axes may be represented by analogy 


projections Oy oy 


with (4.222) in the following form: 


O,emdy 2c —b2-y, O,endz.x me —he-e, 
0, = bx yar — by x, 


(4.229) 
Substituting the values of 6x, Sy, 6z from formulas (4.228) and 
using the table (3.16) of the direction cosines we find: 


0, (00, X B+ 9+ a (0, X 7+ dr). By 
0, xa, [(0, x 8) 2+ SEO, X 7-40). 8), 


00 [8924-8 Xr tey ], 


a (9, X Edy (9, X 2) yee — O,,. 
ay (0, X $2 —4,,. a, (0, %~ %,) x= ~ 


Substituting these expressions into equalities (4.230) and 
expanding the second terms in square brackets on the right side of 


i) 


these equalities, we obtain the following formulas for 8x Oye 2: 





ere rere 


0, = —0,, +a, a COE! $e Oisd? —- Oy.087) + 
; 4 
+ oy Of? + Or! — 04,589) 4- 


+ FP OY + Ont? — Oh], 


0, = — Oy bay | Su" OS! + Ost — Od?) + 


$2 a + Opt! — 0189) + (2) : 
+ Kt O59 Opt? — O12), 

0, = —0,,4 a, [Se (85! + Oye? — Oph?) + 

+ SU OY + Oiyt! — O89 + 


+ a O83? O13? = Ory! i} : 


rigidly bound to the platform from its position as defined by 
the ideal equation. They define, consequently, the errors in the 
orientation of the platform. 


| Formulas (4.231) define the deviation of the xyz trihedron 


et 


In the general case, as may be seen from formulas (4.231), 
the projections Oe 0 oO, are a function both of the projections 


y’ 
of the vector y and on the errors se= in the determination of the 
coordinates. ‘The latter are projections on the £', &?, &° axes of 
the vector 6&. The projections 6x, 6y, 6z of this vector on the 
x, Y, Z axes appear in the first group of the coordinate error equations 


(4.83). The projections 4 8 


ix’ Pry! 92 of the vector 8, are found 


from equations (4.84). 


It is easy to see that if the direction cosines a,. are not 


1) 
functions of the coordinates Ee then the angles OL ey Oo" become 
identically equal to “Oly: “Saye =O 4s respectively, as should be the 
case for a... as functions of time only. 


1) 


Formulas (3.231) are valid for the derivatives of M55 (Et ES, 


£°, t). For the sake of illustration we will consider the case in which 


the Oz axis of the trihedron Oxyz in the non-perturbed position is 





directed along the radius of the earth, i.e., in which the trihedron 
Oxyz is a moving trihedron on a sphere surrounding the earth. 


This case is noteworthy in that 0 8 fall out of the right side 


lx’ “ly 
of the two first equations (4.231), as we will show. 


Formulas (4.231) may be represented in a somewhat different form, 
if the projections Baye 8yy" 912 are substituted into their right sides. 
In this case we obtain: 


Oty 1(0,,2 _ Way + 


0, = — 01, -+ 0 { dun + St 
+ (0,2 — 0),2)0,, + (0,,9 —0,,x) a,,|} " 

0, = = 01, + a { boyy + Sey? 101, 2 — 01,904 -+ : 
+t — 14202 +0,,9— %,4) ay} 

0, = —0,, +a, {tay + 2H 0,2 — 0,904 + 


+, — 9.2002 +O,y — 0,,xa,} on 
(4.232) 


where 
bayer Shae: (4.233) 


This form permits an easier transition to the accompanying trihedron 
in equations for Bye Bye 6. In fact, if the 0z axis in the unperturbed 


Z 


position coincides with r, i.e., 


ret. (4.234) | 
then, clearly, — 


Xoayeo=f, 2-20, (4.235) 


If x and y in formulas (4.232) are now set equal to 0, and z 
equal to the distance r from the origin of trihedron Oxyz to the center 
of the earth, these formulas simplify significantly: 


0, = --0,, ty [4 - r ou (yy — | : 
0, = — Oy 4-44 [, +e ao (0,18) - %.42)] . 
0, = — 0), -bty [au +r ot i ytty 4) . (4.236) j 








Further simplifications of the formulas for Oy. 8, e. derive 


from the relations 


t! 
Sa. 


(4.237) 
which are a consequence of equality (4.234). 


Considering relations (4.237), we find the following sums enter 
into (4.236): 


Oy on, 
1a,y Oe ta ay Psi ay. 
A 





Ours 0a, 
ay Bru ay 3 ay 
; . 


(4.238) 
(the summation is taken over i and s). 


In view of the orthogonality of tabie (3.16) 
Oy Gets a A (4.239) 


But according to relations (4.237) 





(4.240) 


From equalities (4.235), (4.238), (4.239), (4.240) and table 
(3.16), we now find: 


Ou, se A 
— 10,3 Re I= Sevan 4+- Ee ait = 2. =20, 


Ou, eyo, tte 

roy at Og — 1+ Ete Were 
2y? 

s—l+4+--=—], 

7 


oa, 2x? 
ry ar ale 1, 


da, 2 
ry ae a) = ~~ =20, 


(4.241) 





erates = : = . 
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The values (4.241) obtained for sums (4.238) entering into 
formulas (4.236) immediately significantly simplify the latter. 


We obtain: 


0, =a,hap, o 
Q, =sayba,3, 


0, Oy ayy + ra, Set 1,04 — 04,02). (4.242) 


Here the variations ba;5 of the direction cosines are expressed 
oa. . 
by the derivatives 2 and the variations 6e8 by formulas (4.233). 
ag 


Since according to the table of direction cosines (3.16) 
Of asa,,bx +a, py + 4,52, | 
Fi) dy ao (4.243) 


the angles Oe 6, of the deviation of the z axis of the platform from 


y 
ry significantly depend in this case only on the errors in determination 


of coordinates which derive from equations (4.83). 


Let us obtain explicit expressions for 6. and oy through the 


solutions 6x, Sy, 62 of equations (4.83). From equalities (4.239) 
(4.240) and the first equality (4.242), we have: 


Bais ara. Gs aes 
O, ay ar Oy = tia “Ger OF = 


=| —tty SahL 4. tt EE ay. (4 z 244) 


Here the summation is taken over s from 1 to 3 and over all 
n Gifferent from s. 


From (4.237) we obtain: 


0,=:- se 4. Sul (Aft + tae) (4.245) 





But since n # s, the orthogonality of table (3.16) causes the 
expression in brackets on the right side of formula (4.245) to be 
equal to 0. The first term on the right side of the formula, if the 
6° from equality (4.243) is substituted into it, becomes éy/r. 


Consequently, 


(4.246) 


Analogously from the second equality (4.242) and expressions 
(4.237), (4.239), (4.240) and (4.243), we find: 


0, = Se, (4.247) 


Thus, formulas (4,242) take the form: 





0,= — 2, i= & 
0, == —0,, +.a,Auy + ra, a (0,45; — 0,,¢,2). 
(4.248) 
The following sums enter into the third equality (4.248): 
“pay =a, a OR, rat ou ay. 
On, 
12 Fr U2. (4.249) 


In order expand these sums, it is necessary to specify the 
orientation of the x and y axes relative to the &', £2, €3? axes. As 
yet only the direction of the z axis is fully determined, and the x 
and y axes are known only to be located in a plane perpendicular to 


the vector r. This is, clearly, insufficient. 


The simplest way to supplement the definition of the position of 
the xyz trihedron is to take as the unperturbed position 


Mm, =, = 0. : (4.250) 











In this case, from the third equality of (4.221) it follows that 


On =O, ay Sh =, (4.251) 


Then, in the right side of the third formula (4.248) all terms 
with the exception of the third vanish, 


O0 eye o, take the form: 


and the expressions for 


6 
=. 0,=: —9,,. 


(4.252) 


As a second example of the determination of the directions of the 
x and y axes of the moving trihedron, we will consider the case 
in which the y axis lies in the plane containing the axis of rotation 


of the earth, i.e., the &?. In this case, of course, the x axis is 


parallel to the plane of the equator. For the sake of precision we 


will assume further that the point O is located in the first octant 
of the O,5*E7E5 coordinate system, and that the y axis forms acute 


angles with the —'and E?axes. It is evident that under these con. ns 


the trihedron Oxyz becomes the moving trihedron of a geocentric 
Coordinate system, and its y axis points to the north. 


In this case we may write the following expressions for the 
direction cosines Aon and Oe2 of the x and y axes in terme of the 


coordinates E8; 


v ' 
Qa —L a 
Fle Seay 
ey ms 
a= — pete te 
oe ae 
Gy, = 0, Gy fea x 


(4.253) 


Differentiating these direction cosines.with respect to &° 
and forming the sums (4.249), we obtain: 


on, 
On Rt a. =0, 
' 
Qj;40,, =:—__-__.__ _ 
ae a ee Pd (ety, 4 a, 08), 
thy, t! 
ray ey 
oft 


= yy 


(4.254) 








| 
i 
j 


where 


424, 88) 4 a, SE? == dy, 
£ Gs, 


Gia 
a ee - ee 
te? — (3y' Gy Gy, eae 


(4.255) 
is the geocentric latitude). 


Considering relations (4.254) and (4.255), the third equality 
4.248) takes the form: 


0, = —0,, +tan? oS 5 


? (4.256) 





Noting that 


bx -b 70, == dx, 


and combining the first two equalities (4.248) with (4.256), we obtain 
the following formulas for the case under consideration: 


by bs 
0,23 - =. 0, = 7 


4 
0, = - o, + “Stang. 


(4.257) 


Finally, if the x and y axes are oriented tangentially to the 


coordinate lines = = constant and S = constant of the geodetic 


reference grid, then, proceeding in the same way as in the derivation 
! formulas (4.257), we arrive at the equalities 


by ba 
Os - , Oise  s 


z 7, ? 


4 
=~ 0,,+4 “Stanz 


(4.258) 


Let us continue to consider questions associated with errors in 
orientation of the sensing elements of an inertial system and turn 
he specification nf arbitrary curvilinear coordinates. 
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Let the unit vector é. of the axes of sensitivity of the newton- 
ometers coincide with the unit vectors of the co:mon basis 


ee ar (4.259) 


The position of these directions relative to the stablized plat- 
form, i.e., relative to the &',. &?, &*> axes is given by the table of 
direction cosines (3.173). Let us denote the elements of this table 
by hex then, 


ee ee 
ser bem be Tar. (4.260) 


Varying these relations, we obtain: 


Ol,, = be,» Sy +, + O8,. (4.261) 


On the other hand, 
at, 
Oy = 7G Ons. (4.262) 


Comparing equalities (4.261) and (4.262), we find 
Oss Mo 
be, + Bam — y+ bby + SH Ses, (4.263) 
or 


. Ole ain i 
te, =(-6,: OF, + = 43 ey 
( oe *) (4.264) 


where on the right side the summation is taken over o and k from 
1 to 3. 


Tne three formulas (4.264) are analogous to equalities (4.228), 


but in the former the quantities e_ and dk are functions not of the 


s 
coordinates fod but of curvilinear coordinates x» . Formulas (4,264) 


define the vectors e, characterizing the deviations of the axes of 


sensitivity of the newtonometers from their position defined by the 
ideal equation. 
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Since the unit vectors om of the as axes do not change their 


directions in space, i.e., do not depend on the coordinates «= 
equalities (4.264) 


, in 


Sbtesy, . 8 fart, 
ox" ox" 4 


(4.265) 
According to the definition of the vector 04 and the errors bx 3. 


og, = -0, X &,. 6n9 == da? 4-029, (4.266) 
where 


Oxf = (0, X 7) -r°. (4.267) 


In formulas (4.266) and (4.267) the small rotation vector a is 


defined by the second group of equations (4.188), and the magnitudes 
of 6n° are defined by the first group of these same equations. 


Let us find the error in the specification of the directions of 


e, caused by the deviations éé,. We introduce a small rotation vector 
6 such that 


be, = 0X ¢,, 


(4.268) 
and obtain the equations for this vector. 


Substituting expressions (4.264) into formulas (4.268) and taking 


into account equalities (4.265) -- (4.267), we arrive at the following 
equation: 
OX y= Bs [ey Mh x Balt SIM" 4-0, Xr): eI} 


(4.269) 
or after obvious transformations, at the equations 


ne (4.270) 
(+) x @, 2 a 14" + (0) X 7)". 


a SS 


> 
If the unit vectors e.g, as before, are not a function of the 


coordinates «°, it follows from equations (4.270) that 
Oz: —0,. (4.271) 


It is also easily shown that if the coordinates x° are Cartesian, 
equalities (4.231) and (4.232) are obtained from equations (4.270) as 
a special case. 


In conclusion let us consider one more question. 


In considering in §4.4 the error equations for arbitrary curvi- 
linear coordinates, we reduced equations (4.118) derived for this 
case to the error equations of a system determining Cartesian coordi- 
nates, i.e., equations (4.83) -- (4.85). The procedure which was used 
to accomplish this permits the conclusion that an analogous reduction 
may be carried out with regard to equations (4.270), i.e., 
that equations (4.270) may be reduced to equations (4.231) or (4.232). 
We will show that this is the case using orthogonal curvilinear 
coordinates as an example. 


Equalities (4.231) may be replaced with the single vector equality 


0 4-0, =x (z + dy) +-y(x- de) + 2(y-dx)-+ 
8,001 x 0) (2 -55)-ty(e- ge) be(y FD] (4.272) 


Multiplying this equality by x, we find: 
40) X x—dx £1, Xr) Bl ger (4.273) 


For the sake of simplicity let the trihedron xyz coincide with 
the trihedron YyFor3- It is then evident that 


e=C,, JHC, &=,, 





and from equations (4.270) we obtain for s = l: 


Ox 
(0-+0,) X x =be +5 Xr) r*}. (4.275) 
But 
=* x ox ox? 
&, ra ont OP (4.276) 


Substituting these values into equation (4.273), we arrive at 
th: uality 
(0, X r)- bls: = =e ~1(0, Xr) +r}, 
(4,277) 
which shows the equivalence of formulas (4.232) and (4.270) for the 
case of orthogonal curvilinear coordinates. 


For oblique-angled curvilinear coordinates the equivalents of 
formulas (4.232) and (4.270) is also easily demonstrated, by taking 
the unit vectors fa x? and ¥, x ¥? as the X, ¥, Z unit vectors. 


4.5.2. Errors in the specification of the orientation of the object. 


Errors in the specification of yiven directions in space. The orientation 
of the object relative to the trihedron Oxyz associated with the platform 


of the gauge of absolute angular velocity for the gyrostabilized 
platform is characterized by the angles a, 8, y of the rotations of 

the rings of the gimbal mount of the platform. Errors in the specifi- 
cation of the orientation of the object relative to the axes of the 
platform will be characterized by instrument errors Aa, A8, Ay in the 
measurement of the angles a, 8, y. For small values of these errors 
the error in the specification of orientation may be given by a small 
rotation vector Os the components of which will be runctions of the 


instrument error ‘ia, Af, Ay. 


Let us find the projections of vector 6, on the x, y, z axes of 
of a platform. We will introduce fig to designate the direction cosines 


between the angles X, Y, Z of the object and the x, y, z angles of the 
platform, The table direction cosines will have the form: 
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x y 2 
Not eye ety 


Yoty te ty (4.278) 


7 Cy Fae Py. 


The quantities E45 as functions of the angles a, 8 and y are 


obtained from the comparison of tables (4.278) and (3.66). The errors 
Aa, AB,Ay reduce to the errors Ses5 in the specification of the direction 


cosines ea5: The orientation found of the X, Y, Z axes will therefore 


correspond not to their actual position relative to the x, y, z axes, 
but rather to their perturbed position X', Y', zZ' relative to the 
X, Yr, Z axes, Characterized by the following table of direction cosines: 





x y Z. | 
x’ Cr 4A, egy fey, Fy try, | 
VY" eaten ty tden ty + iey 
2 ty 4- dey, ly + Nyy yy + Ar, 
(4.279) 
From (4.278) and (4.279) we find that the deviation of the 


calculated (perturbed) orientation from the actual orientation is 
characterized by the following table of direction ccsines: 


: : : z 
a 1 O05 ben + Can Bray + toy Oe, Oy ben + te ey + Oy bey 
taben tab rte onli Blea sates (4,280) 


2 ra He Bee bee bry ey hey 4 Orn bean t tye egy An 


As a result of the orthogonality of trihedra XY¥2 and xX'Y'Z', 
the following equalities obtain: 


Cy hry, + Cj, ey, I tniy 3 

=~ ta dey — tn bey — entry, 
Pade $y bey -b ey dy 

= ty bry — P12 bry) — F1y br y3, 
ty Wry + ty dey, +b hayhey es 

 ~ ty bey — they — Fy fey), 


(4.281) 





indicating that the table of direction cosines (4.280) is skew- 


symmetric. 


This fact permits determination of the mutual position of the 
trihedra XYZ and X'Y'Z' by the small rotation vector 85, the projections 
of which are: 

O3y = Oy Begg $05) bry f3yhr9), 


Oy = ey) bry, + O12 Oy + ey dry, 
Ory = Fy bey Hey Aes + eg, dey3. (4.282) 


Equalities (4.282) are analogous to equalities (4.52), (4.54), 
and (4.65) introduced earlier in order to define the small rotation 
vectors é, and Ors. In accordance with equalities (4.282) the errors 


in the specification of the orientation of the XYZ axes, the variations 
in the unit vectors of these axes, are equal to: 


OX =20,X X, oy =0, XY, dz =0, XZ. (4.283) 


Let us find explicit expressions for the projections 83x 83y° 
932 in terms of a, 8, y and Aa, AS, Ay. From tables (3.66) and 


(4.278) we have: 


dey, =3 — Apsinficos y— Aysiny cos, 
bey. = Apsinpsin y— Ay cos pcos y, 
boyy == Apicos f, 
bey, = An (cosa sinficos ¥ — sina siny)4- 
+-Ay(— sina sing siny -} cosacos y) + 
+ Mpsinacospcosy, 
bez, = Aa(—- cosa sinfisiny — sina cos 1 
— Ay(sine sinficos y— cosesiny) — 
— Mpsinacospsiny, 
ey = —Ancesacosp -j Mpsina sing. 


(4.284) 


Substituting the derived values 6c 55 and the values of ei 
[from table (2.66)] into formulas (4.282) and making use of the second 
equality (4.281), we obtain the following equations: 
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0,, = — Aa — Aysing, 
Nyy = — Apcosa + Aysinacosp, 
0,, = — Apsina — Aycosacosf. (4.285) 


Now, projecting the vector , on the x, y, z axes, from the 


derived values of 6 ) 83, and the table of direction cosines 


3X eye 


(3.66) we obtain: 


0. ra — Aucosficos y — Sfsiny, 
0,, = Aacosfisiny — Mpeosy. 


=_—Mna — Ay. ‘ 
x ria (4.286) 


The total error in the specification of the orientation of the 
object in space is composed of errors in the orientation of the platform 
and errors in the specification of the orientation of the object relative 
to the platform. Thus, if we designate the total error by 6, 

aS (4.287) 
where vector 6, is defined by its projections (4.286), and the vector 


4 by projections (4.231) or (4.232). 


Let us consider the following circumstance. 





: The vector 6 characterizes the deviation of the trihedron xyz 
bound to the platform of the inertial system from its unperturbed 
position. As was shown above, the expressions for the vector $ vary as 
a function of the means of specifying the unperturbed orientation of 
the inertial system platform relative to the &', €?, £3? axes. Thus, 

in superposing the x, y, z axes on. the &', &*, €° axes for QO,» 8 


Oj, the following formulas obtain: 


y’ 
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ets 
0,=—,,, O,== -0,. 0,= —0,,: 


(4.288) 
if the z axis of trihedron xyz coincides with the vector f, formulas 
(4.248) apply; if the z axis is superposed on the vector Yr, and the 
x axis lies in the plane of the meridian, formulas (4.257) etc. are 
valid. Expressions for vector 6, will vary depending on how the 
vector 7 is expressed. 


Formula (4.287) characterizes the error in the specification of 
the orientation of the object relative to the unperturbed position of 
the platform. At the same time it may be necessary to define the 
orientation of the object relative to axes not bound to the 
platform. 


Thus, if the basic system is a non-maneuverable gqyrostablized 
platform, the unperturbed orientation of the x, y, 2, axes will be 
invariant in inertial space, the x, y, z axes, for example, being 
superposed on the &', £7, —? axes. In this case formula (4.287) is 
the error in the orientation of the object relative to these axes. 

At the same time the conditions under which an inertial system is used 


eis 


may make it necessary to define the orientation of the object not 

relative to the €', €?, &* axes, but relative to other axes, for 

example, relative to countries of the world, i.c., relative toa 3 
geocentric moving trihedron. In this case, there arises the 

problem of finding the orientation errors. Formula (4.287) does not 

as yet supply a solution to this problem. 


It can he shown, however, that tormula (4.287) can be extended 
to this case as well. If we follow once again the derivation of 
formulas (4.231) and (4.232), we will see that they are also valid for 
cases other than the xyz triheuron bound to the platform. 


In fact, let a trihedron x°, y°, z° be defined relative to the 
£1, £7, £3 axes of the basic Cartesian coordinate system, and let its 


position be defined by the direction cosines a's forming a table 








analogous to table (3.16), and let a5 be functions of time and the 


coordinates of the object. 


We substitute in formulas (4.231) and (4.232) ars for the direction 


cosines Ose and 6,,0, 91 yor8y 70 for the projections Ory Saye 812° 


The quantities 90% Oyo, 80 will clearly characterize the errors in 
the specification of the orientation of trihedron x°, y°, 2°. 


Therefore the vector equality 
0,=0 £0, (= Or + 0-y" $1, 2%, 
i (4.289) 
which is fully analogous to equality (4.287), will define the errors in 
the specification of the orientation of the object relative to the 
x°, y°, z° trihedron not bound to the platform of the inertial 
system, 


We note that the extension of formulas (4.231) and (4.232) to 
the case of an arbitrary trihedron xyz not rigidly bound to the 
platform permits us to find the errors in the specification of any 
qgiven directions in space. These directions may be, for example those 
by which a projectile fired from a moving object is oriented. They 
may be directions to terrestrial orienting points and celestial bodies 
being used for correction of an inertial system. In particular, it 
follows from formulas (4.231) that, if a bearing on a distant star is 
defined, i.e., a bearing invariantly oriented in the &'&7£*? coordinate 
system and characterized by the unit vector b, then the error 66 in 
the specification of this bearing is a function only of the instrument 


errors of the gyroscopic elements 


tot Xp 


(4.290) 


and is not a function of the instrument errors of the newtonometcrs. 





§4.6. The Reduction of Instrument Errors to Equivalent Sensing Elerent 
Errors. 


4.6.1. Reduction formulas. In the preceding sections in deriving 
the crror equations of an inertial system it was assumed that the only 
instrument errors occurring in the system occurred in the sensing 
elements: the newtonometer error An and the gyroscope sensing element 


Am. 


Equations (4.283) -- (4.85), to which, as was shown, the coordinate 
error equations for any fully independent inertial navigation system 


reduce, contain the components An, Any, Anos and Am,» Ams Am, of the 


vectors An and Am along the x, y, z, axes, in terms of the projections 
on which equations (4.83) -- (4.85) were compiled. In the solution of 
the problem of reducing error equations (4.118) of an arbitrary interial 
system determining the curvilinear coordinates of an object, formulas 
(4.192) and (4.193) were obtained for equations (4.83) -- (4.85) in 


6 An, and Am,+ Am, 


order to find the corresponding values of An,» An y 


y 
and At). 


As was noted in §4.1, the retention of only the instrument errors 
of the sensing elements in the error equations is justified by the fact 
that under certain conditions other errors may be reduced to equivalent 


sensing element errors. 


The conditions permitting this possibility ultimately reduce to 
the absonce in the system of bugs giving rise to distortions of its 
operational algorithm, i.e., functional disturbances in the operation 
of the system. An example of such a bug is the non-correspondence 
of the functional arrangement of the system to the selected algorithm 
describing the svstem's ideal functioning, i.e., incorrect connections 


in the system. Bugs of this sort usually cause breakdowns. 
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If defects in the elements and devices of the system do not 
disturb its operational algorithm, the homogeneous error equations 
retain the form which they have in the absence of instrument errors, 
when the cause of the perturbed motion of the inertial system is only 
incorrectly specified initial conditions. The presence of instrument 
errors changes only the right sides of the error equations. This makes 
possible the reduction of the instrument errors to equivalent sensing 
element errors. 


In order to demonstrate this, we turn to the first two groups of 
the error equations, i.e., to equations (4.83) and (4.84). Their right 


sides are functions of Anye An. An, An, Am and Am, characterizing 


y’ 
the sensing element errors. 


Introducing Pye PF 
we will have: 


» F, for the right sides of equations (4.83), 
y’ “2 


F,=An, —2(Am,2z — Am,y) — Am,z +Am,y — 
— 0, (Amy + Am,2)— Am, (0,9 + 0,2) + 
+: 2x (a, Am, bo, Am,), 
FysAn, —2(Am,x — Am,2)—Ani,x 4 Ame — (4.291) 
a 0, (Am,2 + Am, x) - Amy (a, + 0,294 
+. 2y (oo, Am, +00, \m,), 
F,=An, — a(Am,y _ Am,x)— Ane yt + Amyx = 
— 0, (Am, x + Amyy) — Nit, (ae + yy) + 
‘+ 22 (m, Am, +, \m,) 


Analogously, for the right sides of equations (4.84) we introduce 


the designations 


f,=3Am,, fam, f,=An,, (4,292) 


Let us assume that some group of errors other than sensing element 
instrument errors are to be taken into account. Then, in place of the 


functions Pye Be Foe f foxy f. in the right sides of error equations 


Y kK og 


(4.83) and (4.84) other functions F',, F',, F's fs f' f'. depending 


y 1. = 
on the group of instrument errors under consideration will appear. 
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If we now transform the equalities 


F,= Fi, by =F; Foal h 
fete hele Let 
(4.293) 


and, using expressions (4.291) and (4.292), we solve them for An,» Anye 


An,, Ams Am, and Am, we will obtain An* An' An' ., An’ yo Am'., 


Yy 7 ? 
and Am" 36 the substitution of which into the right sides of relations 


(4.291) and (4.292) in place of Any, An An, AM, Am Am, transforms 


y’ y’ 


these right sides into the functions Pros Five ae f' fle and f' 


The quantities An' yo An' An's Am‘ An'., Am' will be the 


y’ x! y 
equivalent sensing element errors for the group of instrument errors 


under consideration. 


Since it follows from equalities (4.292) and (4.293) that 
Am) == fi, Am =f). Amie fi (4.294) 
we obtain from (4.291), (4.293) and (4.294): 


Ani xe Fb 2/12 — Sy) + he — St 

+0, (4,9 +fh2)+h, (oy +- «,2) — 2x (o,f,+ of) 
Ant =F) + 20 fie — S12) + fix — fat 

40,0152 +15) bS, (08 + 9,8) ~ 29(0,F, +S). 
An =F +219 — La thy ~ het 

+ a,(/,* a 4’) +h, 4 + 4,9) —22 OSs + u,/)). 





(4.295) 


Formulas (4.294) and (4.295) define the equivalent sensing element 
errors for some i-th group of instrument errors in the elements and 


devices of the system. The functions Fy Pye Fy ’ fie fe f. as is 
evident from equalities (4,291) and (4.292), are lincar with regard to 
the instrument errors. Therefore the total equivalent crrors am’, 


r An‘ he An' q and An‘ r may be represented in the form 
x y Zz 


of sums of the cquivalent errors of all of the groups and of the actual 


ees 
a eg 


instrument errors in the sensing elements: 
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Am; = Am, + Pan; Am’? ms Am, -+ Ams. 
Ami mm, + Bani: 
Aajiem dn, + Sani. Anita dn, + Sans, 


Maj = dn, + 3 dni (4.296) 


4.6.2. Examples of use of the reduction formulas. We will give 


several examples of the reduction of instrument errors to equivalent 





sensing element errors (basic errors). For this purpose we will con- 
sider errors in the specification of the intensity of the gravitational 


field and the earth rate, integration errors, and errors in the posi- 


tioning of newtonometers and gyroscopes on the platform. 


In §4.2, in the derivation of the error equations, in addition to 


the sensing element instrument errors, the errors Ag, Agy. Ag, in 


the specification (or formation) of the characteristics of the gravi- 
tational field and also the errors Au, Au,, Au, in the specification 


of the earth rate, were retained. These errors were retained in order 
to demonstrate how they reduce to the basic errors. At the end of 
§4.2, certain preliminary considerations in this regard were expressed 


which may now be elaborated upon. 


For the errors Ag. Agus Ag, we have: 
L,I, 1,730, Flange, FL=M,. Fig, (4.297) 


Therefore 


7 Fe cf 
Am; = Am; = Ami == 0, 


LAG, Anolis, Ta, mlidy (4,298) 
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If we retain only the errors Aue buys Auls then 


I= Ag,, = - Nu. > -Aa,. 


Fy <1, =F, 0 


(4.299) 
and in accordance with equalties (4.294) we obtain: 
Am, <= —Au,, Am’ = —Aw, Am‘ = —Au,. 
(4.300) 
From formulas (4.295) in turn, we find: 
An! = — 2(Au,2 —Au,¥) —Au,z + Auy — 
—u, (Au,y + Au, 2) — Au, (0, y + ©, 2) + 
+ 2x (0, Au, +0, Au,), 
An’ =» — 2(Au,x —Au,2)— Au,x + Au,z— (4.302) 
—o, (Ag,2 + Au, x) — Au, (0,2 +, x) + . 
+ 2y (w, Au, +0, Au,). 
Ani as — 2(Au,y = Au,x) —Au,y-+ Aux - 
—uw, (Au, x -- Au,y) — Ag, (o, x -F oy) + 
+22 (wo, Au, +0, An,). 
In taking account of errors Gyr Sye 7 and Uy.e Ue uw, 


simultaneously, it is necessary, obviously, to sum the corresponding 
equalities (4.298) and (4.300), (4.301). 


Let us see hcew several characteristic errors are reduced to basic 


errors. 


We will first derive the error due to the counter of the inertial 
system to equivalent sensing element errors. We will do this using 
as a cxample a system which determines the Cartesian coordinates of 
the object. 


Turning to equations (3.59) -- (3.65) defining the ideal operation 
of this system, we note that the error in the specification of time, 
1.e., the discrepancy between timer signals and Newtonian time, reduces 


to errors in the computation of the integrals in equations (3.59)--(3.65). 
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Here it must be noted that the character of these errors depends 
on the way the integrals are computed in the system. 


However, this 
remark has a wider significance. It is evident that errors ina 
“oncrete system realized by conerete elements are always to a great 


xtent determined by these elements. In other words, the reduced errors 


f various units of an inertial system may be different fer various 
oncrete system elements which differ in the principle of their 


unctioning, even if the funetions of the latter in the system are 
dentical. 


Let us assume, for example, that integration in the system is 


ferformed numerically, i.e., by the method of constructing integral 


sums. This is possible when the system's computational device operates 


on the principle of a digital computer. Let us assume, further, that, 


the timer, instead of the true time t, emits the quantity 


xt 
+ 1(1), (4.302) 
where t(t) is the error in the speecificaion of time [1T(0) = 0). 


Let us assume that the integral 


yxs f eae 


is computed. 


(4.303) | 


Then, taking equality (4.302) into aecount, we obtain: 


‘ 
y's fein troy 
v (4.304) 


This icans, therefore, that in the formation of the integral sum 
t > value of the integrand at the moment of time t' is taken in place 


t and is multiplied by the time interval At' instead of by At. 
uy oer limit of integration remains the same (t), 


° The 


since in an inertial 
sy item integration is performed, as a rule, not up to some moment of 


tine speeified by the timer, but up to a moment of time at which the ' 
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coordinates determined by the system attain specified values. This 
permits, incidentally, derivation of the error equations of an inertial 
system by isochronic variation of the ideal equations. 


From equalities (4.302), (4.303) and (4.304), performing a change 
of variables in equality (4.304) and using the mean-value theorem, 
we obtain: 
bys y — yaa te (Qayy(y. 
(4.305) 


Applying formula (4.305) to equations (3.59), we arrive at the 


following expressions for F x! F y’ F om 


rem $e +r (0a): 
d[ ay, +2. 20, (4.306) 


’ eee 
Fy= a7 |" a 


moa att aa): 


Analogous, from equations (3.60), we find: 


. c (4.307) 
fa 52 W,(, -+4- Or (te). Is oz 10,02 + i (ty), x 


Ni = Tot # (tw). 


Formulas (4.294) and (4.295) may now be used to find the equivalent 


errors. 


We have considered the case in which integration is carried out 
numerically, i.e., by the method of constructing integral sums. But 
the operations of integration may also be performed by special continuous 
integrating devices. These devices are baseé on the use of some physical 
process, two parameters of which are interrelated in Such a way that one 
of them is proportioned to the time integral of the other. An example 
of such a device is the gyroscopic integrator, which makes use of the 
fact that the angle of precession of the gyroscope is proportional to 
the integral of the applied moment. In this case, integration is 
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performed in natural newtonian time, and the integrator error may be 
reduced to an error in the coefficient of proportionality which may, 
in the general case, be a function of time or even a function of the 
quantity being integrated (for example, range of sensitivity). | 


Denoting the normalized errors in the scale of integration by 


k} ky Ki, ike, ites 


x! 2! Kye bye koe we find from equations (3.59): 


; ; (4.308) 
ima [H [ive i (x fier) 


Analogously, we can use’ equations (3.60) to find f iy f° Ege 
after which formulas (4.294) and (4.295) may be used to determine the 
corresponding values of the equivalent newtonometer and- gyroscopic 


sensing element errors. 


Let us now turn to a characteristic group of errors in inertial 





navigation’ systems, namely errors arisiny as a result of the non- 
coincidence of the axes of corresponding newtonometers and gyroscopic 
elements, and also as a result of the axes of sensitivity of the newtono- 
meters and gyroscopes not forming orthoyonal trihedra. Errors of this 
sort arise both as a result of engineering errors in the installation 

of the newtonometers and. gyroscopes on the platform and as a result of 
deformations in the structural elements of the platform, the newtonometer 
and the gyroscopes. 


As before, let xyz be an orthogonal trihedron along the axes of 
which the axes of sensitivity of the newtonometers and gyroscopic 
elements are aligned in the absence of the above-mentioned errors. 

The directions along which the axes of sensitivity of the newtono- 
meters are in fact aligned will be designated by x', y', z' (the trihedron 


Oey is non-orthoyonal). Let us introduce the direction cosines 
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‘ oe centre 
a 


ste ae 


characterizing the directions of the x'y'z' axes relative to the | 


Xe Yo 2 axes: 
x y’ 
x tl 9 
ym | 
2 ty tx 
Cie i Rees > Ain 
where ij are small, with €45 # ji 


(4.309} 


Analogously, the directions alonc which the axes of sensitivity 


of the gyroscopic elements are aligned will be designated by x", 


ys Zz" 
¢ 
cosines 
xy" 
x 1 ey 
y enh | 
f ¢y Cn 


where ei; are small, with ei5 # e554 


The relative positions of the x', y', and z', and x", 


axes are specified therefore by the 


x” 


x’ 1 
- 
y tatey 
o 
, 2 tytbey 


Table (4.311) is obtained from 
the assumption that C55 
and products may be ignored. 


and ¢.. 


ij are 


According to table (4.309) the 


meters aligned along the x', y‘, 2' 
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Ay aNy t+ Uy, + lyM,, Ny <2, 4 eon, + €y,, 
Ay =A, + yA, 4 lM. } 


and specified relative to the x, y, z axes by the direction 


(4.310) 


yu 2" 


following direction cosines: 





y ” q 
Craten iy tty 

1 tn le (4.311) 
tat en 1. 


tables (4.309) and (4.310) under 
small, such that their squares 


quantities measuring by the newtono- 


axes are: 


(4.312) 





In accordance with table (4.310) we have by analogy with (4.312): 


my mt Cy, fest, 


(4.313) 


m= 


mye 2 tt, + em, + eyyMy. 


=m, tet, tent, 


Referring now to the ideal equations (3.59), we find that in the 
right sides of the coordinate error ecyuations corresponding to them ‘ 
the following additional quantities appear: 


i= yf t Cy 4,— %, (1, te 65) ste wen, 1 6) oe 
=F te(ean, 4-00) — ylee, + enh 
Fy =e 8, + 65)8,—1,(6,,0, + 63,4 0, (6,0, + 6,0) — 
— A p(n, + ear) — 2Cent, + eae 


Fy ma Gis", + A, — v (ea, os 0) + V6 + 62) i 


= a le, + ened = Cera tH esand (4.314) 
where according to relations (3.59) 1 
n,=0,+ Ov, — G0, — £. (4.315) 


A, =20, + 0,0, — OF, — Py. 


and A, =U, O,ty — 0,0, — fy 


U, SX -f 0,2 — OS. vt, =y4 OY — 0,2, 


(4.316) 


vz, F-$ Wy — WX. 


Analogously, from equations (3.60) it follows that the following 
quantities are added to the right sides of equations (4.51): 


gE rg “Fairy — Urey gry + Cay). 
yy (Cayey -f- Cyt.) — Oy) (Oy, -F Cy) 
yy (Eygy E65.) — 12 (C10,  E™,); 
3304 09g He Cy) — Ay) (C,.¢ + €330,), 
Gay (Egy $6 540,) — Cty (Oy, F621), f (4.317) 
By (1% FO) — A (Camy + Om) 
Oy (E499, AE Cas y) — Cay (Eqgtag + €52,). 
By (C2, Cy p) — gy (Cy, -b C24), 
yy (1gy 4 Cage) — Brg (Eri, Hh O31). 
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Therefore, the expressions added to the right sides of the error 
equations (4.84), in accordance with the procedure for deriving 
equations (4.84) from equalities (4.51), take the form: 



















f= to, + C4, B = Cy t0, + 65,0, 


4 = eyo, 4- 62,0. 





Comparing expressions (4.318) and (4.313), it will be noticed 
that expressions (4.318) are a direct consequence of relations (4.313). 
In the right sides of equalities (4.318) there appear the differences 

m 


xe 7 My Mye 7M, Mae = Mm deriving from relations (4.313). 


Formulas (4.294) and (4.295) now give the possibility of deter- 
7 ' J t ’ ; 4 
ming n'y, n'y, An . Am a Am y Am 3 for the case in question. 


We have considered examples of the reduction of errors in an 
inertial navigation system to equivalent sensing element errors for 
a system determining Cartesian coordinates. The derivation of errors 
for systems determining curvilinear coordinates does not differ in 
principle from the procedure used in these examples. 
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Chapter 5 


THE ANALYSIS OF ERROR EQUATIONS, ‘THE RELATION BETWEEN ERRORS 
IN THE SPECIFICATION OF COORDINATES AND ORIENTATION AND 
INSTRUMENT ERRORS AND ERRORS IN INITIAL CONDITIONS. 


§5.1. General Properties of Error Equations. Possible Means of 


Investigating Them. 


5.1.1. The general properties of error equations. The error 


equations for an inertial navigation system derived in the preceding 

chapter include equations (4.83) -- (4.85) which define errors in the 
determination of the coordinates of the object and equations (4.232), 
(4.286) and (4.287), defining errors in the specification of the 


parameters of its orientation in space. 


The coordinate error equations reduce to two groups of differential 
equations (4.83) and (4.84) and to the algebraic relations (4.85). 


The first group differential coordinate error equations has the 


form: eee [or4 27 2x2) — ot - -)] bx aS 
+ (04%, _ o, — Ba}? Jay Qn, dy + | 
+ (one “+ iy _ wee as $ a, dz = 
a= An, - -2(\m,2 ~Am,y) Mityz -+\my- 
— oo, (Mmtyy fm, 2) ~ Amy (yy 4,2) -+ 
$f. 2x (1, Amy 4-0, \m,), 


by [AG - 2y2) — wt -o8| by + 


ob ete cig BAS tyes 
+ (04 40,- a ‘) de -f 20,88 = 
Any— 2(\m,< — Antz) — Am, x Art 2 — 
—o, (An,2 ++ Am x) — Am, (09,2 4-0,%)-F (5.1) 
f- 2y (o, Am, $0, Am,), . 
b2 -+ |~ (x2 4 y? — 227) — oF — “| é2-- 
4+ (4%, —u— eta — 2a, dx 4 
+ [o,0, + o, - ir) by -¢ 20, by == 
= An,— (Amy — Ara, x) — Amt y -# Am,x— 
— 0, (Am,x + Aat,y) = Am, (a,* yy) +: 
+ 2z(u, Am, + oy Am,). 
pte xt y? “$ 2. 
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Here by analogy with equations (4.83) the errors AG, Age Ag, 


which are reduced to the equivalent newtonometer errors, are omitted 
from the right sides. 


In accordance with expressions (4.86) and (4.87) the initial 
‘onditions for the equations of this group are the following: 






“Ox (O)e=0x%, dy (0) = by, 82 (0) = 82°, 
Ox (0) =: 8x9 = Bag -+ (bus? — Am”) 2° — (du? — Am?) 9, 
by (0) = by? = dy + (ha) — Am?) x° — (bu) — Am?) 2°, 
bz (0) <= 02° = 22 + (bu — Am?) y — (bu? — Am?) x°. 


(5.2) 






The second group of differential error equations is the following: 











4, + 0,0,,—0,0,, =Am,, (5.3) 


6, -+ 0,0, —0,0,, = Am,, 
b, + 0%, — 0,0), = Am, 


with the initial conditions 


0120) = Ure, O1p(0) = 0%y,  Ou(0) == Ole (5.4) 


Finally, the coordinate error equations include the algebraic 
relations: 


6x,=30,,2—1,¥. ay, = Ox ~ 0,2, 





(5.5) 


6z,=0,.¥ yx 
dxycde + dey, Oy == by + Oy, 
bz, = hr + day. 







The error cquations defining the parameters of the orientation 
Cc. wo object in space include the set of three systems of algebraic 
equalities (4.232), (4.286) and (4.287). 
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The first system consists of three equalities of the form: 


9, = — 0, anf d+ O MO,2 — 9,904 + 
+(0),%—0,2)0,, +(O.¥=,x)e5I}, 

0,=—0,,4+0, {80,4 ou 1(0,,2 — 0,9) 1 -f (5.6) 
+04 04,242 +9 Ox) a1}, 

6, = —-0,,+ a, {ty 4- oun (0,,2 — 0,,yla,, + 


a," 


+ (0,,% a O42), +(0,,¥ a ,yx)a,1} ’ 
where 
bay) = hat. 


(5.7) 
and the summation over s and i is performed-from 1 to 3. 


The second system of equalities defining orientation errors 
includes the relations 


0,, = — Aacosficos y— Afisiny. | 


| 0,, == 4 ecosfisiny — Aficos y, (5.8) 
| 0;, =~ - basing — Ay. 


‘Finally, the orientation error equations include the following 
} relations deriving from formula (4.287): 
| 


%, =, Ar Uy,. Oy = v, an Oy) | 
th, = 0, + 05,. 


(5.9) 
| Equations (5,1) define the errors 4x, Sy, 6z in the Cartesian 
coordinates x, y, z in the trihedron 0,xyz with its origin at the 


| center of the earth and which rotates relative to the basic Cartesian 
coordinate system 0)F ae%s (0,5%2€3) with an angular velocity 4%. 


In the left sides of these equations the quantities Wye W Ww, are 


ye Me 
the projections of the vector & on the x, y, z axes, and jt is the 


product of the gravitational constant and the mass of the earth. 
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1!e right sides of equations (5.1) contain Any An Ane the newtonometer 


y’ 


instrument errors, and Am, Am Am, the instrument errors deriving from 


y’ 
the gyroscopic elements. The lattex are errors in the measurement or 


formation of the projections Oe Wye W, of the absolute rate 


of rotation of the xyz trihedron about its axis. 


Equations (5.3) characterize the error, caused by the instrument 
‘rrors Am.,,, Ams Amos in the specification in the orientation of trihedron 


3)%yz relative to trihedron 0,¢'¢2¢3, fixed invariantly to the bearings 


the center of the earth to distant stars. The quantities 9yy0 Of; 


ly 
> 
las are projections on the x, y, z axes of the small rotation vector 8) 


: we : an alae agate 0 0 0 
lesignating this error. The initial conditions Ole Oye %1, of 


y! %1, refer, as do the initial values (5.2), to the 


noment at which the inertial system begins to operate. 


angles Bay 6) 


The first three equalities (5.5) are expressions for the errors 
Ox) s yas bay in the specification of the coordinates of the object 


relative to trihedron 0,6£2¢3, The errors Ox), OYy, Oz) result from 


the orientation errors Ory By Se and characterize the errors in the 


ve 
specification of the coordinates of the object in the coordinate system 


0,£'%¢% given in terms of projections on the x, y, 2 axes, 


The final three equalities (5.5) are expressions for the total 
errors ‘Xe SY 3" 623 in the specification of the coordinates of the 


object. The total errors, as is evident from these equalities, are 
the sum of the errors deriving from equations (5.1) of the groun, and 
the errors Oxy 6Yye o%y)s deriving from equations (5.3) of the second 


group. 


Equations (5.6) -- (5.9) give the possibility of finding the 


errors in the orientation of the object. 


























According to equations (5.9), angle 9, is composed of angles 


0 and 8 






3° Angle 6 characterizes the total error in the specification 


of the position of the x, y, z axes relative to which the orientation 


of the object is determined. The projections OL. Oye 6, of the vector 
eS 

@ on the x, y, z axes are computed according to formula (5.6). These 
same formulas serve to determine the errors in the orientation of the 
inertial system platform, if its unperturbed position is a function of 


the coordinates. In this case the trihedron O, xyz is considered as 


rigidly bound to the platform. 


The first terms Oye Oi" 81, of the right sides cf formula (5.6) 


are the solutions to equations (5.3) and characterize that portion of 
the error in the orientation of trihedron O)xyz which would occur if 
the 


Operational algorithm of the inertial system did not presuppose that 
the 


orientation of this trihedron was a function of the coordinates 
determined by the system. The second terms of the right sides of 
formulas (5.6) define the orientation error caused by errors in the 
specification of the coordinates of the object for the general case 
in which the operation algorithm of the inertial system defines the 
orientation of trihedron O\xyz as a function of the coordinates being 


determined. The quantities “45 (€), £7, €3) which enter into the right 
sides of formulas (5.6) are the direction cosines of the x, y, z axes 1 
relative to the &!, £7, £3 axes. j 


It is evident that the second terms of the right sides of formulas 
(5.6) are functions both of éx, dy, 6z and 5x), 6yye 2). In fact, 


re in the brackets are, according to equalities (5.7), functions of 


6Eo i.e., of 6x, Sy, 62. The expressions in parentheses are equal 


to Sx Syye Oaye respectively [see relations (5.5)]. 


The projections 9358 83y" 93. of the angle 63 appear in formulas 


(5.8). The angle 93 characterizes the error in the specification of the ' 


orientation of the object relative to the x, y, z axes of the inertial 








system platform, caused by the instrument errors Aa, A§, Ay insampling 
angles a, 8, ¥ of rotation of the wheels of the platform gimbal rin¢s 
on the object. 


We will now consider several general properties of the error 


equations (5.1) -- (5.9). 


Let us first recall those of their properties which were examined 
in the preceding chapter in the process of deriving and transforming 
the error equations. 


The error equations of any inertial navigation system determining 
the position of an object in arbitrary curvilinear coordinates, in 
general non-orthogonal and non-stationary, reduce to equations (5.1) -- 
(5.9). 


Equations (5.1) -- (5.9) permit us to take into account the 
instrument errors of any element or device in the system, since these 
errors may be reduced to equivalent basic instrument errors, i.e., to 


nevtonometer errors An... An_, dn, and the errors Ams Am Am, deriving 


x 
from the gyroscopic measuring clements. 


y’ 


The homogeneous equations (5.1) are exact equations for the 
perturbations 4x, Sy, 62 (with the excention of the terms of these 
equations resulting from variation in the strength of the gravitational 
field, which contain only the linear portion of the corresponding 
increments). The homogeneous equations (5.3) are first order approxi- 
mations. When it is necessary to consider e::act homogeneous equations 
of the second group, the homogeneous equations (4.51), to which cquations 
(5.3) correspond to within the second order of smallness are taken. 


Continuing the discussion of equations (5.1) -- (5.9), let us 


now consider the following properties of them. 


The first group of equations (5.1) permit an interesting 
analogy: they are, essentially, perturbation equations for the mo- 


tian of a mass noint in the earth's gravitational field under the 
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influence of external forces, i.e., these equations are perturbation 
egautions (to a first approximation -- equations in variations) for 
Newton's general equations of motion written in terms of projections 


on the movable x, y, Zz axes. 


This analogy is entirely valid and easily predictable. It derives 
rom the fact that the ideal equations of an inertial system, by variation 
f which the error equations (5.1) were obtained, are, essentially, 
he equations of motion of 2 mass point (the sensitive mass of the 
ewtonometer) under the influence of gravitational forces and some 
ystem of surface forces. This statement derives from the form of the 
asic inertial navigation equation (1.88). Therefore, as has already 
een noted, the ideal operational equations for an inertial system in 

.n arbitrary (curvilinear) reference grid, which were obtained in 
Chapter 3, may simultaneously be treated as the Newtonian equations of 
motion of a mass point in this reference grid. 


Equations (5.3) are analogous in form to the well known Poisson 
equations, to which reduces the problem of determining the orientation 
of a moving (rotating) trihedron relative to an immobile (invariantly 
oriented) trihecron using the well-known projections of the 
absolute rate of rotaticn of a moving trihedron on its axes. This 
results from the fact that equations (5.3) were obtained by varying the 
Poisson equations (3.60). 


The coordinate and orientation error equations (5.1) -- (5.9) were 
tained in terms of projections on the x, y, 2 axes, which in the 
se of a system determining Cartesian coordinates were rigidly bound 
the gyroscopic platform or, equivalently, to the directions of the 
‘s of sensitivity of the newtonometers, Equations (5.1) -- (5.9) 
, however, essentially vector (invariant) equations and therefore 
also, if necessary, be written in terms of projections on the axes 


any other .coordinate system. 
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Equations (5.1) -=- (5.5) retain their form if the transition is 
made to their projections on the axes of any other orthogonal trihedron 
having a common origin with trihedron O, xyz and freely rotating relative 


to it. Equations (5.1) -=- (5.5) allow, consequently, a group of 
rotations. The existence of a group of rotations follows from the 
arbitrary specification of the vector wo. It may also be demonstrated 
with the aid of the corresponding change of variables. 


In passing from trihedron O, xyz to another which may be designated 
as O,x'y'z"', 6x', d6y', 6z' in equations (5.1) -- (5.5) should be 
substituted for éx, dy, 5z, and Bayer Sayre Oy,8 for 81K 8iy" 8i 5° 
and projections Ws Wye w, should be replaced by the projections 
Was Wyre Woe of the absolute angular velocity of trihedron O,x'y'z' 


on its axes. Moreover, it is necessary to replace An x, An,,, An,, Am, 


Y 


Am,, An, by the projection Anus AN as An,e, AM, ++ AM wis Am, of the 


y yY y 
vectors An and Af on the x', y', z' axes. Analogously, x, y, z should 
be replaced by the projections x', y', z' of the vector r on the 
x!', yy", z! axes. 


The relation between 6x, Sy, 6Z, X, Y, 2, 81K ®iye 8, 0 An, An., 


z y 
An, Am,» Ams Am, witch) 6x", Sy", f6zi", x, y', 2, Oa 0 Saye ®,') 
An,', Any ', An, ', Am, ', Amy's Am, ‘is determined by the table of the 
direction cosines between the x, y, z axes and the x', y', z' axes: 


’ ’ ’ 


xi yi 2 
xB, BL Bis 
y By BL Bs 
, , o 5 e 1 0 
7 Ry, Ry By. ( ) 


In order to obtain ae oy! ” this table and relations of the 


form (4.221) may be used. Thus, for example, 


OP eB HOB FOR AB, 4 6B, 1 BB. 
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we 


In accordance with what was said above, we will henceforth 
cunsider that equations (5.1) -- (5.5) are written in terms of 
projections on the axes of the arbitrary trihedron xyz, rotating 
relative to the trihedron ¢!£?c¢3 with an angular velocity a. 


Let us. consider equations (5.6). They were derived in terms 
»f projections on the x, y, z2 axes, which are either rigidly bound 
to the platform of the inertial system (when errors in the orienta- 
zion of the platform are being considered), or are axes relative to 
which the orientation of the object is determined (when errors in 
his orientation are being considered). 


The relative position of the xyz and ¢!£2c3 trihedra is char- 
icterized by the direction cosines ayy (ely £2, €3). 


The vrojections of equations (5.6) on the axes of the freely rotating 
trihedron x', y', z' are obtained using table (5.10). After obvious 
transformations the expressions for a's Gos, a take the form: 


uy, os Ours os 
6, = —0,,° +4- Oa Ter 6, +4, Gr f+ 


+ SB) [88° + (0,,-2” — Oyy¥')a4, + 
+ 0,,2'— 0), 2’)a), + (0,9 — 0,2) ay). 


Ld dhtyy os Oty as 
0.=—0,.+ (a,, op fi, 4 Cae ho. + 


On op . : oes 
+4, 50 #.) [93 + 0,290,901, + 
+(e = O.-2) a5 7 My” = 04,2") 05 | 
ou , Ati ae 
0, = =, 4 (4, FFF Foy SB + 
he ae ’ oes 
+ a “! e:,) [ss + (0,2 —4,y yea te 
4 ( — 0), 2’je’, + Le 0,,.«)a, |]. 


(5.11la) 


Here, as in equations (5.6), summation over the indices i and 
s is» taken from 1 to 3. 


In the right sides of these formulas $5 designates the direction 


cosines of the x', y', z' axes relative to the ¢!, £?, &€3 axes. The 
meaning of the indicies s and j is the same as that of i and j in 


table (3.16) for 5° 
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As may be seen from relations (5.lla), equations (5.6) do not 
retain their form in the conversion to the arbitrary trihedron x', y', 
z'. This is easily foreseen, since equations (5.6) clearly contain 
the direction cosines 955 (6', 62, €3) characterizing the position of 
the axes of the platform (or the directions of the axes of sensitivty 
»£ the newtonometers) as a function of coordinates a, 


Substituting a’.. 


£5 for 45 in equalities (5.lla), we may rewrite 


shem as follows: 
0, = —6,,+ (c;, = w+ a, Se fit 
+a), se m,) [93° + (0,2 —0, ya, + 
+ (1, — Muze + uy — 0,,x)a,). 
Om 04, + (0, So aia + 0%, Se ay + 


oa 
+ ay, Sy) os! +(0,,2 —0,,y)a,, + 


+ Out — UY ,2)4,2 +O, — Ux)4,5}. 


» Ma, , On, 
= —0,+\4;, ae Ms + Oi, apr Bas + 
o ea, 
+00 r,) oe + (0,2 —0,,y),, + 
Hie — O62). + O,y — Ox) a5]. 


(5.11b) 


Equations (5.11b) may be considered as projected on the axes 
of some arbitrarily oriented trihedron xyz. We will henceforth consider 
this trihedron as coinciding with the one on which equations (5.1) -- 
(5.5) are projected. In equations (5.1lb) the direction cosines oy 
characterize the relative position of this trihedron and the 
trihedron in terms of projections on the axes of which equations (5.6) 
are written. The position of the latter trihedron relative to the 


cl, ¢?, £3 axes is characterized by the direction cosine 6} and the 


a” 
position of the xyz trihedron relative to the ¢', £2, £3 axes is 
characterized by the direction cosines G4: 


Let us consider equations (5.8). They are written in terms of 


projections on the axes of the trihedron bound to the platform 
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of the inertial system, but they may also be projected on the axes of 
an arbitrary trihedron xyz. As in equations (5.6), they do not retain 
their form in projection. Using table (5.10), we obtain from relaticns 
(5.8): 


0,,= —(Accospcos y + Ap sin y) pi, -+ 

+ (Acccos ft stn y--Ap cos y) i, —(Are sing + Ay) fi. 
0,, = — (Aucos ficos y -+ Apsin y) 0}, 4- 

4+-(Aucos isin y—Aficos y) fi, —(Aa sing + Ay)p),, (5.12) 
0,, == —(Aacosficosy + Apsin y) i+ 

+ (Aa.cos (isin y—AR cos y)pj,—(Aa sing +-Ayyn,. | 


Now equations (5.9) may also be written in terms of projections 
on the axes of an arbitrarily oriented trihedron. 


Thus, equations (5.1) -- (5.5), (5.11lb), (5.7), (5.12) and (5.9) 
are error equations projected on the axes of the same trihedron xyz. 
Since the orientation of trihedron xyz relative to the basic Cartesian 
coordinate system is arbitrary, in the analysis of the equations in 
question it may be selected in various ways. Careful selection of this 
trihedron can in many ways facilitate analysis of the error equations. 


5.1.2. Various representations of the error equations. Henceforth 


it will be convenient to use, in addition to the arbitrary position of 
the xyz trihedron, the following alternatives for selection of its 


orientation. 


In one of these alternatives the trihedron on whose axes the 
error equations are projected is taken to be fixed in space, as, for 
example, trihedron £15263 might be In this case 

O, = Oy =a, = 0, 
(5.13) 
should be substituted into equations (5.1), causing them to take the 


form: 
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bx + AL [(y?-f 2? — 249) Ox — Bay Sy — Sez ete 
ezAn, — 2(Am yz _ Am,y) -- Amz +: Aut, ys 

dy + +; [(22-4- xt — Qy?ydy — ys ds — Ay dep = 
=An,— 2(Am,x —Am,2) ~ Am,x + Am,2. 


02 + [(x2-f y2— 222) be — Jon de — Izy dy os 


= An, — Q(An,y — Amt ,x) - Amy 4- Amys. (5.14) 
ese x? y?-$ 22, 
rs 
For equations (5.3) under conditions (5.13) we obtain: 
0,, == Am,. thy = Amy, 0,, == Ann. (5.15) 


The projections of the absolute angular velocity w do not enter 
into equations (5.5), and so the form of these equations remains 
unchanged. In equations (5.11b) 55 should be equal to 0, if s # j, 


and, in addition, 45 should be sect equal to Bis: The other equations 


do not change. 


We note that if the vector equations (4.81), i.e., the equations 


br +20 x or a X Or +o X (0 X Or) + 


+ 4, or . we Steen = 


sz An—2Am Xr — Am Xr — (5.16) 
—Am x (a xnN-o x (Am Xr), 
6, +0 0 =Am, 
ér, = 0, Xr. bryce dr 4 or), 


correspond to equations (5.1), (5.3), and (5.5), then, clearly, the 


vector eguations 


we V(r Ary 
np yi 


or + tor — ae 
= An --2Am xr Am Xr, 
6, = Am, (5.17) 
ér, = t, xe, or; zadr + ér, 
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correspond to equations (5.14) and (5.15). 


Another trihedron which is convenient in the analysis of the 


error equations is often one having one of its axes directed along 


the radius vector ¥. In this case the xyz trihedron becomes a Dar- 


boux trihedron on a sphere of radius ¥ surrounding the earth. 


Let the z axis of trihedron xyz be directed along the radius vector 


¥. Then, 


z=r, x=y=0, (5.18) 


Taking this into account, we obtain from equations (5.1): 


bx + (5 - a - ot) bx + (aja, — dy - 
— 2w, by + (0,0, + «,) 62 + 2, d2 = 
An, - 2dm,¢ —Amyr — 0, Amr — v, Am,r, 


by + (5 — at — ot} dy (oe, , ) az — 
— 2,82 -£ (4,00 BW fe 2a, SE (5.19) 
= An, -- 2\m,r Am ye —o, Ame — wo, Amr, 

82 = (FE Fok f 08) fay, — aay 


— du, dx 4: (04,09, +}. dy | dev, dy = 
= An, 4-2 (om, Am, 4, Am,). 


Since xyz is a noving trihedron, in equations (5.19) 


ras =, re, re tu, (5.20) 


y! v, are the projectio:. of the absolute angular velocity 
of the point O (i.e., of the object) on the x, y, z axes. 


ere Vv 
wher ve, 


Equations (5.3) do not change, and so x and y do not occur in 


them. Equations (5.5) take the form: 


dx, > yr. Nyy ae Or, dz ~ 0, 


daym dv dy, dye dy [ dy, Sey de, 
acs ees (5.21) 
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Equations (5.1lb) also simplify significantly in this case. They 


ney now be written in the following form: 


0 = — 0,4 (1, 8 a Hi: 4 “4 wh ty op 
+45 a oh est HO tty — O41. 
a " oh 
¢ ye Ot (u,3 pl Bey i + 


nd . 
+4), * Ci. ny Aer eee — 6,0," 


(5.22) 


0 pata (o er 54, rr Rly 


4+ a O° wis 3° 4 (0,4) — Oe, Dt 


As a result of the fact that 2 = f/r, in equations (5.22) 
t' 
t= -- (5.23) 


Of special interest below will be the case in which a5 = Bis: 


i.e., in which the trihedron bound to the platform of the inertial 
system will also be 4 moving trihedron. In this case 8s, = 1, 


and Pe = 0 (with i # j) and equations (5.22) reduce, as expected, to 


equations (5.6). The further simplification of these equations is based 
on relations (5.23). The corresponding transformation was carried out 
in §4.5 and the final result expressed in formulas (4.248), which we 
cite here: 
é or . 
0, —-h, Oo, | 


0, c= — 0 ob ghey fray: 1, = Ott). 


i (5.24) 


As was shown above, if 955 are not functions of the coordinates 
Ss * : 
f", but only functions of time, i.e., if 


yy = yy (1). 


(5.25) 
then we obtain from equations (5.22) in terms of projections on the 


axes of the moving trihedron 
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where aK oy ®), are the solutions to equations (5.3). 


y' 
In equalities (5.12) the x, y, 2, coordinates do not appear, and 
-condition (5.18) does not effect them. 


The Darboux trihedron on a sphere surro.nding the earth, in terms 
of projections on whose axes equations (5.19), (5.21), (5.22) and (5.24) 
were written, is not yet fully defined relative to the basic Cartesian 
coordinate system. Only the direction of its z axis is determined. 
The moving trihedron may be fully determined in the same way as 
in §3.5. We may, for example, set 


0,=—0,, 0,=—0,, 0, 


= —%,,, 


(5.27) 
and then we will obtain a so-called free-azimuth trihedron, or place 
the y axis in a plane containing the €3 axis, i.e., the axis of 
rotation of the earth. In the latter case the xyz trihedron be- 
comes a geocentric moving trihedron oriented to the points of the 
compass (the y axis pointing to the north). 


If w, = 0, then from equations (5.3), (5.19) and (5.21) we 
obtain the following error equations: 


ax 4 (fs — ut) de +o, bY +0, 02 + 20,82 = 

= An, —2Am,r — Am,r —o, Ants, 
by + (% - 3) by 0, bs — 20, Az of tan, be sz 

ssAn, +2Am,7-f- Arte —u, Amr, (5.28) 
az — (2: fe 2 of vf) ike oy bx — 2, Se 


+o, Ay + 2m, by = An, 4 2¢ (o, Am, 4-0, Art,); | 


6, + 0,4), An,. 6, o oo, = Any. | ( 5 e 29) 
0, 4-00), a0, <2 Vm, 
bx, = 0,7, ay, e= — Or, (5.30) 
dxyszhy tAyy, dyordy 4 dy, Sz, -282. 
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Equation (5.24) converts to equations (4.252): 


0, <= — 42 0 &e 


sy — 


y “Se 


0,=: — 0,,. (5.31) 
Equations (5.12) do not change. 
Finally, if the moving trihedron xyz is oriented by 


the cardinal points, the direction cosines of its axes relative to 
the £!, £2, £3 axes are expressed in terms of the coordinates ¢!, £2, 
€3 by formulas (4.253) and (5.23). 


In this case the coordinate error equations will be equations 
(5.3), (5.19) and (5.21), and the orientation error equations will be 
relations (5.12), (5.9) and the equalities 


0,2 -~", 9,224, 
Q, == - 0,4 Sy tent, 
(5.32) 
to which relations (5.24) reduce. 


If trihedron xyz is a moving trihedron of a geodetic 
reference grid, then equations (5.3), (5.19) and (5.21) remain valid, 
as do the first two equations (5.32). In the last equation (5.32), 
in accordance with the last equality (4.258), 9 should be replaced by 2z. 


We have considered several possible alternatives for selecting 
the xyz trihedron. In a number of instances a trihedron, one of whose 
axes coincides with the direction of the absolute velocity vector of 
the object, and another coinciding with the direction of the principal 
normal to its trajectory (a so-called moving trihedron of tra- 
jectory), may prove to be more convenient. A moving trihedron 
of trajectory in an carth body-axis coordinate system, i.e., 

a moving trihedron not of the absolute, but of the relative 
(to the earth) trajectory of the object, may also be used. 
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Analogously, the orientation of the x and y axes of the mov- 
ing trihedron on the sphere may be selected such that one of the axes, 
for example the x axis, lies in a plane containing the vector of the 
absolute or relative velocity of the object. 


5.1.3. Possible ways of analyzing the error equations. Let us 


carn to equations (5.1) -- (5.9) and the relations deriving from them. 
1e basic problem in the analysis of these equations is, clearly, 

cialysis of the systems of differential equations (5.1) and (5.3). 

"ne remaining relations are of finite algebriac equalities, and their 


nalysis causes no difficulty. 


The systems of equations (5.1) and (5.3) are independent of one 
nother and may therefore be considered separately. They are systems 
»£ linear differential equetions with variable coefficients. The 


: right sides of these equations may be either determined or random 


functions of time. 


The systems of differential equations (5.1) and (5.3) determine 
the operational stability of the inertial system as a whole. Their 
solutions, moreover, relate errors in the specification of coordinates 
to the instrument errors of the elements and devices of the system. 

It is impossible to determine the functional accuracy of an inertial 
system and to formulate requirements on the precision of its elements 
without analyzing these equations. Analysis of these equations is also 
necessary for the selecticn of means of correcting the operation of an 


inertial system. 


It must, however, be said that analysis of differential equations 
(5.1) and (5.3), that is, their analytical analysis in a sufficiently 
general form, gives rise to insuperable mathematical difficulties. 
Especially difficult in this regard is system (5.1). 


Equations (5.3), as was noted above, are variations of the well- 


known Poisson equations, which reduce to the Riccati equation and 
which are in the general case not soluble.’ Under closer examination, 
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however, it proves to be the case that equations (5.3) are nevertheless 
much simpler to deal with than equations (5.1). The Poisson equations 
have a first integral, and this completes solution of the problem of 
analyzing the stability of the solutions to equations (5.3). Because 
044° Ory! 0), are so small, their squares and products may be ignored, 


and the solution to equation (5.3) may be constructed in quadratures. 


i 
| 


With regard to ways of analyzing equation (5.1), the following 


possibilities also exist. 


To begin with we note that there exists several special cases of 
the motion ot an object in which equations (5.1) or equations (5.14), 
(5.19) and (5.28) deriving from them, reduce to equations with constant 
coefficients. 


The simplest case is that of a basis fixed in the coordinate 
system OEE, * , in which 


0, Su, =0,=0, ¢rsaconst 


Taking this into account, we obtain from equations (5.19): 


éx+ x éxcnAn, — Am,r. 


; . " AD 
by t x dys Any 4 Amr. sr — ca do <= An,. 


(5.33) 


The equations for x, y, 2 have separated. Since 


i“ 
Ay = const, 


the solution to equations (5.33) is obvious. 





The second case, in which the coefficients of equations (5.19) 
become constant, will be the case of the motion of an object ata 
constant distance r from the center Oy of the earth at a constant 
velocity in a plane, fixed relative to the trihedron Cees passing 


through the center of the earth. If the x axis is placed in the plane 


of motion of the object, 





u,e,50, w,=const, 6 const. 


(5.34) 


Substituting expressions (5.34) into (5.19) or (5.28), we arrive 
t the equation } 


6x 4 (5 a ?) de -+2u, 62 = An, — Nin, 


by +5 by oan, Am, —w, Amr, (6.35) i 
3 (2 : 1 
62 — (3 +- 2) 62 — 2u, bx = An, -} 2re, Am, 4 


The second equation (5.35) stands out and has an obvious solution. 
The second and third equations (5.35) form a fourth order system of 
differential equations with constant coefficients. As we will see 
below, the characteristic equation of this system reduces to a 


biquadratic equation and equations (5.35) prove to be fully soluble in 
their general form. 


Special cases of equations (5.35) will be equations for the 
case of a fixed space, i.e., equations (5.33); equations for the case 
of motion at constant velocity along the equator, with the y axis 
coinciding with the axis of rotation of the earth; and equations for 

1e case of motion of a satellite in a circular orbit, with 


2 121 
Y= - 


The final case of the reduction of coordinate error equations 
(5.1) to equations with constant coefficients is the case of an object 
which is fixed in relation to the earth or an object moving at constant 
velocity along the parallel of latitude. This case includes, clearly, 
all of the preceding ones. 
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If the object moves along the parallel with a velocity v, then, 
placing the y axis of the moving trihedron in a plane containing 
the.earth's axis of rotation, i.e., in the plane of the meridian, and 


directing it to the north, we obtain the following expressions for the 
projections of the rate of rotation of trinedron xyz 


around its axis: 
w, 30, 
wy = UCOS | -}- 2 =z const, 
o, <susing 4-5 tgp const, 

(5.36) 
where ¢ is the geocentric latitude of the parallel along which the 
object moves, r is the constant distance to the center of the earth, 
and u is the earth rate. 





The equatio is of the first group for this case are obtained from 


= 0, and Wy and w, are replaced by 


their values (5.36). The characteristic equation of the system (5.19) 
reduces in this case to a bicubic equation. 


equations (5.19), in the latter Wy 


In addition to the above-mentioned cases of the reduction of 
equations (5.1) to equations with constant coefficients, the first group 
of the error equations may also be completely analyzed in certain cases 
in which the coefficients are variable, namely in those cases in which § 
the general integral of the equations of motion of the object is known. 
In these cases, it is possible to construct (on the basis of the 
analogy described at the beginning of this section) the solution to 
equations (5.1) in quadratic forms, using the well-known Poincare theorer 
for soiving equations in variations.* The specific case to which we 
apply this approach is that of Keplerian motion of the object. 


Thus, from the point of view of practical applications there 
exist a number of interesting cases of motion of the object in which 
the crror equations of the first group, i.e., equations (5.1), may be 


completely analyzed. Using these cases as examples, it is possible 





to elucidate the basic properties of the solutions of these equations. 
Moreover, the exact solutions which result may be used as first 
approximations in the construction of approximate solutions for those 


cases of the motion of the object in which equations (5.5) do not 
permit exact integration. 


§5.2. Stability Analysis and Integration of the Error Equations 
vf the Second Group. 





5.2.1. Stability analysis. Let us examine the second group of { 
the differential coordinate error equations, i.e., the system of 
equations (5.3) 


6,, +.0,0,,— 0,9, =Am,, 
6, + 0,0,, — 0,0, = Am,, 


6,, + 0,0,,— 0,0, = Am, 


(5.37) 
and the homogeneous system cooresponding to it 
6, +-u,9,, — 0,0), = 0. 
4, +0, — 04", = 0, 
6, + 4,4, — 9,0,, =0, (5. 38) 


The homogeneous equations (5.38) have a first integral. In order 


to obtain it, we multiply the first equation (5.38) by 6®,., the second 


1x 


by Py? the third by 0 and add. As a result we arrive at the equality 


lz 


6,4, 4 0,4, sta 0,4, 30, 
(5.39) 


which may, clearly, be integrated. Taking the initial conditions into 


account, we have: 


2 
Mie + Oly + fsa OFF 4 aH! 4. of? (5.40) 


As applied to a gyrostabilized platform, the first integral 
(5.40) has a simple mechanical significance. In the absence of perturb- 
ing moments (free drift) the 9yrostabilized platform does not change its 





p -ition in space, and, consequently, the intial error in its orientation 


revains. 


The first integral (5.40) is a positive definite coordinate 
function. It may therefore be taken as a Lyapunov function. The total 
‘erivative of the quadratic form (5.40) vanishes by virtue of 
quations (5.38), whence the stability of the Lyapunov solutions. 


The following circumstance should be noted. Equations (5.38) 

.re first-approximation equations. Therefore, on the basis of integral 
5.40) of these equations, we can arrive at a final judgment as to 
the stability of the inertial system with regard to the errors Cay 


0 15° If we return to equations (4.51), however, from which 


ly’ 
equations (5.3) were derived, we see that the homogeneous equations 
(5.41) also allow first integrals. Multiplying the first of these 


equations by éa,,, the second by 6a the third by éu and adding, 
ll Y 13 


ee’ 
we find: 


Bry iy 4 day My) + dt Ady == 0, 
(5.41) 
from which it follows that 


; (Mn YF Gn? 4 (An Yea const (5.42) 
Analogously, from the fourth, fifth and sixth equations (4.51) 
we obtain: 
(Bey $Y 4 Quy Fe const 
(5.43) 
Finally, the first three equations (4.51) give: 


(dn) qeahe,) 4 (daar seonst (5.44) 


The stability of the homogeneous Lyapunov edauations (4.51) 
tollows from ezpressions (5.42) -- (5.44). But these equations are 
exact equations for perturbations Saray since equations (3.60), by 
variation of which equations (4.51) were obtained, are linear in 955° 
Thus, the exact equations give the same answer to the question of 


stability as the first-approximation equation (5.38). 
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5.2.2. Integration of the equations of the second group in 


quadratic forms for Free motion of the object. Let us consider the 
integration of equations (5.37). The general solution to the homogeneous 
equations (5.38) will be the expressions 

0), ea be yty +4- Coty, 

0, SOs + Cass 4° Oy, 

a, FO > Cle + Cy (5. 45) 
where 55 are elements of table (3.16) of the direction cosines between 
the x, y, z axes and the &,, ny, Gy, (&', &2, &3) axes, and Cys Cor C3 


are arbitrary constants. In order to. verify that the right sides 
of equalities (5.45) satisfy equations (5.38), it is sufficient to 
substitute them into equations (5.38) and to take equalities (4.221) 
into account, by means of which Wor Wye w, are expressed in terms of 


Zz 


In order to find the general solution to the homogeneous equations 
(5.37), we may now use the Lagrange method of variation of arbitrary 
parameters. Assuming, in accordance with this method, that the parameters 
Cys Cy, C3 are functions of time and substituting expression (5.45) 


into equations (5.37), we arrive at the following system of equations: 
Fytty, + egty, + eyny =Am,, 


: ; : 
Cathy + C7tg, 4-03), = Am,, 


Cth) + Ettyy 4- Cty = Am. (5. 46) 


Solving this system relative to ey, Co, Cy and integrating the 


resulting expressions, we find: 


t 
Cc, = ‘ 
A J (Mma, +f Ama, + Am,tt,,) dt -+ ¢?, 


t 
% a (Mme, | Am tty, 4-Ame;,) dt 4. “a, 
? 
Gg “yh (1,0, fa Ara tt» fa Amt.) dt | of, (5.47) 
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Substituting relations (5.47) into (5.45) and taking account of 


the initial conditions, we obtain a general solution to system (5.37) 
in the following form: 


0,, =a, Jaren 4-Amyay, -+ Amt) dt -+ 
6 
+0108 4-010 + Ohals] + 


t 
+ 0, [ J (Amn git, +-Am,ay + Am,a,)dt + 
e 


t 
$01,081 + Oran + Otvats] + ar | f mou + 
o 
Amst Aman) dt-+ Ohi 4 Oya'et mats} : 


t 
0,, = 2,2 if (Am ty 4- Aer ttyg ft Amn tty3) dt 4- 
6 


4-Ohetts + Oata + oral} -f a [fom + 
oh Amyptys-t Amandla 4002-4 Oca] + 
+4) i (Am a+ Am,ay-+ Am,q,3) ¢t +} 
+ 08.0%) + Oa + ad] « | 
0), 2% f came 4-Amyajg + Amay) dt + 
0 


‘ 
4-Oan -F Olytie -| wats} $ an [fem ef 
‘ 
+ Amyay,-+ Aman)dt +-07,09: 4 A} a2 + oi’ 
' 
} +3, [J (Am a5) -f- Aryans; 4 Am ,tt,) dt + 
v 


| + Oa% 401,02 + 01's] q 
(5.48) 


Formulas (5.48) give the solution in quadratic forms. ‘They contain 
the quantities “ig under the integral sign, these being known functions 


of time if the motion of the object with which the inertial system is 
associated is specified. It must, of course, be kept in mind that the 
intended motion of the object may be defined not only by the explicit 
specification of the coordinates as functions of time, but also by 
differential relations which are, in the general case, non-integrable. 
In this case it may be more convenient not to numerically integrate the 
equations defining the intended motion of the object and to substitute 
the results of the integration jn quadratic forms 





(5.48), but rathe to 





determine Wye Wye My and to numerically integrate the initial system 
(5.37). 


Solution (5.48) to equations (5.37) may also be obtained ina 
somewhat different manner. It is possible to project equations (5.37) 
on the fixed €,, ny, S, axes. Then in place of equations (5.37) we 
obtain equations 


6,,<:Am,. =m. 0. =Am,. (5.49) 


Integrating these equations and then again passing to Bay! 


1? 12 and Am. Am, am. we obtain formulas (5.48) once again. 


From equations (5.49) the following evaluation derives: 


Vor, 10 + 0n <Vur Us ' 4-00 4-0 - t 
, 
+ f Ve%m Y4- (Am, PoE (An, F dt (5.50) 
o 


In order to obtain this evaluation, we return to the vector 


equation 


(5.51) 
which is equivalent to equations (5.49). From equations (5.51) we find: 








0, == 0) + J Amdt, 
(5.52) 
Consequently, 
if 
[Wi [00] +] f Amar}, 
0 
(5.53) 
but 
ft j t 
[famar| < fi Amiat, 
(5.54) 


from which inequality (5.59) is obtained. 











We note that an evaluation analogous to inequality (5.50) may 


also be given for the modulus of vector 94. From relations (5.8) we 
find: 


Vol, +02, + 04 << V/huy Fan + iy > dda Ay sing. bes) 


Apropos of solution (5.48) to equations (5.37) it is useful, 
in order to avoid misunderstanding, to present the following clarifi- 
cation. Equations (5.37) are obtained by variation of the Poisson 
equations and are themselves analogous in form to these equations. 
However, between equations (5.37) and the Poisson equations 


ay, + ,a,;— o,0,, = 0, (5.56) 
a) 4- (a tiy = WH, = 0, 


Q) +-0,0,, — 0,0, =0 


there is a profound difference, as a result of which solution (5.48) 

to system (5.37) has no relation to the solution of the Poisson equations 
(5.56). The difference between equations (5.37) and (5.36) consists in 
the fact that O55" entering into equations (5.56) and related to Oye 


Oy Oe by equalities (4.221), are unknown, while at the same time in 


equations (5.37) the quantities Ou Bye 0. of course, are not expressed 


in terms of 0 0 8 


ix’ Sry" Pie: In the case of equations (5.37) the problem 
reduces, essentially, to that of finding the small deflection of the 
moving trihedron in terms of the projections of the alsolute angular 
velocity of this deflection on the axes of the moving trihedron, while 
in the case of the Poisson equations the final deflection is sought. 
5.2.3. Special cases: an object fixed in absolute space; motion 


at constant velocity on the arc of a large circle and on a parallel; 
Keplerian motion. Below we will require exact expressions for Ory: 


‘dye Ore for the cases enumerated in the preceding section, when 


equations (5.1) are integrated. We will need them so that, when we 
obtained 6x, Sy, 





62 from equations (5.1), we will then be able to find 





5X3, Sy3, $23, and Oye Oy: o.- Let us therefore write out the values 
6 : : 
of faye Oye 91, for the cases in question. 
If the object with which the inertial system is associated is 
' od in the Grete se coordinate system, then in formulas (5.48) 
nay set 
a,=1 when f=/, 
a,,==0 when inf. 
(5.57) 
Then from formulas (5.48) we find the following values of Saye 
Oyu 9,,: 


¢ ¢ 
O,— [Amdt 4-0, = f Amdt +0},. 
o 6 


t 
Ors a= f Amdt 4 Of, (5.58) 
9 . 


which are obtained immediately and directly from equations (5.37) by 


setting a = Ww =o, 0, which is the case when the object is fixed 


in the Oye tere? coordinate system. 


The second case, in which equations (5.51) are integrated is 
that of motion of the object at a constant velocity v at a constant 
discance from the center of the earth in a fixed plane containing the 
‘er er O) of the earth, i.e., the case of motion at a constant velocity 
“ gy a fixed large circle of e sphere of constant radius concentric 
the earth. We may, without lose of generality, superpose the plane 
otion with the £'£’? plane, and take as the initial position of the 


ct its position on the &' axis. The » and y axes of the O,xyz 


t hedron will then lie in the £'£? plane, and the y axis will coincide 
~ h the €* axis. As a result the following elements of table (3.16) 


» 1 be different from 0: 


(5.59) 


a, = —sinw,f, ay cosw,f, 


ay =Cotu,lt, ay easliw,f, by . 


where = ae 
1 Wy v/r 








Subsiituting expressions (5.59) into solutions (5.48), we obtain 


after obvious transformations: 


01, = 0, cos af — Of, Sin w,f + : 


e 
a f [dm, (1) cose, (¢ — 1) — Am, (1) sinw, (¢— 1141, 
e 


, 
Oty = O1y 4 f An, (dt, 
é 
0,, == 01, sinw,f + 0}, co$ wf + 
: 
+J tAm, (1) sins, (f — 1) 4 Aer, (1) C08 «1, (¢— 1] dt. ‘ae es 


As with expressions (5.58), formulas (5.60) may also be obtained 
directly from equations (5.37), since the coefficients of the system 


(5.37) are in this case constant: dig 0, a? 0, Ws, = const. System 
(5.37) takes the form: 
6,, + 0,0), <2 Am,, O,, 2M, 6,, — 0,0, 2.4m, (5.61) 


The second equation is singled out. The second formula (5.60) 
immediately follows from it. The characteristic equations of the 
remaining second order system has the roots * Ws Representing its 
solution as a Duhamel integral, we arrive at the first and second i 
formulas (5.60). 


Let us turn to the third case -- the motion of the object along 
a parallel. As before, we will consider the &° as coinciding with the 
earth's axis of rotation, and the xyz trihedron as moving on a 
sphere surrounding the earth, and oriented to the points of the compass 
(with the y axis directed towards the north). The values of the direc- 


tion cosines Oi5 for this case may be obtained from table (3.260), if 


we note that the unit vectors of the x, y, z axes correspond to the 


unit vectors Co, Cy, ey and that according to expressions (5.36) 


ny arent sit 





Equality (5.62) assumes, of course, that at the beginning of its 
motion the object is located in the One ' $7 &° plane. 


Therefore, introducing for the sake of simplicity the notation 


a+—— ce, 


Flosge (5.63) 
we find: 


Q, = ~ sino, a,<3 — sing cosut, MH, = COST COS Hf, 


Gy Scoot, aye - sing sinus, @, S66. 4 sinwl, 


,=20, ayescosq, ay sing. ; (5.64) 


We recall that in relations (5.62) -- (5.64), 9 is the geocentric 
latitude of the parallel along which the object is moving, and v is the 
velocity of its motion relative to the earth. 


Substituting the values (5.64) of the direction cosines in 


solutions (5.48) and performing the required transformations, we arrive 
at the following formulas: 


0, == OF, cosut + (05, si: p — Of, cosq)sinct + 
‘ 
+ (Am, (1) cos a(t — 1) + 


+ [Am,(dsing —Am, (ry) cosq]sina(t— Y] ds, 
01, & =O}, sing sinwt 4 6), (sin’q cos tat +-cos’y) + 
+0), singcosp@(] — coset) + 


' 
+ | {—Am, ()singsine(t— t) 4- 
9 


+ Am, (1) [cos m(t — t) si? p + cos’ g} — 
— Am, (sing cos g [cosm(t— 1) — Ij dt 
01. =O, cospsinet +0), sing cosy (1 — coset) $ 
+07, (cos? pcos it 4 sin?q) + 
t 
+ f (Am, ()cos¢ sina(t— 1) + 
Yo 


+ Am,(dsingcosg [1 — cos a(t — 1] -+ 
+ Am, (1) (cos? ¢ cos a(t — 1) ¢ sin?4 |) dt. 


(5.65) 


Formulas (5.65) can, of course, be obtained directly from equations 


(5.37), rather than from the general solution (5.48); taking equalities 








i! .36) and (5.63) into account, equations (5.37) take the form: 


6+ G,,ocosp—0,,wsing = Am,, 


4, +O, sing =Am,, 


4, ~— O,,wcosgesAm,. 


The characteristic equation of the system is 


p(p? 4 o?) = 0, 


the roots of which are 


py poy + fw (5.68) 
Putting the solution to the system (5.66) in the form of the 
Quhanel integral immediately gives formulas (5.65). 


We note that with ° = 0 formulas (5.65) reduce to formulas (5.60), 
and with ¢ = 5 they reduce to formulas (5.58) by conversion to a 


free-azimuth trihedron. 


Keplerian motion presents a somewhat more difficult situation 
than the previous cases; in this case the direction cosines Oi5 
entering into formulas (5.48) cannot be expressed as simply as in the 
examples considered above. In the case of Keplerian motion it is possible, iy 
without sacrificing generality, to take the 0,6" 6? plane as the plane of ' 
motion. Then, placing the x and z axes in this plane and directing the 
z axis along the vector r, we obtain, as in the case of plane motion at 
a constant distance from the center of the earth: 


Gy Ay Sy S44, ==20, ayes! 


(5.69) 
If we further assume that at the beginning of its motion the object 
is located on the &!' axis, then in addition to equalities (5.69) we will 


have: 


a, 30, «su, uy! ot, (5.70) 














Taking relations (5.69) and (5.70) into account, formulas (5.48) 
simplify and take the form: 


O85 Jima -Amjais) dt +- | a 

+0 Jedmant Amo) dt +4] 
O, = J Am, dt +08. 
tam fom + Amay)dt +04] ie 


t 
+an J (Amun + Am,ais)de + a] : (5.71) 


We will denote the angle between the €' and z axes by o. Then, 


a, = — sina, Q,,== cos a, | 
Q,, == Cosa, Gy, = sind, 


5.72) 
where, obviously, 


‘ 
a f wydt. (5.73) 
0 


In order to obtain explicit expressions for 1x and 01, we have 


only to substitute into formulas (5.71) the values of o which, for the 


case of Keplerian motion, may be found as functions of time. 


We note that as in the preceding cases, the solution (5.71) for the 
ralues of 55 determined by equalities (5.72) and (5.73), may also be 


btained directly from equations (5.37), which in this case take the 


Olgiik 


4, + 0,0, = Am,, 
6, =a Am,, 


6, = 0,9), = Am,. 


(5.74) 


The second formula (5.71) follows directly from the second equation 
(5.74). The homogeneous equations corresponding to the first and third 
equations (5.74), after elimination of one of the variables, for example 


em 9 reduce to the second-order equation: 
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6,,— 


ae, + O20, 20, (5.75) 


The functions 


t t 
sin i o,df Hw cos f w, dt, 
U n 


‘ (5.76) 
\ | be partial solutions to this equation, as can easily be shown by 
is oct substitution. Using the method of variation of arbitrary 
ja) imeters, the general solution to the system of corresponding non- 


honogeneous equations we find in the form 


t 
0), = 07, cos ! w, dt — 02, sin f w, dt + 


fe¥ 
+ flo. (conf o,dt— Am s(opsin f w, yar] 
Oy athesa fate thes far 


fot t-0 
+ J onscon f ta, ht + Am, (1) cos f «, yar] 
; (5.77) 
Using equalities (5.72) and (5.73), we can ecasily show that formulas 


(5.77) and (5.71) coincide. 


§5.3. Stability Analysis and the Solution to the First Group of 
Error Equations for Cases in which They Reduce to Equations 
with Constant Coefficients. 


5.3.1. Stability analysis. Let us consider the homogeneous 
‘ “ions corresponding to the system (5.19), which is obtained from 
system (5.1) when the z axis of the xyz trihedron is directed along 
‘ector ©. In §5.1 it was shown that the coeffficients of the left 
> of equations (5.19) become constant in three cases: when the 


1, tt is stationary in the OF ae coordinate system, when it moves 


‘onstant velocity at a constant distance from the center of the 
«wu ‘1. in a plane containing the center of the earth, and when motion 


crc: °s at a constant velocity along a parallel. 
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The latter case is the most general. Analysis of the stability 
of the error equations of the first group is therefore most conveniently 


carried out for the case of motion of the object along a parallel. 


In this case, if the xyz trihedron is oriented according to the 


points of the compass, we obtain the following system of homogeneous 
equations: 


ox + ({ _ ow —ot}de — 2u, dy “+ 20, dz =0, 
by + (35 — wt) by +- en, d2 +4 20, ax =0, 
82 4 (- 4 = w3)d — 2, xf. eget, dy = 0, 
(5.78) 
where u/r?, Wye w, are constant and wy and w, are related to the velocity 


of motion of the object, its distance r from the center of the earth 


and the latitude © of the parallel along with the object is moving 
by formulas (5.26). 


The characteristic equation of system (5.78) reduces to a complete 
equation relative to the square of the unknown (p? = q): 


gq? + 24? 0% + «?) 4-9 | - Beat ef Bud (00) — 202) “f (@ +. «2 = 


oe (® _ w - i) (20g +f oF — 2u?) = 0, 


we have introduced for convenience the notation 


(5.80) 


Since the characteristic equation lacks the odd powers of p, it 


cannot satisfy the conditions of asymptotic stability (the Hurwitz 
conditions). 









For asymptotic stability equation (5.79) must, of course, have 


negative or zero roots, and the linear elements of the denominator of 
the characterstic matrix 






e 
7 





fpf - 08 0d 2oup 2u, , 


Qu ptt oe — 4c w, 





at 
— 2p 14%, p- ss 4 t, 








o system (5.78) should correspond to the multiple root of the character- 


istic equation of this system. 


Direct analysis by this means of the characteristic equation and 
{he characteristic matrix of system (5.78) with arbitrary w,, and w 





y z 


equires, however, unwieldy calculations. Therefore we will proceed in 
somewhat different way. 





We will make use of the fact that the system of differential 
quations (5.78) may be regarded as a system describing the motion of a 
'oint of unit mass under the influence of only potential and gyroscopic 


orces. 


The expression for the force function of the potential forces may 


te written, clearly, in the following form: 


Ua Fok — of ode? 46g —otpayy— 
~ (205 + wh) bz? + 2a,a, by dz }: 


The gyroscopic forces are represented by the terms 


— 2m, 0)-$ 20,82, 20,6, — 20, de, 


S nce they are proportional to the velocities x, V, 
of proportionality form the anti-symmetric matrix? 


a, Bee 
GO 2m, yy 


—im, 0 0 i . 
0 0 


20, 


(5.81) 


(5.82) 
z, the coefficients 


Fquations (5.78) for the case under consideration have the energy 


integral 


au ry? & Set se const 
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In order to obtain this integral from equations (5.78), we must 
multiply the first of these equations’ by 6x, the second by é6y, the 
third by $z, and then add. Integration of the sum will then give 
evuality (5.83). We note that the gyroscopic forces do not enter into 
tie energy integral (5.83), since the influence of these forces on real 


ad splacement is zero. 


If we now ignore the gyroscopic forces in equations (5.78), only 

e potential forces defined by force function (5.81) will remain. For 
:tability of equilibrium under the influence of only potential forces, 

the force function should, according to the well known Lagrange theorem! 


lave @ maximum at the point of equilibrium. 


Since the force function (5.81) is a quadratic form, its maximum 
is determined by the well known Sylvester conditions? of positive 
definiteness of the quadratic form. For this case they reduce to the 


equalities 


2 
5 — 0% — 0, 


2e}— 20? $007 <0. (5 e 84) 


It is evident that the areas defined by eacn of the inequalities 
(5.84) do not intersect (Figure 5.1), and therefore the force function 
does not have a maximum at the equilibrium point. Since for this case 
the force function is a homogeneous function of the second-order, 
ecrvording to the well known Lyapunov theorem the absence of a maximum 

this function implies that the system is unstable without any need 


consider terms of higher orders of smallness. 


But we have not yet considered the gyroscopic forces. Let us 


turn to them, 











2 
—— — WwW) 
v Ww 4g 


Figure 5.1. 


In regions 1 and 3 (Figure 5.1), where the degree of instability 
(the number of negative Poincare coefficients of instability) is odd, 
the gyroscopic forces, according to the theorem of Thomson and Tait,” 


cannot stabilize the equilibrium. 


In region 2, where the degree of instability is even, the theoreti- 
cal possibility of stabilization by gyroscopic forces remains. 
stabilization, as is well known, has an intermittent character and is 


disturbed by forces of overall internal dissipation. 


Stabilization by gyroscopic forces is effected, if, for example, 


w? == a, wa =e}, 


were e° is some sufficiently small magnitude. 


It can be shown that polynominal (5.79) (i.e., a cubic polynomial 
in this case satis- 


in q, not the characteristic equation of the system) 


fies the lturwitz conditions. The descriminant D of the cubic equation 


obtained from equation (5.79) by substituting 


(ui oe?) 
yr qe\-  (° om " 


is negatives 


or ween 
AO SNF ee Oh 





(5.85) 


(5.86) 


(5.87) 


This 


Therefore,all of the roots of the characteristic equation of 
system (5.78) with conditions (5.85) are prime and purely imaginary, 
and so stabilization of the system by gyroscopic forces is possible. 


Stabilization by forces of a gyroscopic nature, expressions for 
th enter into equations (5.78), is possible, as has already been 
>» ad, only in region 2, where 


Qu = Qn? | we > 0, 


Ww we -07 <0. 


(5.88) 
Ker2 the free term in the characteristic equation is positive, and so 
the degree of instability is even. 


\ For practical applications the most interesting region is region l, 
where 


a 
 — o? -a>0. 


(5.89) 


In this region the inertial system is unstable during motion of 
the object along a parallel. It should, however, be noted that 4 
instability of an inertial system does not imply the impossibility of a 
its practical realization and application. 


Instability implies that the operating time of the system may be 

small relative to the duration of the transient processes defined by 

error equations. Therefore an inertial system may not be stable in 

rigorous sense of the term, but the divergence of the amplitudes 

he solutions to the error equations may be small relative to their 

ial values during some limited operational time interval.’ In order 

2termine the divergence of the amplitudes of the solutions relative 

i@ initial conditions, it is necessary to develop either a solution i 


© ne error equations or some set of upper bound evaluations of these 
so 1 tions. 
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The solution to the error equations depends on their initial 
conditions and the right sides of these equations, i.e., on the instrument 
errors. Even if the solution diverges it is always possible, within the 
limits of a given operational time interval and the maximum allowable 
system error, to define requirements on the magnitudes of the instrument 
errors and the errors in the initial conditions in such a way as to 
guarantee a given level of operational accuracy in the system. If these 
requirements on the accuracy of the elements and initial conditions of 
the system are difficult to realize technically, then, clearly, 
correction of the inertial system must be based on other sources of 


information. 


We will return to the questions touched on here. Now, however, 
let us proceed to the integration of the first group of the error 
equations for those cases in which they reduce to equations with constant 


coefficients. 


5.3.2. Solving the error equations for the case of a stationary 
object. As was stated in §5.1, the simplest of the cases in which the 


coefficients of the error equations are constant, is the case in which 
the object is stationary in the 07 Fae (0,6'676*) coordinate system. 


In this case the first group of error equations (5.1) has the form 


bx -feordy a= Ma, — Amr, 
dy Leddy da 4 Ane, 


2 — Qrbe = An, 


(5.90) 


where uo =a Gee 


Equations (5.90) are written in terms of projections on the axes 
of trihedron O,“y2z, the z axis of which coincides with the vector r. 
Since the object is stationary in the OnE Lees coordinate system, 


trihedron O,xyz may be considered to be fixed relative to the Eran crs 


£7 axes. We recall that the first group of the error equations of any 
inertial system, if the object with which it is associated is stationary 


in the O76 tee? coordinate system, reduce to equations (5.90). 











The initial conditions for equations (5.90) may be designated, 
arc previously, in the following manner: 















be (0) =u dy (UO) as dy, d2(0) = ds, | 
OX(0) == Ae, BCD) dV, 82 (0) = 82°, 





(5.92) 


In accordance with relations (5.2) and the selected orientation 
£ trihedron O)syZ, 


8o— ox =f (9 — Am) t. 
by ay? = (o8 — Amy r, 


$29 =: 329. 


















(5.92) 


Equations (5.99) are three independent second-order equations. 
The general solutions to the homogeneous equations corresponding to 
equations (5.90) are obvious: 
bx = A, sinmf-}-B, cosu,t, 
dy = A, init -+ By cos unt, 


bs = A, cosh wy \/2t-+ B,8inh wo, \/2e, 


(5.93) 


The general solutions to the non-homogeneous equations (5.90) 


may @asily be found using the method of variation of the arbitrary ji 


paraneters Aye Bye Aye Bye Ave B 


the following system of equations is obtained: 


ar for the determination of which 


A, Sinvyt f- Ay coset 0, 
Aye = Buy, stnm fics An, Ant, r; 


A siment } Hy cosa 0, 


Ayo, cosey.t — Hyon, onwt-= An, fb Ante; 









A, cosh, 1/97 ' hi, sinh a, f/20—«1, 


AV? sinh OVE ey V Zeosn oy Et An, 


y’ By, AL B. and integrating 


the solutions, we find the functions Aye By, A Bye Ale Bo: Substitut- 


| Solving these systems for Aye By A 


y’ 
ing them into relations (5.93) and taking into account the initial 


conditions (5.91), we obtain: | 
, : ace i 
: dx = be? cosayt 4+ — sin apf -4- 
We 
a 
+ é J (An, — Am,r)sinoy(t —1dt, 
dy = by® cos mf 4- oe sin af 4- 


t 
+ . J (An, +- Amir) sinto(f-— dt, 





= be ae 
bz = 2" cosh, 1/22 -4- V5 sinh wy 2t4+ 
’ 
+ aye | Ateainn oy V2 — ods. 
(5.95) 


Integrating by parts, the first two formulas (5.95) may also be 
represented in the following form: 


° 
bx == 8x9 cosy -f- e + 





sini 


—? f Amy, cosia,(t ~- dt 
3 
‘ 


ate x J Anesineve— ter, 


==7iN 
by = by? cos mf} gis at = sinmye 


t 


+r f Am, Cos on (f— td tf 


{ £ f My shiey(t— wade, 
(5.96) 


In particular, with An Anye Anos Am, Am, from ecqualitics 


x? 
(5.95) and (5.96) constant, and taking into account initial conditions 


(5.92), we find: 
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éxr= =. +4 (= _ a) mf f- 
y y 


axe -+ t (s _ nis) 
-f- ae sino, 


A A 
by c= = 4 (0 = he tf 
ey Fee 


ta aAES __ en 
&-  -s) sims. 


+ 


ore — +(02°4- x) cosh uw, V204- 
v 


wy 


ae), = 
+ aa 5 sinh iw, V2 t. 


(5.97) 


5.3.3. Motion of an object at constant velocity along the arc 
o_a fixed great circle. Let us now turn to the case of motion of an 


object in a plane passing through the point 0) at a constant distance 


from the point, i.e., the case represented by equations (5.35). Let 
us rewrite these equations introducing in place of y/r’ the notation 


Woe by which this quantity is usually designated: 


Ox + (of — oP) Ox 20,82 = An, — Am, 
by +a dy as An, + Amr —, Amy, 


bz — (205-4 wt) dz — 2u, dx == An, + tee, Ant, 


Since trihedron xyz, in terms of projections on whose axes 
ec vations (5.98) are written, is a moving trihedron, the initial 
‘ce iditions for equations (5.98) coincide with those of equations (5.90) 


‘+ | are given by equalities (5.91) and (5.92). 


The second equation (5.98), giving the error in the specification 
the location of the object in a plane normal to the plane of its 
i -:ion, is separate from the two others. The solution to this equation 


; analogous to the solution to the second equation (5.90) and has the 
{ orsims 


bye dy coset + a sin wy ¢+ 


+ x f (An, 4- Arte —o, Am,r)sinay(t— dt 
: . (5.99) 
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se 


cr ufter integration by parts, 


by°— rims 


by r= by? cos af -+ sinoyt + 
; ‘ 
v é J (An, —vw,Am,r)sin oll —hde a 


ee. ts + Jamacosnee nae 


e te 


S,ecifically, at constant An, Amy, An, we obtain: 


my — My Ame 
2 


)eos of 


bya et + (ap 

% 

, by2 — (hes, — am,) 
6 


sinayl. 
C hy 


+ 


(5.101) 
The system of the remaining two second-order equations 


dk + (03 — at)de + 20,32 =e Sa, — Amir, 


2 — (20) +02) b2 — 20 be Ar +200, Am 
‘ia 2 ST Eee (5.102) 


gives the error in the determination of the coordinates in the plane of 
motion of the object. 


The characteristic equation of system (5.102) has the form: 


p a (a, + 205) —(% a oF )204 ake oi) 0. ( 5 - l 0 3) 


? «?, 
is (5.104) 


-, if the velocity of the object is less than the first cosmic 
» ocity, equation (5.103) has two real and two complex conjugate roots 


Puzetin Pry th. (5.105) 


wee eee 
we WF (0 — 20 4, Vlog Rak), 


Son ewe eee. ak 
Ves ft (-0-+ Puy -f-, VS! = Bu) ; 





If wy = 0, then yu = tw_ x Y2 and v = two, but if Wy = 


case of the motion of a satellite in a circular orbit) 
ji 0, Vas oy. (5.107) 


The dependence of y and v on Wy with continuous variation of Wy 


is represented in Figure 5.2. 


Figure 5.2 


The quantity v, showing small variation in the range O<w <Wy 


and, as has already been noted, being equal to We at the points 


wy = 0 and Wy = Woe reaches a maximum at the point w 


at which v = wy * Y978 = 1.061 Woe 


y 


The quantity |) decreases monotonically from the value of 


= UW * Y2 down to 0 as Wy varies from 0 to Wee At the point uw, = —_ 


Vz 


the (wy) and vw) curves intersect. At this point yp = v 


We * 
= 1,057 Wg+ It should be noted that in the region from Wy 0 to 


Wy = Wo/2s u decreases by less than 0.15 from its value at the point 


wow. = 0. All of the remaining variation in the value of y occurs in 


Y Ww 


the segment Jiwy Woe where it falls off very rapidly. 




























Corresponding to the roots of the characteritic equation, the 


partial solutions to the homogeneous system of equations (5.102) will 
be the functions 


sinvé, votv4,sinh #4 cosh pt, 


‘ (5.108) 


The general solution to a homogeneous system of equations in 


iy arbitrary constants may be represented in the following form: 


A, 
bx = aps [()— 0? + 1) cos vt — 


- Ww ~ 0? -_ 
(8 ¥) cosh we} + acaiers * x 
X [OS — @ 4 wysinve FOF ves 


Exdeqy 
Qe =o )(u EH) (tsinvt — v sinh) + 
te wes (cos ¥¢~cosh wt), 
Oem Adre(tdi— 45) 


ny Gy 7 7 (nsiuvt ~ vg inh yt) — 
i art cos wt —cosh jit)+ 
CG a we 
PRT Ty Mle sysos eet 
=f (0 oF +:Wicos sh in 2 
wv mi. fay * 
X [e(og— 0? =) sinvt— ¥ (0h — oF enh ‘) sinh wt] (5 e 109) 


In formulas (5.109) the constants Aye Boe CL. D.. represent the 


in tial values of 4x°, 6x°, 62°, 62°. 


In order to find the general solution to the non-homogeneous 


«t.ations (5.102), we may again use the Lagrange method of variation 


the arbitrary parameters Aye By» Cc, and Dy» which are determined from 


° 


following system of four first-order linear differential equations: 


Ale i I-yenest (68 «! — wy coshua-p 


ae aad Fi(G— 0 1-407) sin ve 4- 


- —~ tie ¢ Ode 
4 Ne Ve) 3 sinh wt} at =e az x 
x 5 cs aay 

A (sin vt — y Sink ph) -- a, ey (cos \t— 


cosh it) =0. 
A 25 (ess » =) int 
—S —(isinvé~-w Sinh ypy - 
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: 6 
— Bi, 20, (cost -- coshtt)-+ T° 
X Jnt@J—o} —¥4) cos vt vtQt—ot 4-1") coshitt]— 


~ be no’ — oF —7ysinsl — 
ww [nes tea 
st ey =o, + Misinn!l z0, 


A,[—V(oh—09 +0) sinst—w(ol wh V9) jy) WET 


+ As Jv? 3 — 0} +n?) cos vt + 
o-% . 


+ (a — @&} —Vv)cosh nt} + 


3 
+ ae (cos vf— cosh pt) + 


7 
+B, 20, (cosvt — cas}, HA) =? v4) (Aa, — Amy,r), 
A 20, (03 — 07) 60888 Gon 


— B, 2, (—vsinvte— I sinhyt) + 


G are ‘ 

+a [= 8 (Of — oF — v9) sin ve + 

$y (3 — oF + 1)s inh pey—, [o}—0F—V)C08 ve — 
-(4)- o +- 17) cos vt} = 


= ()7-+ V2) (An, 4: 2r0, Amt,). 


(5.110) 
Solving the system of equations (5.110) for Aye Bs es Dy» 


integrating the solutions, substituting the resulting expressions into 
equalities (5.109) and taking account of the initial conditions (5.91), 
we arrive at the following formulas for the errors 6x and 62: 


t 
= ' : 
(N24 (Ge) J An, [a(o}— ot — v2) x 


x sinhnwe— y+ V(0) — 08 ++ 7) sin v(t — Ndr 


t 
Sie i Am, [03 — oF ~vycos'u(t —y- 
—@—w “+ 4) cos vt— Yar -_ 
Quy : : 
“per J An, loeosh n(t— 9) --cos vit — Yidt+ 


(5.111) 


432 









+, Oat 
tp ale—o+ W)cosvt—(u? 


ax? +r Am) 
+ @=3 wr Ei: Fy [¥ («5 — we fi n?)sin vee 


——Veosh nt] 4- 










+H (oj —o? —¥) sinhit)-+ 
62° Qu jv 
+e (usinvt ~y sinh. i. 







$2420, 
+ prt (C08 vE—cosh 1M). 


’ 2wy - 
eae J An, {cosh W(t—1) —cos v(t— 1h dt + 
a 






a 
1 
tie Py J An, [¥(§— 07 4+ }5inh Wl—)— 


= H(o} — oF =v?) sin(t— vjdr _ 












. Pru, (v2 --04) 
<= pe fm, {iestav(t—1)— 


aa sinhn(t — dey} 


= bea, (ui yw ) 
ms ar rea 2° (usinve—¥ sinh wl) — 


_ (ox° (Oa" be esmy) 2.0, 
i. Fat — (cos vé—cosh jt) 4 


+ ony aa ay [NP (2 — 0? — V2) e0s vt + 
(o} DG pv) y ) (5.112) 


2 (a 
evi (o2 OFF hosh wt] — 


mS it vy [A (of — OF -~ v7) sin vt 






—viur— ey 
(ey oy ty 





‘Jsinhwl. 





Specifically, at constant Any, An,, Am,,, we will have; 


ox = Ane +- 1 bx? An, : 
qa ase ( a3) x 
Xoo} # #7) cos vt — (uj —- 0? — vcosh wl] + 
a Qa TT [¥(%5 — 9} +) sin ve + 


FUG —AY sinh Hy + 


Dagny a2, Amy 
Far ae ) 


Qe, bz0 
X(sinvé-—v sinh W)+ ariizg (os vf —cosh Wh, 
An, -$- 2rw, Am Qe (o} — #2) 
Az ee — — 2! oan yo et 
245 + of wv (ul + v2) x 
Ox? — Ate Zz 
x( x <- Gq) sine v sinthl) — 


= aps (cosvf— cosh pty + 
1 28 An, + 2rw, *) 
(Go) 0840) ( : uy -f & 
X Pe eae 
are — 0) + H)cosh IM] — 


, =u - V7) sin we 


igs +s inty]. 


ae Seay [ees 


(5.112) 


Finally, if the errors in the initial conditions are equal to 0, 


and the sources of perturbation are only the instrument errors of the 


‘nuwtonometers and gyroscopes, we obtain from equalities (5.101) and 


° 102) : ‘ ' 
— te rie eens 
(ale? -Y)eoshwe]}+ 
F epee LTTE (usinve —v Sinhysy, 


(3 — of) Poet) 


ipa SA rere yy | 
“y 
seals Nine 


ote ag sinnyf, 


bz = Pa _. 
pee 


1 at 
“[- + pera 
— oF — vV)ycosvt 4 (41) cosh val} = 


Poy Ve 
aR es -(usmvl~ Vv ginhned 


(5.113) 
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Relations (5.101), (5.112) and (5.113) enable us to evaluate 


comparatively easily the errors 6x, dy, 6z for the case in question 


as a function of inaccuracies in the initial conditions of the operation 


of the inertial system, basic instrument errors, and also as a function 


of the velocity of motion of the object. 


Let us turn to the general solution given by formulas (5.111) 


and (5.100). First of all we note that at wy = 0, when 


tea Vi ath, 
— (5.114) 
formulas (5.111) and (5.100) reduce to formulas (5.96) and (5.95), 
respectively. 


For formulas (5.111) and (5.100) we can also obtain expressions 
for 6x, Sy, 5z for the case in which the object is a satellite moving 
in a circular orbit. In order to obtain these expressions, we must 


substitute into equalities (5.100) and (5.111) the quantity Wo in 
Place of Wye and, in addition, substitute in place of u and v in 


equality (5.111), their values (5.107). In this regard, the following 
should be kept in mind. In formulas (5.111) the denominators of the 


coefficients contain ): and 6 - we which reduce to 0. But it is easy 


to see that the numerators of the same expressions also reduce to 0. 
Therefore, in subtituting the values of and v it is necessary at the 
same time to expand the resulting indeterminacies of the form = 0 

We could do this by means of l'Hospital's rule, but it is 
simpler to proceed as follows. Taking 


a? gy? a 
" wy * Uy 


(5.115) 
where ©” is small, we find from formulas (5.106): 


wade, vt st} e?, ee 


Substituting (5.115) and (5.116) into formulas (5.111) and expanding 


where necessary the functions of the arguments ji(t -t) and v(t -t) in 


series, we obtain for c*+0 the desired expressions. Performing the 




















indicated substitutions and the required transformations, we arrive at 
the following formulas: 


t 
bx == Lf An, t— 3ay(— 1) A siney(t— dt— 


Am, dt — -— = An, | —cosuy (f{— 1) dt+ 


iy 


+ ox! ge sinaf — 3uyf) + 


+66: ena —wf) + —— = ——(cosuf — 1), 


by = dy cos uy + rt oy 


’ 
a + J (An, — ray Am,) sinu,(f— t)dt+ 


t 
+r J Am, cosa, (t — t)dt, 
t 
2 ; 
a fan —cosey(t— tds + 
v 


‘ 
tL f An,sinoyct— nar 4 2Oe be Amp) 
. v i, x 


X (1 — cos eyty + 629(4 — 3cosart) + ae sinayf. (5.117) 


At constant Any. Any. An,e Am,» Ame am, these formulas take the 


form: 
bx = ba9-+ ne (A sina st — 3) + 


4+ 682%sinuyt - Of) + ae (cos of — 1)-- 
+ =| Se Ah cost] + 


ar 
Se re eon ds 
OD 





| 2a, (sinal — mf). 
2a 


by = dy" coset 4- sinoyt 


ot us (Aa, — re Am) (1 = cos ot), 
ry 


20si+r Amy) 


42= = (i — cose ty & 





wy 
“+ 24 — Beas + = tine + 


4 ‘ 
4 AT os — sae BU (i) areata) 
ae 
“ 


(5.118) 








towards the north. The projections ay and We entering into the 


coefficients of these equations are given by equalities (5.36). 


We note that at 9 = 0, i.e., for motion along the equator, we 
arrive at the preceding case. At v = 0 and g = 1/2, i.e., at the poles, 
~quations (5.121) reduce to equations (5.90). 





For an arbitrary parallel equations (5.121) form a coupled 
sixth-order system. The characteristic equation of this system reduces 
to acomplete cubic equation in the square of the unknown (p? = q): 


Ob 2S bOD) Hal 4: Beg of — 24) + | 
(2 OY] — 009 (00 — oF — 018) (2009 4-0 — 2ene) 2 0. 





(5.122) 
If 
: we =u? = 0, 
(5.123) 
then equation (5.122) reduces to the simpler equation 
P— Bah — 206 =0, 
(5.124) 
the roots of which are 
N25 - Oh. gy =3 20h, 
(5.125) 


which correspond to equations (5.90) to which system (5.121) reduces 


under the conditions (5,123). 


As a result of the continuity of the dependence of the roots of 
equation (5.122) on “y and Wor in the vicinity of (5.123) there exists 


a region in which 


MN Fe ge, 
(5.126) 
such that the roots of the characteritic equation are equal: 
hae thy Pee tM Pas Sys 
(5.127) 


where the numbers Wye Woe Mz are real and positive. 
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It follows from the investigation of the stability of system (5,121) 


carried out at the beginning of this section, that equalities (5.127) 
will obtain whenever 








eee (5.128) 


Specifically, equalities (5.127) will obtain for the case in which 
the object is stationary relative to the earth when 


Oy =4COSG, w, = 4SINg, (5.129) 
vhere u is the earth rate and 9 is the geocentric latitude. 


Let us solve the system of equations (5.121) for the case in which 
the roots of the characteritic equation are defined by equalities (5.127). 
The system (5.121) is of a rather high order. It is therefore ccnvenient 
to solve it using the procedures of operational analysis. 


We will use éx(p), édy(p), 6z(p) to represent the Carson-Heaviside® 


transformations Of the functions é6x(t), dy(t), 6z2(t), such that, for 
example, 





ap = J ent dx (dt. 


ra (5.130) 


We introduce, further, the following notation for the right 
sides of system (5.121): 


od 
—— pectic 


A(t) = An, — Amyr —,Am,r, 
Sy(t)= Avy -F Am,? -- ta, Ante — 0, Amyr, 
Ait) = An, 4-2ra, Am,, 
(5.131) 
ang we will designate their transformations by £,(p), £5(p), £3(p), | 


respectively. 


Subjecting system (5.121) to the Carson-Heaviside transformation, 


we obtain the following transform equations: 


(°° 4-02 — we —oryde(p)-- 20, pdy(p)+ 
4:20, p2(p) = frp) + p2dx0+ p dio — 
— 2a, p dy + 20, pb2°, 
20, pdx(p) t-(p? bey — enydy CP) + 
fom, b2(p) = f2(P) 4- prby?-+ 
+ pdy?-f 20, pds9 


= 2u, pdx (p) fay, by(p) + 
+(P? — 2u3 — wr) bz (p) = 


== fs(p) + p282° + p O29 — Qu, p dx°, 
(5.132) 


Here the initial conditions will be quantities given by equalities 


(5.91) and (5.92). 
Solving equations (5.132) for é6x(p), éy(p), 6z(p) and performing 
the required transformations, we find: 


8x(0) = si [r+ pdx ps— 

PO Fy ml) — GCG Hag — Bo + 
F107) + PAY TfL, p(p? = 2024 = 
—[L00 § PSP] e¢e? bye 
ba [pt — Pee du a Bay 

— Wi fSea) 4 Gut — Bo] + dy%2a, pf p?( - 09 +- 

HE eal) feed (2 Lee eye 
HAS Lw, p | — pF (dee bk eh — 
—Oj(2g 4 4; — Daf 


8y(D) = stay [itd F881 [2a (9? — 
= U5) AL.) Oy?f[ at — 2? (00d — 202 +, 
He) — (= 9] — OHS FH [Ate F 
“Epa aye, Be? — of dovsfots eye 
Hetaltuntag = 9; << (r — ahr 
HAS ph— po) — Yo? Ing) — 
Re a ea: hay + 


of Aetoen (= p?-b Tes 4 08 + w)f, 


440 (5.133) 








eee 


=e 





82(p)= sor [1 0P) +: pax] [20, p(n? +02] + 
+1400) + Pd?) [o,0, 87? — 02 4-02 + 07] + 
FLO + Pp O28 + 92203 + 203 — oF) + 
+ (8 —e})(3— 0 — 09] 
— 8282050 (09 — 0} — W2)(p" +08) — 
- by'v,w,p?(p? + Sui — oF -: A) + 
+ b2°p?| pt 4 p? (2095-4 207 + don?) + 
+o) (02 + ju? — 2a} + me, rofl, 
(5.133) 
where in accordance with equalities (5.127) 


A(p) =(p? + 18)(p? +:19)(? — 19). (5.134) 


Let us convert from the-transforms (5.133) to the original 
forms 6x(t), dy(t), dz(t). 


Examining the right sides of equalities (5.133), we note that 
they include expressions of the form 


Pepe Se (5,135) 


where F(p) is one of the transforms £,(p), £,(p). £,(p) and Q(p) 


is a polynomial of order not greater than the fourth,and expressions 
of the form 


=. 2h) 
R(p)= AG 


(5.136) 
where a is one of the initial conditions 5x°, éy°, 62°, &x°, éy°, 


62°, and S(p) is a polynomial of order not greater than the fifth. 


But if 
LO a. PS. 

(5.137) 
where the symbol ":" denotes correspondence between the pre-image and 
the transformation, then, as is well known, 

t 
Sapo: | fon nae (5.138) 





Thus, the problem reduces to that of finding the pre-image of the 
transformation 


R(p) == Pihop? +f bip! 4- bap + Papi} bup-t bs) 
MP) s 





(5.139) 
in which the coefficients by may include coefficients equal to 0. 


In order to find the pre-image corresponding to transformation 
R(p), we expand the right side of equality (5.139) into a sum of the form 


en ALA pla bY pla f th) | 
Rea) r+ + Pens . r= 13 (5 140) 
Equating the right sides of equalities (5.139) and (5.140), we 
find A; and B;. Expressions for Ay and By are obtained in this manner 


as followss 


mati Nib, nt, 
eS OiFe) | 

by— nd -t ty 
ee) | 


(5.141) 
Expressions for Ay and By may be obtained from formulas (5.141) 


if Wo is substituted for Wy and vice versa. In order to obtain Ay and Bs 


it is necessary to substitute into the numerators of formulas (5.141) 


the quantity uy in place of wie and to replace the denominators by 
? 2 2 
(uy + 3)xG5 + 9). 
For the terms in the right side of (5.140) the conversion to the 


pre-images is obvious, since 


WPS eeGuiiiin re uf 
dat +eosh ty oe sinh if 


PE Tema a My, af (5.142) 


Performing the indicated sequence of calculations, we obtain an 
exact solution to system (5.121) in the following form: 
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’ 
x= f (AC Ylay sin y(t — 2) -f asin (t — )+ 
: e . 


+3 sinh Bf — I+ S2(Y lay cos yt, (6 — + 
+ ay cos 1, (f— V+ey sinhts(f— VI-+ 
+ fs(lay cos py lt — 1) Fay, 608, (4 — 1) + 
© ay coshits(t—vljde + 
: $80%(ey sin pyl + ay singtyt 4-day sinh Il) + 
+ OY (a, 608 yf 4- ay, C05 ptf f-a,C0Sh yf) + 
: +02%(ay cos yf fay cos yet +-ay cosh i) + 
+bx°(a?, cos 41,6 -F a? cos jut -faycosh nf) + 
+49 (a), Sin 4+ 09, singt + a9, sinha, + 
+ 629(a§, sinyat4- a9, sinjt+ a8, sinh 30). 


' 
by= | (41 (114), Cos 94 (¢ — 1)-+ b)008 1, (4 — 1) + 
‘ : 


+, Cosh wy(t— 1] + /2( 0) [by sin ya, (¢ — 1) 4 
+onsinys(¢— 1) +by sinh Iyt— vt+ 
FAM Ly shnyy (6 — 9 + 5, sin py(e— 4 
+a sinh as(t— yy] d+ 


© fb (hy, cost thy cositl + Aoshi) + 
HOY (ba Sin yf + by singyt +b, sinh yey $ 
$82 (by sin jut $+ bj. Sinjigt 4-by5inh Nyt) + 
+849 (07, singe +- 54, sin itt -¢- 6), sinh w+ 
HON (A cosiye + Oz,cosmet- 0) sinh 49) 4 


» $ 2°(6), cost 4-3, cosnt + cash py), 
t 
bz = f [ACen cos 1h C= 9+ 42 C05H,(t — 1) 4- 
e 


FF eysclyy(4— Yt fod Jey slop if-— %) -$ 
teensy (f— 0) Fen sinh Mmlt— 0} t 
t- fs () leg, Sin ty (4 — =) ey) SINE 1) 4+ 
4+, sinh yj(¢— vi}dt-+ 
HOM cos itt Cos T eos 1) | 
by (eg Sime $ Casini Gs stnhinn + 
$$ O2%(ey singe -$ cosine Feo ginko 
-$ dx%(c, sine + ep sinh coshiy4 
poy (cos nebo, covl t ey cosh at 
4-O2(eh cospyed Ccositt + ty, cosh nf). 
(5.143) 
The quantities “iy aise bis bey: Cay Cis are expressed by 
means of the coefficients of system (5.121) and the roots of the 


characteristic equation (5.127) by the following equalities: 
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—(2 De a fu) baile bee cheat " 
Ne "(nj — 1 = jeter) ) 


— 2, (2 F 4. +0) 
sy SS - 


(») — wl pte a 





= 295 (0h 07) 
C= 07- Fn) ; 


DRS + Gud ~ 38) + 3 (uh — tet Ba 
(iv 2) (07 + 08) 


z= 2, [og (266 - bey Paka al jo ow a 





os wy (9 -? 4) (i + rH) 

8 ne ele (205 + 08 — 208) — 1} (202 + 2 -+ 02) 

nu % ("j _ r) (nj +45) 
2, (208 + ") 


= G07 #15) ° 
yy wwe OF = WHO 8) tui Hs = 34 +ei)tnt 
Bae 6, 0, (49 — oi? — wd} 32) ; 

7 mC) 
eos tw) 

a 4 (0) — 002 +13 
wo Deh —08 -F 6 A) +08 (u? +02) +47 (247 Sete 
a (i=) Oi 

0, (763 +4 nf « mal 
= = =D (FF) 


24, (oj — “iy 
~@ —W) OF) 


(y= — ut eerie 
a (SD ob = — 0) — 18 (08 +268 - tut 
aie PACH —B3) (145 + 15 


= Pe, (45 — oF — wf) (ut — vi) 
er err Ca 
eh ae Litre (HK ~ 05 - ah) 
" (wi — 02) (07 -Fie) 
02 wa WES EBS — Dal) Buk (od fs 2) = Wi (25 + 2p se) iat 
. Wort 


oh 


444 


(5.144) 


Only eighteen coefficients of the 54 entering into formulas 


Pie 0 0 0 
(5.143), namely the coefficients ayy aye biye bia Ciye Cine 
‘ =i], 2, 3) are written out here. The remaining 36 coefficients are 
« tained from relations (5.144) in the following manner. In order to 
3 gan 0 0 0 
tain coefficients Aion Ajor Dior bio Cron Sign Hy and Uo must change 
aces everywhere they occur in the relations (5.144). In order to 
3 rs . 0 0 0 2 atj 
nd the coefficients as3r 453, biz bia Ci3r Cig V3 must be substituted 
iF Wye and W3 for uy in the numerators of relations (5.144), and in 


t e@ denominators My (uy - ub) x(nj + n3) and wud - 5x (ny + 3) must be 


rt placed by Wg (ny + W3)x(u5 + u3) and (uy + W3)x (3 + U3), respectively. 


The solution (5.143) to equations (5.121) is unwieldy and in 
general difficult te inspect. In addition, we do not have explicit 
expressions in terms of the coefficients of the initial system for the 
roots Uys Mor iy of the characteristic equation (5.122) of system (5.121), 


which appear in solution (5.143). It is, of course, possible to 
determine them by using the Cardan solutions for the roots of a cubic 


equation, but this leads to further complication of the form of solution 
(Split3) 


5.3.5. Motion of an object along a parallel at low velocity. 
h: solution to system (5.121) may be simplified to a significant degree 
assuming that 


oS oF = (ucosg! ey. 
(5.145) 
dition (5.145) permits coverage of a fairly wide class of motions. 


Let us take the error equations in the form (5.28). Instead of 
5 121) we wiJl then have: 


Oe (OR OF) Pe HE Oy t0, Oy, 4, 82 + 
: 4 Qu, 2 = An, - Aniyr —w, Amys, 
dy,-F OF — oF )dy, # O,0, bey — 0, bz — 

— 2m, Az = An, + \m, 7 o Amr. 
oz (eer wy Aon ydz a, bx, = de, dy, + 


+ dy, } dea, D3 ca An, +27 (a, Mm, 4 , Am,) (5.146) 
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Equations (5.121), we recall, are written in terms of projections 
on the axes of a moving trihedron oriented to the points of the 
compass and On a sphere surrounding the earth. Equations (5.146) are 
also error equations in terms of projections on the axes 
of a moving trihedron, but such that the projection of { 
the absolute rateof its rotation around the z axis is equal to 0. 
This trihedron was termed above a free-azimuth trihedron. In order to 
distinguish it from a trihedron oriented to the points of the compass, j 
we will designate it here by XY) 2+ 


If trihedra xyz and X¥)2 coincide at the initial moment, 


their relative position will afterwards be determined by the following 
table of direction co ines: 





x yo 
x, cosp sing O 
YM sin cos 0 
2 0 o 4. 
(5.147) 
The angle ¥ is found from the condition 
ree (5.148) 
and therefore 
‘ 
wed fen (5.149) 
In accordance with table (5.147) we have: 
ba, sducosp-$ dysing, Ay, oe - busing | dycosyp, 
O, =O, cosf boysing, oy, == —a, sing -} oycos yp (5.150) 


Analogous formulas relate the errors Any, Anye Am, Am, to the 


errors Any ; An, , Am, 7 Am, - In addition, it is obvious that 4z, 
1 1 1 1 


nae Am. in equations (5.146) have the same significance and value 


as in equations (5.121). 
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Therefore, if in equations (5.121) the projection wy is equal to 


0, and w and w_ are constant, then w and w in equations (5.146) are 
y z x) Yy 

functions of time. Since W, is constant, it follows from formulas 
(5.149) and (5.150) that these will be periodic functions of time. 
Therefore, at first glance we have only complicated the problem by | 
moving from equations (5.121) with constant coefficients to equations 

(5.146) with variable (periodic) coefficients. 


However, closer examination shows that this is not the case. 
The structure of equations (5.146) differs somewhat from that of 
equations (5.121). The first two equations (5.121) contain the deriva- 
tives 6x and éy, but the first two equations (5.146) do not contain 
the derivatives 6x, and 5y,- The coefficients of 5x and Sy in the 


first two equations (5.121) contain we The quantity w may be \] 


quite large in the case of an object moving along a parallel close to 
a pole even at low velocity, as follows from expression (5.36) for bo 


) are the coefficients 






eee 2 eB 2 2 

In addition to Wor the quantities Pi? yg x, °¥) 
of 5x, and Sy4 in the first two equations (5.146). They are always bounded | 
in absolute value. Specifically, in the case of motion of an object 
along a parallel, if cendition (5.145) is observed, the following 
equalities obtain: 


DM gy? Mes est ot ‘ 
wD ot. wl Seen, Oe so Joon |. 


(5.151) 


The coefficients of the system (5.146), of course, implicity 


contain w,+ It enters as a multiplier into a, and by , aS can easily 
1 1 
be seen by differentiating. But Wy and ay, enter into the first two 
1 1 


equations (5.146) only as coefficients of 6z, and into the last 
equation only as coefficients of 6%) and Syy° 


These characteristics of the structure of equations (5.146) and 
conditions (5.145) permit us to separate the last equation of (5.146) 
from the first two, by representing it in a first approximation as 
fol lows: 





82 — 2082 == An, + 2r0, Am, (5.152) 


Then, ignoring in the first two equations (5.146) the terms 
containing quadratic functions of the projections Wy and Wy ,» and 
1 1 
moving to the right sides terns containing $z and 62, we obtain 
equations for the determination of Sx) and by, in the following form: 


6x,-F wddx, = Aq, _ Am,¢ —wo, Amr — 
— tay, 02 — Dy, B2, 
ay, +-o2dy, = Any, “- Am, r _ w, Amr + 
fay, Bz -f ery, d2, 
(5.153) 


The quantities 6z and 6z occurring in the right sides of these 
equations may be found from the solution to equation (5.152). 


Equations (5.152) and (5.153) correspond to the following simpli- 
fications of the system (5.121). In the left side of the last 
equation (5.121) all terms containing the multiplier Wy are discarded, 


and it reduces, thereby, to equation (5.152). In the first two 
equations (5.121) terms containing 62 and $2 are moved to the right 
side, and, in addition, in the coefficient of 6x in the first equation 


ws is considered to be small relative to Wo - we and therefore ignored. 


The first two equations (5.121) therefore take the form: 


ax + (3 A) bx — Zo, ay =f ()- 2a, Az, 
ay 1% mi) dy + Duo, 4 = f(t) a, d2, 
(5.154) 
where £, (t) and f(t) in accordance with definitions (5.131) are 


the right sides of the first two equations (5.121). 


Change of variables in (5.149) and (5.150) reduces this system 


to equations (5.153). Therefore, at a, = 0 equations (5.152) and 


(5.153) correspond exactly to equations (5.121). 
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It should be noted that the transition to the simplified equations 
(5.152) and (5.153) is also possible for arbitrary motion of an object 
at a constant distance from the center of the earth, and not only for 
motion along a parallel at constant velocity. This follows from the 
fact that inequalities (5.145) and (5.151) remain valid for variable 


Wo, Wo, W 
x omy 


Comparing equations (5.152) and (5.153) with equations (5.90), 
corresponding to the case of a stationary object, we note that they 
differ only in their right sides. Therefore the solution to these 
equations may be obtained by analogy to the solution (5.95) to equations 


(5.90). 


Introducing into the right sides of equations (5.153) the 


notations 
An, — Am,r —o, Am r= LO. 


Any, 4+ Am, ay, Amr =f (0. 
(5.155) 
we obtain the following formulas for the solution to equations (5.152) 
and (5.153): 


ss ae 
6x, == dx} coat 4- ay ew 4 


t 
+o [ii@=a, b2 (1) — 2a, O2(1)] sine, (1—a)dt, 
f 


ay 
dy, = byfcos ut -$ mat sine a ] 
° 





t 
tay fGE48, seem Heo, dz (nf sine, (t— vt, 
ie az? 5 
$z= "cosh Vet cree te 


t 
1 = 
Tarr J AM gion wy VEC— nde 


(5.156) 


where f, designates, in accordance with the last equality (5.131), 


the right side of equation (5.152). 


449 
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In order to convert from the errors 5xXy and 8¥y to 6x and dy, 


formulas inverse to formulas (5.150) must be used: 


bx == be, cost -4- dy, sinw,f, 


by = — dx, sin! + dy, cos 0a,f. (5.157) 


Multiplying, in accordance with these formulas, the first equality 
(5.156) by cos wot and the second by sin wit and adding, we obtain 


expressions for 6x. Multiplying the second equality (5.156) by 
cos wot and subtracting from it the first equality multiplied by 


sin wot, we find dy. 


Performing the indicated operations, we arrive at the approximation 


formulas: 


be <= (8x"cos0,t + dy sinw,t) cos uf + 
1 ° . 
+, [2° 0, dy") C08 of + (6+ 0,429) sinw,f] sinuy! +- 


MY ’ 
' +45 f ((f¢ — 2u, 82) cosa, (¢ — 1) + 
vu 


+ (/2 — 0,10, 82) sine, (¢— 1) cos op (t — ae 
by = (dy cos wf — 8x sinw,t) cuss + 


1 : . F 
+ 51s? + 0, 848) cos 01, f— (6x9, Oy) sin, f] sinoyl + 
, : 
1 5 
oe f (— (fy = 2ny 2) sin, (¢ — 1) + 
“ 


+ (fa — oye, 82) 008 v, (f— Y] siney(t— dt, 


(5.158) 
where the quantities 6z and 52 entering into the integrands are 
determined from the third formula (5.156). 


For constant instrument errors, recalling the value of £3. 


we obtain: 





62 =362° cosh uy f/2¢4- Se sinhwy Vi0+ 
° 
= Qris, eS . 
Se cosh Ft —.). (5.159) 


it 7 


45° 





Differentiation of this formula yields: 


= @. 


2 = 82 costyy, I/F th 
= Ang + Oru, 4 3 
+( /2az0 petty inh a, Y27, (5.160) 
These values Of 62 and 62, 


48 well as the values of fy and f 
defined by expressions (5.131), 


into equalities 
(5.158) ang the resulting expressj i 
integrals are required here: 


’ 
hm f cosa,e— Ysina @— Ndi= 


cig 
= - 
but 





(: COS Uf cose, — Me Sing 
% 


Vf sin vd) A 


trom Sint, ¢ — Doiney(e— yay = 


%  /y, : 
= Qo ( SINS cos uf — cos of sin ou) 2 


t 
ll sinhw, Vir 08 w, (¢ — YD sin vy (¢— Ndtas 


Signa: 409 1° ; 
~ REF RRT par Md etn a, 51 


_ V2 (302-4 )) sinwa,t cos 0 + du, 4/3 , 60S09,¢ sin 0,4]. 

‘ 

Ie J Sinh wy 72 sine, (¢ — Vsinwy(¢ — Wdt =: 
8 


res 
oye 
ies 


: 3 5 
On pe: ee atny UNF — dan, coseptcdeesiy 
cetera eg a ‘ 


(buy myles? Siege] 


é 
Io: 5 i 
‘ f cosh, |/2 Tsinw, (¢ — Ysin Ydtes 


& try ~ 
Oy Fatal +ul l 2 V 2a, 
+ (Bm? 
e 





sinh My VEr-4. 


i? COS00 Fy] fe yey 
") ) NOt (We t om) ay Sluw,e cosin,t] 7 

J, p : ny 77 

a cosh, j/9 Meuse, (¢ Dsinea(¢ 


“Udtes 
e 


& ro ae [ ei. Gate eas 
Seth -f Deus {uf (ey “Jeosh mpi erS 
(3103 — 002) Oso toosent -5 (4 I 2) = Sineatsin mt] 


(5.161) 
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For the sake of further simplification of the form of solutions 
(5.158), we will confine ourselves to the case in which, in addition 
to condition (5.145), the following condition obtains: 


8} E08, 
(5.162) 


We may then take: 
= 4 (1 — cos eyf cos t,2), 
= - + coset sine,t, 
"9 


h=ge( sinh “v V2t— J/2sineyfcosa,s), 


oF uy 4 
I, te we cosh oy 24 — singe sin of) ' ; 


1 ia as 
iy e (? ie sinh V/ 20+ cosoyysin wt) 
l= go(cosh oy V Tt —cos apt cos.u,), 


(5.163) 


2u, cosh 


3u 
2V¥2w 0 
Wo2t and —;- 2sinhw, /2t appear in the parentheses. They contain 
0 
the small multiplier w 


In the fourth and fifth equalities (5.163) the terms 





2! but aS a result of the rapid increase of the 


hyperbolic sine and cosine, they are significant. 


Substituting expressions (5.159), (5.160), and (5.163) in 
formulas (5.158) and once again taking into account inequality (5.162), 
we obtain the following approximate formulas for 6x and dy: 


Ox =2 (bx Covent f- Ay? sin OL) C08 off 
+} (= coset f is sin yt) sinus -~ 
Fe : 
a a (ss sinh oy /J¢-4 svi cosh yy, Vir) ee 
-+ ag: a Bee (UE — cov aye cus at) — 
Nay = Fry \m, “Fy Nity 


fer a — cosuyf sinat— (5.164) 
Vu, (Nn, {-2rer, Aon 
ot a 


sinh 17 
ae wy t 2e, 



























by = (by? cos a,f — Ax°sineat) cos uyf + 
F + (22. cos o,f — = sin of) sina a 


eee az 2 
+ 2 ("cosh Tt -+ oy sinh avin) + 


+ ate — rec hie, cos af sina,t + 
; 2 


Any —= rety Atty = Fey Amy 
pat SUDie, Aebatls SEAS SO 4 
2 


+ 


+ Seas (Ma bry AM) cosh wy V2t. 
Veal 


(1 —cos wf cos @,f) + 


(5.164) 


5.3.6. The case of an object which is stationary relative to 
the earth. In order to obtain expressions for the errors 6x, dy, 62 
for the case of an object which is stationary relative to the earth, 


the values of wy, and w, give by (5.129) must be substituted in 


formulas (5.164) and (5.159). 


The approximate solution to equations (5.121) consisting of 
formulas (5.158) and the third formula (5.156) may also, of course, be 
obtained by direct simplification of the exact solution (5.143). We 
will show this, limiting ourselves to the case of an object which is 
stationary relative to the earth. 


In this case, in the characteristic equation (5.122) the quanti- ’ 
ties oy and w. must be replaced by their values (5.129). Due to the 









fact that u” is small relative to wor the value of the root q, of 


equation (5.122) is close to that of 2wo. and the roots qy and q> 


approach WwW. Therefore, taking q3 = 205 as a first approximation and 


applying twice Newton's method Of approximation to a root, 


we obtain accurate to within terms of the order u"/w9 inclusively 





Bs —Soeg). =. (5.165) 


2 5 it cys? 
9; 20 — 3 u* cos? p— Mw 


Equation (5.122) now reduces, when divided by q - 3, toa 


quadratic equation with the roots 


ulcos? p 


Stud (4—Ssin?q) & 


Q2= oI — F costq) + 


+ V sie sin? ip -+- fs. (1 ++ 55 sin? gp). 


Now, according to equalities (5.126) 


? 2 
[tg = «a, v3 = SO Beanie OTH sa, 


can? ‘ 
son ft pct atleast 19 — 141 
Hy, 2 »| te Tat eared ( 140 sin? y) 3. 
T_ wteosty Aut sn Intep THe ne eh cos? op Parr 
*(5 a} ed a “ae iu m0) 


(5.166) 


If in equalities (5.166) only terms of the order U/W are 
retained, i.e., if we assume that 


= { = , 
N= Oy V2, p= ayzusiny (5.167) 


then the coefficients ais" bis ’ ey of solution (5.143) take the 


following approximate values: 4,,=9, @,,-=0, aj,=0, a},=0, by==0, b,,-:0, bj, 70, 


Oh == 0, bh==0, b= 0, c= 0, Cia 0, C=: 0, c= 0, 
Cy =O, Ch, = 0; 





1 | 1 u cas 
Ag Sm Qe "EPH YH St , 
209 2m, Quy wy 
Lit en 1 1 =x FU LOS 
a=-,a veers, a? = 4" — ary af p= a ee 
2 2 2 » ul n 2 n= KY y 
an cosp ig 4ucos 
ay = — —— =— ; 
= ah eae Bong V2 
i 1 1 
by = bye Dae Hee a dig ee 
iy Quy 2m) 
Mae) I ee 
1 jor? 42 tT? 
deny dy 
9 9 | 9 1 
ba = by e=— >) bn r Bh ae xe 
QOS 0 2 cos 
bya oe - SE; 
Ht deny 
1200S p Hcosy 10 
Cite oe a eine On R= -at 
ey, i 4 obi 
On cen it oad 1 A. COs 
C99 a On ae EE, tye - SSL, 
ey * m 12 bg a 
gee co, : hk t : See cans i iat 
ts shi mae CT 


(5.168) 
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It is evident from equalities (5.168) that a large proportion 
of the coefficients of sinh i3t andcosh w4t in formulas (5.143) are 


equal to 0 in the first approximation. But since these functions 


rapidly increase in time, it is necessary to determine the magnitudes 
of their coefficients. 


If in expressions (5.166) for the roots of the characteristic 
equation we retain quantities of the order u? /whe then we may determine 


the first terms of the expansions in U/w5 £€ the coefficients by 3: 


0 0 0 0 0 P 
bi3e B33- B33- 413% 413° 423* 223% Cy3* Cy3- They are: 


10? sing cos? @ 0 10u? sing cos? p 
by= — aud > bis i 7 
: ’ 
jg ott Ae, | than sing COs 
Dry Dr 
sens Bu? cos? a’ i du? cost g 
3 oVvrw Dut 
10u? siny cos? g 0 83 sin | cos? @ 
—_ a eee 
oa= 27) i oo . 27! 
2 
yo sean ss ¢ } ay = Mu =" am 2) 
: (5.169) 
In order to determine the remaining coefficients it is necessary 


also to retain in equalities (5.166) quantities of the order ut /woe 


i.@., to take expressions (5.166) in their entirety. 


Substituting 
the latter into relations (5.144) gives: 





b — 25u sin? g cos? p e 35u! sin? ¢ cos? @ 
= — =e oC 
a Aue = #° at«S 
Qu? cos? p 9 o 4u? cos? 
Cy = OQ = wt a (5.170) 
Hoy 0 


Further simplification of solution (5.143) may be based on the 


following considerations. We will consider that errors in the intro- 
duction of the initial conditions, i.e., the errors 5x°®, dy°, éz°, 


bx° Jugs by°/up. 52° /urp V2 are quantities of the same order. We will 


also consider £,/%G° £2/5. £ 4/205 as being of the same order relative 


to one another and relative to errors in the initial conditions. 





The assumptions made with regard to the initial conditions and 
the perturbing influences enable us to retain the properties of 
solution (5.143) which are required for the evaluation of errors in 
the functioning of the system, leaving in it only a portion of the 
coefficients of the first and second approximation, namely: 


Gi, G12, Gn, G22, 433, AM, air, a5, a%, as, 033, O53» 
bis bia. Oli, Ola. ean, Chas 


In this case the solution take ad form: 


kaa f {71 (3) [sla pay (4 — 1) + stn pty (tf — i 


— f2() [cos Ww —- tT) — cos f1,(¢— 1h] dt 
a a Ss(deh y(t — Yd + 


+22 (cos [ye -f- C08 taf) -+ sist iyt-stn pf) + 


a (singijé—stnyiof) }- Re (—cospiyt-f cospt,f— 


20 Au cos 4u cosy Re eegtyt =~ 030 Hes Qu CONG 


ont f, 
“Bay V2 — 


oy = & f {[Zo(4) [stn ft, (f — t)-4-sin ty (4 — 1] e 


+ fr (1) [eos pa (0 --- 1) ~~ cos py (4 — )]] dt f- 


' 
5u* cing cos ¢ 
4-2 tS f fore Qaeet 
9Vee;  Y 


+ SP (costnt-| ns {t.f) Fg (shnint sine) k 


0 ; 0 
+ “ ~ shige 4-sinpy) r= (cos pyl—cos pt 


fal stnep cos p 


Az? 
ot ee 
ug ( cosnlaf -{ A; V9 mitt 


‘ 
1 
62 =r J S3(dsanyi,(f-- dt -- 


“fo Se" coshjt f pen ts 
(9 


(5.171) 
where according to equalities (5.167): 


WW=on V2, Hy SO — USING, fly Gy -f We diirg, 





—ee = 
pee 7 

























The approximate formulas (5.171) are equivalent to the approxi- 


mate formulas (5.158) and (5.156). With constant instrument errors 


this is easily shown to be the case if in place of fie fo: £3 in 
equalities (5.171) their values (5.131) are substituted, and in place of 
Wye Hor Uy their values (5.172), and also if expressions (5.129) 


%y and Ww, and the condition of the smallness of wu’ relative to 


2 taken into account. 


§5.4. Integrating the First Group of the Error Equations for the 


Case of Keplerian Motion. 


5.4.1. The possibility of integration. As has already been noted, 


in the case of the first group of the error equations (5.1) may be inte- 
gratec in quadratic forms. 


This possibility derives from the following 
circumstances. i 





According to vector equations (5.17), the following vector 
equation corresponds to error equations (5.1): 


ahr n we 3¢r-dr) 
rT + ver ia 


ee de d\a 
= An 2Am¥ a ter Asa 


(5.173) j 


, The last two terms on the left side of this equation are simply 
af EE 


ame i.e., equation (5.173) is equivalent to equation 
x 


SE SE 


abr wr ay! da 
owt a(et ) = An — Nm! tt +r xX = 


(5.174) 
} Let us consider the homogeneous equation (5.174). It may be 
| represented in the following form: 
' b(f6 + 2h) <0. 
(5.175) 
| But equation 
f 
dp " 
ir + 7wr==0 i 
| ae (5.176) 
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is the equation of motion of a point of unit mass moving in a spherical 
Newtonian gravitational field, i.e., an equation of Keplerian motion. 
Therefore, the homogeneous error equation (5.175) is a variation of 

the Keplerian equation (5.176). Here, of course, it must be kept in 
mind that the sensitive masses of the newtonometers must be considered 
to be located in the center of mass of the object. 


The general integral of equation (5.176), containing six arbitrary 
constants, is known. According to the Poincare theorem , the independent 
partial solutions to equation (5.175) are found in the form of the 
derivatives of the general solution to equation (5.176) with arbitrary 
constants, which permits us to find a general solution to the homo- 
geneous equation (5.173), which is also in turn a funtion of 
six arbitrary constants. 


But equation (5.173) is a linear differential equation with 
variable coefficients. And if the general solution to a homogeneous 
linear differential equation is known, then the general solution to a 
non-homogeneous equation ingquadratic forms may be immediately obtained. 
The Lagrange method of variation of the parameters of the general 
solution to a homogeneous equation may be ‘used for this purpose. 


Let us consider the following. If the sensitive mass of a 
newtonometer is located in the center of mass of an object in Keplerian 
motion, then the newtonometer reading is clearly zero. However, 
analysis of the error equations for this case is not without signifi- 
cance. This is because the solution to the error equations for 
Keplerian motion in the first approximation will simultaneously be 
the solution to the error equations for motions differing slightly from 
Keplerian motion: deceleration in the upper layers of the atmosphere, 


maneuvering of an orbital space vehicle (with small thrust), ecc. 
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5.4.2. The basic characteristics of Keplerian motion. Before 
moving directly to solution of the error equations for the case of 


1 
Keplerian motion, let us recall certain of the properties of this 
motion which we will require below. 


As has already been noted, Keplerian motion satisfies the vector 
equation (5.176), which corresponds in its projections on the &,, 
Nee Sy axes to the three scaler equations: 


hath 0, 4+ Sh m0, &4 We 220, (5.177) 


Equations (5.177) have six independent first integrals, which 
define the general solution to these equations. 


Three of the first integrals are calledspace integrals. In 
order to obtain one of them, we multiply the second equation (5.177) 
by t,, and the third by n,, and then subtract the second result from 
the first. We then obtain: 
oo on, Ayo ae 
a eee (5.178) 
whence, 


nt, — &n, == ¢, =2 const. (5.179) 


The other two integrals of this form are obtained in a completely 
analogous manner. Combining them with integral (5.179), we have: 


ng, ay tn, =O. at — E, Cy 


at 


Ean, — te, = 03. 


(5.180) 


Specifically, it follows from equalities (5.180) that the tra- 
jectory which is the solution to equation (5.177) is in a plane passing 
through the center of the earth. Indeed, multiplying the first of these 
equalities by £,, the second by ny, and the third by ¢, and adding the 
results, we arrive at the equation of a plane 

Be een (5.181) 
passing through the center of the earth. 
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Integrals (5.180) may also be obtained in a somewhat different 
manner. Multiplying equation (5.176) by the vector r, we find: 


d 
rx Spat (ex 4) =0. (5.182) 
i.e., 
xine. (5.183) 


The projections of the vector ¢ defined by equation (5.183) on 
the Ey, Ner Sy axeS are equalities (5.180). Thus, the first integrals 
(5.180) derive from the moment of momentum theorem. 


The quantity 


eon Xar (5.184) 
is, as is well known, the oriented doubled space of the trihed- 
ron formed by the vectors r, dr and + dr, or, equivalently, the 
oriented doubled space of the sector marked out by the radius vector 
r during the time dt. From ecualities (5.183) and (5.184) we see that 





S = const, (5.185) 


The next integral of equation (5.176) will be the energy integral. 
In order to obtain it, we perform the scaler multiplication of equation 
> 
(5.176) by dr/dt: 


ae de 4 a 0 
ae at oe oo 
(5.186) 
Introducing v = dr/dt, we find: 
a(S) Bh de <0. (5.187) 


The second term on the left side of expression (5.187) is the 
influence of gravitational forces on the displacement dr. Since the 
gravitational forces are potential, this influence is equal to the 
differential of the force function V of the gravitational field: 


Ue ede dV =a). (5.188) 
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Therefore, instead of relation (5.187) we may write: 


ad (* + " =2 0. 


The integration of this relation is the energy integral: 


St Ssh ssconst. (5.189) 


For the further integration of equation (5.176) we will make use 
of the fact that the solution to this equation is a plane curve. 


Let us place a right orthogonal coordinate system O.en'c' in 


the plane of motion, with the —£ ' and n' axes in the plane. Let us 
further introduce the right orthogonal system O) xyz. Let us superpose 


its xz plane on the {'n' plane, and let us direct the z axis toward 
the moving point O (along r), and the y axis along the 7’ axis. The 
position of the coordinate system O,xyz relative to the 0,8 nc 


system is then defined by a single angle o in accordance with the 


i - : { 
table of direction cosines below: 
& y Zz 
vo sho 0 cose 
W cosa 0 sina 
t o 1 ©. 








According to the definition of the orbital trihed¥on xyz, 


dr 


‘a. are } arx, (5.191) 


Foor, v 


In order to obtain the solution to equation (5.176) we must, 
clearly, express r and o as a function of time and the initial conditions. 
fiowever, it is simpler to first express r as a function of the angle oa, 
i.e., to find the orbit equation. ' 


Taking the second equality (5.191) into account, the space integral] 
(5.185) is expressed by the equality 


F026 <3 const, 


(5.192) 
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On the other hand, from relation (5.189) we obtain: 


ee a (5.193) 


Let us convert from the independent variable t to the dependent 
variable o by rewriting equation (5.193) as follows: 





1 d(v') da wdr do 
Yd at ~~ rt Go ar" (5.194) 
Eliminating the case in which 
da 
0 
. (5.195) 


i.e., excluding the case of motion along the radius vector Yr, we 
arrive at the equality 


1 4c) on ae 
Fg Tras 





(5.196) 


In order to do this we 
will use the second equality (5.191) and the space integral in the. 
form (5.192), from which it follows that 


Let us further express v’? in terms of r and o. 


oe (5) +7]: (5.197) 

If we now substitute expression (5.197) into equality (5.196), 
we obtain the differential orbit equation in terms of the coordinates 
xr and o; however, in order to obtain it in its simplest form, it is 


useful to convert in formulas (5.196) and (5.197) from the variable 
r to a new variable 


(5.198) 


Performing this conversion and substituting expression (5.197) 
into (5.196), we arrive at the equality 


dy du pn du 


saat + 0)" 7 we (5.199) 








Assuming that 


(5.200) 


i.e., excluding a circular orbit for which 
r=" -= const, 


for the general case of a Keplerian orbit we arrive at the equation 
diy un 
gritos, 
. ; (5.201) 
from which the variable u is easily found: 
(5.202) 


fh 
ies 4, — a; cos — a, sina, 


Introducing now the new constants 


ae (4+ Anye! 


» Wt antes 


x 
” a (5.203) 
and converting from the variable u again to r, we obtain 


re Tae (5.204) 


It is known from analytic geometry’ that equation (5.204) is 
the equation of a conic section in polar coordinates, with the focus 
of the section as the origin and the focal axis of the section as the 


angle between 3 and the €£' axis. 


The quantity p -~ the focal parameter of the conic section -- 
is equal to the length of the radius vector of the orbit directed 
from the focus perpendicularly to the focal axis. The parameter p 


defines the linear dimensions of the orbit. 


The quantity e is called the eccentricity of the orbit and 
determines its form. For e<l the orbit is an ellipse, one of 
whose foci is located at the center 0; of the earth; for e>l 
we have a hyperbolic orbit, and for e = 1 a parabolic orbit. If we 
use v° and r° to designate the initial velocity of the object and the 
initial value of r, then the form of the orbit will be entirely 


determined by the quantity 


(5.205) 





characterizing the relation between the initial kinetic energy of the 
object and the work which must be done for it to recede to infinity. 


when 0 <k <1, e <1 always 
when k= 1, e = 1 alwavs 


wl-en k > 1, e >l always 


We note that if the initial point of the motion (the starting 
point) is located on the surface of the earth, then the speed of the 
object corresponding to the value k = 1 is usually termed the second 
cosmic velocity; the term first cosmic velocity denotes the velocity 
required for the object to move in « circular orhit; this velocity 


corresponds to the value k = 1/2. 


We will confine ourselves below to the most practically interest- i 
ing case of an elliptic orbit, i.e., for e<l. We will designate the ‘ 
large semi-axis by a and introduce the notation. 


v=dI—O— 2 


(5.206) 
(in celestial mechanics the variable v is termed the "true anomaly"). 
Formula (5.204) now takes the form: 





a (l —e?} 


'=Tprea’ (5.207) 
The angle w = 7 + Oy defines the direction to the perigee | 
of the orbit. 


In order to finish the integration of equation (5.176), it is 
sufficient to find o or, equivalently, v as a function of time t. 
From formula (5.207)the space integral, (5.192) and equalities (5.1206) 
and (5.203) we have 


v= a -+ ¢ cos v)?, 


wae (5.208) 
Separating variables and integrating, we obtain: 


Vi 2 f 
5 (t —h) 


a(t — e8)* 3 


dv 


a fecceseyt * (5.209) 


464 





where to is the time at which the object passes through the perigee 
of the orbit. 


We transform the integral in the right side of equality (5.209) 
by converting from the true anomaly v to the eccentric anomaly E 
according to the formula 


ss dal (5,210) 
Since it follows from formula (5.210) that — 
eater treme (5.211) 
equality (5.209) takes the form: 
fe a 
tities [me (5.212) 


Performing the integration on the right side of the resulting 
relation, we arrive at the Kepler equation 
B— esto a E(t — 4) =A, 


(5.213) 
relating the eccentric anomaly E to the mean anomaly M,. 


Noting that, taking into account the second equality (5.211), 
formula (5.207) may be written in the form 


r=a(l —ecosl), 


(5,214) 
and introducing the following notation for the peridicity of the 
motion of the object in its orbit 

Vie 


a 


(5.215) 
we arrive at the following formulas: 


M esau (tl — ty) 4: Aly. 


tn 
Verm-5-. 
a’ 


a(h--ecosh). 


E—esinE 2 Al, 
’ 
G 


tan --= / Vt fant f 
2 -¢ 4 
a-a3t-f-u, (5.216) 
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In order to solve the third cf these equalities for t, i.e., in 


order to solve Kepler's equation, the usual procedure is to expand 
E -M = esinE in 
are multiples of M: 


















a trigonometrie series in sines whose arguments 


E—M= Sasin bat (5.217) 


The possibility of this expansion derives from the fact that 
E - Mis an odd periodic function. 


The coefficients of the expansion (5.217) are ealeulated from 
the formulas 


a= 2 fe Mysinatant, 
o 


ae (5.218) 
Integrating expression (5.218) by parts, we obtain: 


n 
Qs mo |-«e- M)cos wail ~ i cos kill d(E — a] =e 


e 


a n 
=2 J cos kM dl: 22 2 J cos k(E — esinE) dE. 


(5.219) 
The functions 


a 
J,(x) = 4 f cos(ay — xsiny)dy 
e 


vere used for the solution of the Kepler equation by Bessel and 


bear his name. According to the definition of these functions, 






a a4 Ake), Bs Mp ON AO sina 


(5.220) 


Returning to the Kepler equation, we obtain: 


uo “ . 
EN ae 
sink? om go RAL. 
ue 


(5.221) 






Formulas (5.216) define the motion of the object in a plane 
orbit. They contain four arbitrary constants: tor @, a, w. The 
general solution of equation (5.176) should contain six arbitrary 
eonstants. The two missing constants should be supplied by the 


definition of the orbital plane relative to the coordinate system 
fixed in inertial space. 








In celestial mechanics the plane of an orbit is usually specified 
by the angles 2 and i in such a way that these angles, together with 
the angle v + w, form a system of Euler angles. However, in the 
analysis of equations in variations Euler angles are not always con- 
venient. We therefore define the position of the orbital plane, i.e., 
the plane €'n', somewhat differently with regard to the coordinate 
system OLE ance For this purpose we introduce the angles a and 8 


(Figyre 5.3). The orientation of the coordinate system O,E'n's' 


relative to the coordinate system Oy Enna Se is specified by the following 
direction cosines: 


t Ww v 


Ls cosp o sing 
n, sinasinB cosa —sinacosp 
& —sosasing sina cosacosp. (5.222) 


According to table (5.222) and the definition of the anglec, 
we obtain the following formulas for the coordinates Ey, Nee Ce! 
&, == 7 cos OCOS f, 


nH, = £ (cos O sing sini 4-sinwcos«), 
& = 7 (— cosocosa sin -}- sina sina). 


(5.223) 
Thus, the solution to equation (5.176) will be the vector 


robb tun-tot. (5.224) 


defined by formulas (5.223) and (5.216) and a function of six arbitrary 


constants: a, 8, Wy, @, a, to: 





Figure 5.3. 


Ee Sanne Fa hE PAN a PAT RPSGEN I rer POTD 
<< a . . : 


Henceforth we will consider the object to be moving in the plane 
Ean, such thut 


amgos. (5.225) 


We now proceed to the solution of the equation in variations 
(5.173). 


5.4.3. The integration of homogeneous error equations. The 
vecto qwation (5.173), projected on the x, y, z2 axes of the orbital 


trih-':o1, results in the following system of equations: 


bi + (4 — uf) bx 4-0, d2 + 20, 03 = 

=z An, — 2Am,r —Am,r, 
by + A dy = An, + 2Am,r 4-Art,s — 0, Amr, 
bi — (2¢ + wt) b2 — 0, bx — du, 0x = 


=z An, +-2ray Amy. 


(5.226) 


The coefficients of equations (5.226) contain, in addition to r, 
the quantities r and ys These may be found from formulas (5.216): 


. . ——- = 4? 
AavavVI—e <, 


. A (5.227) 
where v is defined by equality (5.215). 


* ea 
Pot o— sinw, oF 
t—e 


The system (5.226) breaks down into a second order equation in 
éy and a system of fourth order equations in $x and éz. 

It will be more convenient below to represent equation (5.173) 
in terms of projections on the x, y, 2 axes somewhat differently from 
(5.226). In order to obtain this representation, we introduce the 
followiny change of variables in equations (5.226): 


xyrzhx, Xp eb2, 


t X22, fly XQ, x, = ky Wy Hy, (5.228) 
Xe by, ae Xs 
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= 


eS 


SE Se 


Se PRCT IIIT IY CLL LTTE TAIT IR ES EET, STL COLT OCI OI I EET ween 


The introduction of the variables xy into the first and third 


equations (5.226) gives a system of fourth-order equations written 
in the Cauchy form: 


. 
Xp s= — ON, 4X3, 
XS Oye, fey 


oa 2 " EN 2 Amr — Anyr 
Xyes — Wy — Fp yb An, — Am, ye 


A 0, X3 + » Xy-+ An, + Qe, Am,, 


(5.229) 


and from the second equation (5.226) a system of second-order equations 


is obtained: 


Kym Xe. 


ig 4, xs An, + 2Am,7-4-Am,r—o, Amr. 


(5.230) 


In equations (5.229) and (5.230), in accordance with (5.228), 
the variables Xy+ Xge Xs are the projections of the error vector ér 


on the x, y, z axes. The variables X30 Xqr X— are the projections on 


the same axes of the total time derivative dir/dt of the vector ér 
This is easily seen by noting that 

Oe or fn Xb, 

ia ease (5.231) 
and recalling that Xp ne Res are the components of éE along the 


X, Y, 2 axes, and that only the projection w, Of the projections of 


the absolute rate of the rotation of the trihedron xyz 


about its axis is different from 0. 


As was noted at the beginning of this section, according to the 
Poincare theorem the partial solutions to the homogeneous equation 
in variations (5.173) or, equivalently, equations (5.229) and (5.230), 
will be the partial derivatives of the solution to equation (5.176) 
in arbitrary constants, i.e., the partial derivatives of the vector 
r, defined by equalities (5.224), (5.223) and (5.216) in terms of 
the constants a, 8, WwW, @, a, to- 
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Differentiating the vector © with respect to these constants 
and taking into account equalities (5.225) we obtain: 


£ s=e(sinucosa cost sinm)y, 


a =a = r(cosvcosm— sinvsinw)y, 


or os or 
te on t vot 


or os ar 
Mn et tet 


or on or 
Wa met oa fe 
or an ar 


a ae + a? sh 
eee (5.232) 
where x, y, 2% are the unit vectors of the corresponding axes. 


Performing the differentiation and simplifying as required 


‘ ' n 0 oy ay ov os oi 
{using relations (5.216)], we find expressions for OBE Ta Ge: ae He: 


ae s x in the following form: 

Oh ng — SE Heo ey . 
Can Vid ¢ 
Xe = — he 4-¢ cost), 
rot a Asin (2-4 e cost) 

ve Ty ecuose ‘ 
a: 

ow £ 

Oe, . aessiod 

“  Yi—e' 

Or £, ao OR Lehesinit. 
yr) mia —° 

or 

=—acust, 


de 
or 
on 


= 0, 
(5.233) 


It is convenient to take as independent solutions to the 
homogeneous equation (5.173) specially selected linear combinations 
q; of the derivatives (5.232) of the vector r: 


or tur 

We Me ae 
1 or Vise ee 

4%, ae(i- ey? ow uev ot, * 

Looe 
i. wa 

‘ ‘ 

4, J (ees hem PE soset) 

ale 7 : 5 

\& i (5.234) 


% melee ay 
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Taking into account relations (5.233), the expressions for q; 


take the form: 


= vit =f) fe cost) re 





oe wee 
+ [E _ re ze 
a= it ‘ cat < Sine — cos tz, 
a= Prete Cos vx + sin vz, (5.235) 
ase. 


(5.235) 


We will use B; to denote the total time derivatives of the 
vector €o- Then, taking into account relations (5.227) and the 
obvious equalities: 








dy dz ax F 
=~ =20, sj = Oye. a= %,, - 
dt dt dt (5.236) 
. f > 
We obtain from relations (5.235) the following formulas for Py? 
1+ ecove 
fia V QWVine 
esine Sy apy ae 
+ [ap pees] e}, 
v afet-cosy om ‘i 
Pa Visi fr Parise: sina), 
v a stint A 
Be Vimeo ti Pecosw ee v4) . re 
a= Wai lesinvxs — (1 +ecosv)al, 
vsing 
BS — Crt . 
Pom Ppa ose tedy. 
(5.237) 


The vectors qd; and Pj form the system of integrals of the homo- 
gencous equation (5.173). The projections of the vectors Gi., a. 45 


aa fi. Pw Py and Py on the y axis of the orbital trihedron are 


equal to 0. The projections of these vectors on the x and z axes 
therefore constitute the system of inteqrals of the homogeneous equa- 
tions (5.229), Analogously, the projections of the vectors dg. <. 
Bai Pe on the y axis constitute the system of integrals of equations 


(5.230), 
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a ii 


Let us form two matrices from these projections: 


GMX G2 F GE Wek 
. ’ 2 . . . 
peer Peet pe?) wee 
Pye X Py KB Py B Py d bPse¥ Bey 
Pi F Pr 2 Pye 2® Pyros? (5.238) 


In accordance with formulas (5.235) and (5.237), the elements 
of matrix A are. 


Ay x — td be cos o) 
a 2Vt—e 


2-fe cos v 





An= Tpecose sine, 

Ay o4ece cost, Ay = z, 

4a= ‘ a ene An = — cos, 
Ay=sinv, A, ==0, 

fom Syed ayes tie 
Au= Tapers + aa as . 
An=-t hier _ ; vl — 4) 5] i 

tom — Tt 

Ae EES, aga ett, | 


(5.239) 
where v is determined by equation (5.215). 


For the elements of matrix B we have the following expressions: 


i f 
Kya zcose, Myo | sine, 


vein 


3 _ Micore be 

1 ee a | (5.240) 
The determinants |A| and |B] of matrices A and B are the 

Wronskians of the systems of partial solutions to the homogencous 

eauations (5.229) and (5.230), respectively. 


Since the matrices of the coefficients of the rights sides of 
the homogeneous equations (5.229) and (5.230) contain no diagonal 
elements, according to the well known Ostrogradsky-Liouville 
Theorem the Vronskians of these systems are constant !1l¢or all values 


of t. They are therefore casily calculated by setting t = to: Since 
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for this value of t the angle v is also equal to 0, it follows 
relations (5.239), (5.240) and (5.207) that: 


Ay =0, Ay=0, Ay==0, Ay =O, 
Ay, = 0, A;, = 0, 
Au 2% 4Q=0, 


Ay GEE, Aye tae An toe Apel, 





epellabe See 
An Mice OS iat me 
=" ave 
Mat Gayree” “eee 
Byte, By=0, By =0, By = 28 EF. (5.241) 
We now find: 
Beye a=vV/l—e. 
Lee ee (5.242) 


The Wronskians of these systems of partial solutions 
are non-zero. Therefore, che partial solutions in questions are 
linearly independent. They remain independent for e = 0, i.e., for 
a circular orbit. 


We note that if the derivatives (5.232) of the radius vector r 
in arbitrary constants are taken as q; in place of (5.235), the 
Wronskian of the corresponding system of solutions reduces 
to 0 for e = 0. This fact, which is easily demonstrated by composing 
and expanding the determinant in question, results from the fact that 
in solving equation (5.176) the circular orbit was excluded by condition 
(5.200). The linear independence of the solutions defining matrix A 
was achieved for e = 0 as a result of the fact that the linear combi- 
nations (5.235) of the derivatives (5.232), rather than the derivatives 
(5.232) themselves, were taken as the partial solutions, as proposed 
by 2. FT. bie ya. 


Since the system of solutions defined by the vectors qj and Py 


is linearly independent, i.¢., a fundamental system, the general 


solution to the homogeneous equation (5.173) may be represented in the 
form: 





6 
i = Mee. ie Ne GrP,. 
fel =m 
(5.243) 
Then for the general solution to the system of equations (5.229) we 
obtain the formulas ; 
m= SAL) ((s=1. 2, 3, 4) 
(5.244) 
and for the general solution to the system (5.230), the formulas 


2 
“x A, Cup = 5. 6) (5.245) 


5.4.4. Integration of non-homogeneous equations. The solution 
to the non-homogenecous equation (5.173) may now be found from solution 


(5.243) by the method of variation of arbitrary constants. Taking 


Cc; as functions of time, we obtain: | 


° 


§ dor 
wea. Gr= 


tet i 


Ci) py 


| A 


(5.246) 


We obtain the following system of linear equations for C(t): 


sag — 
ee 


6 
By euina =o, 


6 
‘ 

C,() p, = An ~ 2Am 5 chm 
» ar Xap tex ae. (5.247) 


In terms of projections on the x, y, z axes the sytem of 
equations (5.247) breaks down, in accordance with fornulas (5.244) and 
(5.245) into two systems: one fourth-order system and one second- 


order system. The first, serving for the determination of Cc) (t), 
Gs (t), c,(@, Cy (t) has the form: 


Neuoa= =0, Seu Ay=0, 4 
Se (1) Ay, = An = 2Am,? —Am r 
| “4 Jt € y y's 


4 (5.248) 
& Cy (Q) Ay = An, + 2ra, Am,, 
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The functions C, (t) and C,(t) are found from the second system: 





2 
Peer alBu = 0, 


2 
me WQ By = An, +-2Am,¢ -+ Ame —oyAm,r. (5.249) 


The determinants of the linear systems (5.248) and (5.249) 
are the Wronskians JA] and |B]. They are non-zero and the 
systems (5.248) and (5.249) are uniquely solvable in Cc; (t) 


In order to solve the systems of equations (5.248) and (5.249) 
for Cay we construct matrices D and E, the reciprocals of matrices 


A and B: 


pad, E=B". (5.250) 


After the necessary transformations we obtain the following 
values for the elements of matrix D: 


Dy =0, Dy a2 2, Dy ex 2h becosyy 
i" ae a ea 


_2e sinu 
D = 
o— vy) 1-8 : 








Dy =sinv, Dy = a Ss = hee) 
—e 
Daa ™ Vv ae e- bP oa. fecas?y : 
4 @ cust 
A ne 
dD), = ! o sin ty; 
Dy = cos 0; 
Dy = Sv (t=. t,) ae — I4-ecosu tee? 
— pet at WeY: yee Sine, 
1 Me 
Dy=4[— TEerag (2 be cos v) sin y+ 
Iwt— 
+. ee ecos xe], (5. 251) 
4 By (t -- 
Dy = te aft) sinv— 


gies ( 
I-fecosy 


2¢ -—cosu—ecos a): 








1 
Dy= -- Vi-e' 
3v(t—f) a? 2-4 ecosy 
fea a OE Gap 
1 2-+4-e cose 2 
Do=y |[-esine Vi— ec. “fee vos y) 


‘ (t —¢) 
gh (Uf ecos ay), 


ell By (t ~ f,) ecosu bet cos? 2 
whee Car — PVT e Feeann : (5.251) 


The elements of matrix E are: 


sou te, Vi-4 i=? sino 
Ey= Eyer — v(l--ec ecusep U 
sine " ViRAeae 
fomqioy: | Ens lreasiy: (5.252) 


Using matrices D and E, we find: 


6,0) = (An, — 2m, — Am,r) Da + 
+ (An, + 270, Am,) Diy, 
Craqd) = (An, + 2m, F + Amr — 01, Amr) Ey (5.253) 


Integrating the latter equalities, we obtain the following 
expressions for C; (t): 


t 
Ci) = f \(An,— 2Am,¢ — &m,r) Diy + 
Q 
+ (An, + 270, Sm,) Dil dt + Ch. 
Ci. f (An, + 24m, + 


Amr — a, Amr) Endl +Ci 4 
(5.254) 
in which Cc} are determined by the initial conditions of equations 
(5.229) and (5.230). 





For equations (5.229) the initial conditions will be: 


xPexba", xh = h2%, s 
shoei oh 2", yr bi 0 Oat (3.206) 
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For equations (5.230): 


Aaa, Sma (5.256) 


Using matrices D and E and expressions (5.255) and (5.256), we 
find that 


q ‘ 2 
Chem NB Uiy2. Cham M Eiytine (5.257) 


Projecting the first equality (5.246) on the x, y, 2 axes and 
taking into account relations (5.254) and (5.257), we obtain finally 


the following expressions! ° for 6x(t), Sy(t), d2(t): 


4 ‘ 
ox = y Ay | f \(An, — 24m, 7 — Amr) Diy 
tel 0 


4 
+ (An,-f 2r0, Noy) Dalat +N) D125 
jot 


. 





2 i 
by = y By, [fon 2m, 7 -+ An,r— 
é 


fol 


2 
—tay Am nE dt + i EN x4. i : 
fal 


4 t 
Ma, [ GMa, — 2m ye — Amtyr) Dy +- 
i tol 0 


0 


4 
An,-} 2rea, Am, D, de 4. pepe}. 
4-(n,-4 For Naty J " 4 | | (5.258) 


It is easily demonstrated that, for e = 0, i.e., in the case of 
a circular orbit, formulas (5.258) reduce to the earlier formulas 
(5.117). 


' In fact, for a circular orbit 


ex1n0, fea, re 0, vam, 5 4, ea 


(5.259) 


. 
fy sayy, Oy =O. 


Substituting these values into formulas (5.239), (5.240), 
(5.251) and (5.252), we find; 





Ay = — ae 2 Ay 2sinws, Ay= Zeosey, 


Ay ', 
Ay l, ApS cose, Aes sinus, Ay o= 9, 
By coset, Bye sines, 


» a. iy 
Dine « D., Senses dD, ez ieeeen tt ee 


Dod, O, - D, he svueet 


2 
Dy =q cosas, Dyu=—Z 
Ey, =0, En=1,. 
Di :=0, Diy ==2, Dh=d. Di=0, 
Dhead, Dhe=l, Dad, Dh=o, 
Dhsl Dh=0, Ohno, Duet, 
Dy=—1, Di=0, Dha0, Du=—Z, 
Byesw, Eh, =0, Ey=0, Eyes. (5.260) 


Substituting now these values of the matrix elements in 
relations (5.258), integrating by parts the terms in the integrands 


containing AM, and Am and taking into account the relations between 


x$ and éx°, dy’, 62°, 6x°, éy°, 62°, i.e., equalities (5.255) and 


(5.256), we arrive at formulas (5.117). 


In conclusion we make one coniment regarding the second group 
of error equations (5.3) for the case of Keplerian motion. 


The equations of the second group were examined in §5.2, where 
the general solution to these equations in quadratic forms was found and 


expressed in formulas (5.48). 


In the case of Keplerian motion, when the £,n,(£'£2) plane is 
taken as the orbital plane, the general solution (5.48) to the error 
equations of the second group is expressed by formulas (5.71), (5.72), 
and (5.73) or the equivalent formulas (5.77). 


Formulas (5.77) contain wee and equalities (5.71) and (5.72) 


contain the angle o. In order to obtain explicit expressions for 


Oe and Ory it is necessary ‘to substitute in formula (5.77) for 








eee ce Pee NTE TES — : oe he ee 


wy the value of this projection of the angular velocity deriving from 


relations (5.216) and (5.227), or, in formulas (5.71) and (5.72), to 
substitute the value of o obtained from the solution to system (5.216). | 


Formulas (5.258) give the solution to the error equations (5.226). 
In §5.4.1 it was stated that the homogeneous equation (5.173), and 
therefore also the homogeneous equation (5.258), are equations in 
variations of Keplerian motion. Therefore, formulas (5.258), if it 
is asssumed that An, = 0, An, = 0, An, = 0, Am, = 0, Am, = 0, Am. = 0, 


also give the solution to the problem of the deviation of the motion 
of an artificial satellite of the earth from its calculated (neminal) 
trajectory (in a spherical field) for incorrect initial conditions. 
Moreover, formulas (5.258) enable us to calculate the change in the 
trajectory of a satellite (or an orbital aircraft) under the influence 
of small perturbing forces (resistance of the upper layers of the 
atmosphere, maneuvering with small thrust, etc.). In order to do this 
we have only to substitute into formulas (5.258) the values Xye Xye 
ie of the projections of these forces on the axes of the orbital 


(nominal) trihedron for the functions dn, - 2am F - Amir, Any + 2am r + 


Amr - yAm or, An, + Pru dm. It is evident, in particular, that it 


is possible to calculate in this manner the change in the trajectory 
of a satellite under the influence of a non-spherical component of 
the gravitational field. The corresponding values of the functions 


¥, are found from the formulas for the projections of the 


Kye X 7 


y’ 
strength of the regularized gravitational field of the ear*h derived 


in §2.2. 


Tt follows that formulas (5.258) also give error expressions for 
the case of an object in near-Keplerian motion. Indeed, in this 


case the coefficients of the error equations (5.226) will differ from 





the coefficients for initial Keplerian motion by amounts of the first 
order of smallness. Multiplication of these small quantities by the 


y! Anos Am + Am, + Am 


yives magnitudes of the second order of smallness. Therefore, 


small quantities 6x, Sy, 52, 5x, Sy, 62, Any, An 5 








equations (5.226) and their solution (5.258) remain valid to a 


first approximation for near-Keplerian motion. 





§5.5. Errors in the Determination of the Coordinates of an Object 
and Its Orientation. Errors Deriving from Inaccuracies in 
Instrument Readings and Initial Conditions. 


5.5.1. The case of an object which is stationary in inertial 


space. In the preceding sections of this chapter we analyzed the 
first (5.1) and second (5.3) groups of differential error equations 
of an inertial system. In §5.2 a solution in quadratic forms for the 
case of arbitrary motion of an object was found for the second group 
of error equations. In §5.3 and §5.4 exact solutions for the 
equations of the first group were found only for certain special 


cases. 


However, as was stated above, for example in §5.1, the solution 
to equations (5.1) and (5.3) in itself does not give expressions for 
errors in the determination by an inertial system of the coordinates 
of the object and the parameters of its orientation. It is these 
expressions, however, which are the goal of the analysis of the error 
equations of an inertial system. 


In order to obtain these errors and to establish their relation 
to inaccuracies in instrument readings and initial conditions, it is 
necessary to consider in addition to equations (5.1) and (5.3) 
relations (5.5), (5.6), (5.8) and (5.9). 


However, relations (5.8) and (5.9) do not bear on the 
solution to equations (5.1) and (5.3). These relations give the errors 


0 in the determination of the orientation of the object 


3x4 Say 932 
deriving from the instrument errors Aa, 4f, AX in the measurement of 
the angles of rotation of the gimbal rings of the gyroscopic platform of 


the inertial system. The errors 03,0 9ay° 03, are independent of the 


solutions to equations (5.1) and (5.3) and, according to equalities 
(5.9), are simply added to the errors Oe Oye 0, obtained from the 








y’ e, are 


solution to equations (5.6). At the same time Oe 6 


completely independent of Aa, AB, Ad. 


Therefore, it is important here to make use of relations (5.5) 
and (5.6), combining the solutions to equations (5.1) and (5.3), the 
right sides of which are functions in part of the same quantities 
Am,» Am, » Am, . 

4 

Analysis of the errors in the determination by an inertial system 
of the coordinates of the object and its orientation, i.e., analysis 
of the functional relation between the errors 5X4, SY3, 52, and 


3) 8 o0. entering into formulas (5.5) and (5.6), on inaccuracies 


x' vy’ 
in the instrument readings of the inertial system,and in the initial 
conditions of its functioning, becomes now our immediate task. It is, 
of course, evident that we will be able to achieve an exact solution 
to this problem only for those cases of motion of the object in which 


equations (5.1) allow exact integration. 


The simplest case that in which the object is stationary in the 
OE aa Se coordinate system. In this case the solution to equations 


(5.1) is given by formulas (5.95) and (5.96), and the solution to 
equations (5.3) by formulas (5.58). 


Formulas (5.95) and (5.96) were obtained under the assumption 
that the z axis of the xyz trihedron was directed along the vector r. 
In this case, in the first three formulas (5.5) it follows that: 


—e oe (5.261) 


Then 





(5.262) 


Tf 0.. and 8 from equalities (5.58) are substituted into these 


ix ly 
expressions, and the resulting expressions together with relations 
(5.95) and (5.96) are substituted into the last three formulas (5.5), 
we obtain: 





8x. <A a 
bx, = bx? coset -+- — sineyt + 20}, -4- 


‘ 
+i J Aa, sino (t — dt + 
‘ 


+r f Am, (1 cosm(t £ Vids, 
v 
by” Am? 
by, == by? coset |. ee = sinnyt — 


‘ ‘ 
=r, bf An, singe — nar 
v 
t 


+r j Ani, [cosm, (f= Y— dt, 


¥ 
i as? = 
62, = 62° cosnny, V2 of Vin sinh ny V2e0 + 
, 
[ Aez tito Y30— dt, 


+ 


a 
2 


(5.263) 


Relations (5.263) give for the case under consideration the 
total errors in the determination by the inertial system of coordinates 


of the object as a function of instrument errors and errors in the 


initial conditions. 


In order to obtain the errors in the determination of the orienta- 
tion of the object, we refer to formulas (5.6) or, taking into account 
expression (5.261), to formulas (5.22). 


Here, as was explained in §3.5 and §5.1, two cases must be 
distinguished. The first corresponds to the structure of an inertial 
system in which the orientation of the xyz trihedron is not set as 
a function of the coordinates determined by the inertial system. In 


this case, in formulas (5.6) 


(5.264) 


Therefore, 


(5.265) 








and in accordance with equalities (5.58) we have: 


' ' 
0, [ Am, dt—Oi,, 0, — fam, at— 0h). 
e 6 


t 
0, = — [ Am, dt— Oi. (5.266) 


In the second case the orientation of the xyz trihedron is a 
function of the coordinates determined by the inertial system. 


If the xyz trihedron in the unperturbed position is a mov- 


ing free-azimuth (w, = 0) trihedron, then according to expressions 
(5.31) 


0, =—2, 0, = tt, 0, == —0,,. (5.267) 
Substituting into the first two equalities (5.267) the values 


Sy and 6x from relations (5.95) and (5.96) and into the third the 
value 9,;, from formulas (5.58), we find: 


by" dy" — + Ant’ 
0, = ~ ——cosmys — 2. — sino — 





Ture 


te J An, siney (f= ttt = 
v 


’ 
= | Am, cose, (tf — Iidt, 
” 


8° be" e Sm 
0, = —— cosas + — a sinwst + 
1 
+ oa J An, sinoytt— dt — J Am, cosa, (f— dt, 


v 


' 
03 ~ f Am, dt — Oe. 
v 


(5.268) 


If the xyz trihedron, being in the unperturbed posi- 
cion amoving trihedron, is oriented to the points of the compass, then 
the third formula (5.32) applies instead of the third equality (5.268): 
Ms -0 ep oe 
a wt hag rt? (5.269) 


which after substitution of 1 from (5.56) and 6x3 from (5.263), 


takes the form: 
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‘ 
6, = = 0}, — fam, at + 


bc" aes 


” 6 
=— cose +—— = sinnyt + 


fei 


+5 





¢ 


+ iy I An, stnay(t— tdt+ 


fc + ib An, [1 —coru,(t— nhds wl (5.270) 





Let us consider expressions (5.263), (5.266), (5.268) and (5.270) 
for the total errors in the determination of the coordinates and 


orientation of the object. Let us first consider formulas (5.263). 
Since the first two of these formulas are analogous (which is evident 


from symmetry considerations), it is sufficient to consider the formula 


for 6X3, for example, i.e., the first formula (5.263). 


It is evident from this formula that the portion cf the error 
6x, deriving from the initial conditions 6x° and 6x° and the initial 
value of Am). is a harmonic oscillation with a frequency Ws Since 


we denoted the quantity u/r’ by woe the period corresponding to the 
frequency Wo is calculated according to the formula 


Tarn stat. (5.272) 


If the distance r from the center of the earth to the moving 
object is approximately equal to the radius of the earth, then T *84 
min. This period is usually termed the Schuler period (after the 
German physicist who first pose the remarkable properties possessed 
by pendulums with this period)” 


The initial valuc Oly gives rise to a constant error in the deter- 


mination of the coordinate x. ‘he instrument error on, is intecrated with < 


weight = Sin w(t - 1), and the instrument error Am, - c with a weight 
0 
rfl - COS Ug (t - T)j. 























For constant An, Am, An, Am, the first two formulas (5.263) 


take the form: 
da a ° An 
bx, = = 4-701, -4 (0# - bi cosayt $+ | 


+ aie sinagt + 7 Ant,t, | 


An An 
by=—2 —s + (o°—%) os Wl 
‘ a Me y od 4 Al t 
+ ae sineyt—- Amt. 


The error 8x3 in the determination of the coordinate x is 
An 


composed of the error = + rOtye the error oscillating with a 
wW 
0 


frequency Woe and the error rAm_t, increasing proportionally to time. 


Y 
For the quantitative evaluation of the dependence of the errors 
5x3, Sy4 and 62, in the determination of the coordinates on the 


instrument errors of the sensing elements of the inertial system and 
the errors in the initial condition, we introduce some numbers. 


If the object in which the inertial system is placed is located 
near the surface of the earth, we may assume 












re=64-1im, gOS meec” (5.273) 







OS 125M Tsee, of = 1.56. 10°" Lee, (5.274) 


From the first formula (5.272) it follows that the partial error 








‘x3 = 1 km causes a newtonometer error of An, = 7.8 - 107 “m/sec? 








(= 9° 10° o), the error Oe = 1.6 + 107 *rad (= 0.55 angular min),the errcer 
éx° = 1 km, and the error 6x°= 1.25 m/sec. For the partial error 5X3, 


giving rise 





to the error Amy » not to exceed 1 km in the course of 


one hour of the operation of the system, Amy, should not exceed 
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4.4 * 107° l/sec (» 0.009°/hour). It is evident that for numerical 
yalues of the error Sy, evaluations may be obtained by the same 
procedure as was uscd above to determine 5X3. 


The third formula (5.263) shows that the error $23 in the 


determination by the inertial system of the distance r to the center 
of the earth is a function of the errors $z° and 62° in the initial 
conditions and the error An, deriving from the newtonometer oriented 


along the z axis, but is not a function of the errors An, or An, 


of the newtonometers oriented oriented along the x and y axes, or 


the errors Am,» Am An, in the measurement of the absolute angular 


y’ 
velocity. However, as is evident from the first two formulas (5.263), 
the error Am, does not enter into the errors 5x3 or Sy3- 


It follows from the last formula (5.263) that for long-term 
operation of the system 623 increases exponentially. For a constant 
error An, we will have: 


! N a 
ase EE at ieee St 
v 


as? a 
+ — = se Pe 
tg) 2 ra] 


(5.275) 


The error 623 increases very rapidly with time, which is explained 
by the rapid growth of the hyperbolic functions cosh w¢ ¥2 t and sinh Ware © | 


Approximate values of these functions for various moments of time are 
presented below. 


che, Vt 2.13 
shogh eet 235 

















Thus, as a result of the errors An,, 6z°, and 62°, the time 


during which the inertial system is able to autonomously determine 

the distance r to the center of the earth to an acceptable degree of 
accuracy, may be small. For example, for the values of the newtonometer 
errors and errers in the initial conditions used above in computing 

the error x3, the time in question is of the order of 10 - 15 min. 

In fact, let the errors An, and 62° have the same values as those 


which in the preceding calculation gave an error of 1 km for §xX3, i.e., 
let An, = 7.8 + 107" m/sec? and 62° = 1.25 m/sec. Then the error 

623 reaches 1 km in * 18 min due to An, alone, and in = 10 min due to 
52° alone. In order for 623 not to exceed 1 km in 15 min due to the 


error 6z°, we must take 6z° = 0.43 km. 


It should be noted that in the case under consideration, namely 
that of a stationary object, the increase in 623 has no effect on 
the magnitudes of the errors 6x3 and Sy3- If this property of the 
inertial system were preserved for a moving object an interesting 
possibility would arise. This would be that the errors in the deter- 
mination of the coordinates of the object on the surface of the earth 
(for example, geographical latitudes and longitudes), i.e., the errors 
in the determination of the direction of r from the center of the 
earth to the object, could be small even for a significant duration 
of operation of the system, in spite of the large error 623 in the 
determination of the distance r to the center of the eart:h. 





However, in the case of a moving object the errors 8X3 and S¥3 
also have components which increase exponentially with time, although 
these components contain the velocity of motion as a factor, and 
consequently may be small for small velocities. We will consider this 
question in greater detail when we consider errors in the functioning 
of an inertial system for various cases of motion of the object, but 
let us now return to the case of a stationary object. 


We have discussed relations (5.263), (5.272) and (5.275), 
characterizing errors in the determination of coordinates. Let us now 
turn to orientation errors, i.e., to formulas (5.266), (5.268) and 
(5,270). 










Formulas (5.266) were obtained for the case in which the orienta- 
tion of the object is defined relative to a trihedron, the position 

of whose axes relative to the OF Neds coordinate system is not a 
function of the coordinates determined by the inertial system. This 
could be, in particular, the case in which the system is based on a 


free gyrostabilized platform, and the orientation of the object is 


defined relative to its axes. This case obtains when the basis of the 


system is a spatial gauge of absolute angular velocity or a time- 
| maneuverable gyroplatform, if the orientation of the object is determined 
} relative to the axes of the platform of the element measuring absolute 
angular velocity or the gyroplatform. Finally, included here also is 

the more general case in which the orientation of the axes of the 

sensing elements is a function of the coordinates determined by the 

initial system, but the orientation of the object is determined 


relative to directions which change their orientation as a function 
only of time. 


For all of these cases, as is evident from formulas (5.266), 
the errors in the determination of the orientation of the object are 


composed of their initial values and the integrals over time of the 


instrument errors Amys Am Am. For constant Am... Am, Am, the 


y 
orientation errors increase only as a function of time: 


0,= ~Amt—0},. O= ~Amt - i. 


b= ahh, (5.276) 


Formulas (5.268) and (5.270) are valid for cases in which the 
position of the trihedron relative to which the orientation of the 
object is determined (or the trihedron associated with the platform, 
if its orientation is in question), relative to the coordinate system 
Oia Neos is a function of the coordinates, formulas (5.268) having 
been derived for the case in which this trihedron is a moving 
free-azimuth trinedron. 


It follows from the first two formulas (5.268) that the errors 


“67 and oy are composed of harmonic oscillations with a frequency Wo 


and amplitudes determined by the initial values 5x°, Sy’, 5x°, dy", 
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SS ee 


Am). Ams and of the instrument errors An,, An., Am,, Am. The portions 


Y Y 
of Ms and oy corresponding to these instrument errors are obtained 
by integrating them with the weights 2 sinw,(t - tT) and =f -eetia (t - tT). 
FW 0 TW 0 


For constant Any» An. Ams Am,, formulas (5.268) give: 


An i Any by® 
0, = — —% — —[Ay? -- —- } cosa —-— 
yee ty ( o- ) ‘yf ta, 


sinw/, 


0 ww dy oA Axe -. Ms cos of 4 Bonny, 
ee ry (5.277) 
0, = — Amt — 0. 
Thus, for const int instrument errors, 0, and ey, fluctuate about 
the values 


An An, 
Oa--—, a 
oy . 
(5.278) 
with a frequency Wg and amplitudes 
p oudien Eo eo 
0) = , ie =) +3 yy, 
Of as! eS face — ey 1 ving, 
7 ry ( ) - (5.279) 


The fundamental difference between the first two formulas 
(5.277) and the corresponding formulas (5.276) consist, therefore, 
in the fact that the latter do not entail an error in the orientation 
of the platform relative to the angles 0, and oy which increases with 
time, although in hoth cases the errors in the determination of the 
ccordinates have components which increase with time. 


The third formula (5.277) for a constant value of Am, coincides 
with the third formula (5.276). The deviation 0, in the azimuth is 
not a function of the errors in the determination of the coordinates 
of the object and for constant Am, it increases proportionally with 
time. Thus, errors in orientation are determined primarily by the 
instrument errors Am, - This fact gives rise in the case in question 
to more stringent requirements on the accuracy of the azimuth 4yro- 


scopes (the heading gyroscopes) of the inertial system. 


{ 











Let us now consider formula (5.270). This formula and the two 
first formulas (5.268) describe the orientation errors for the case 
in which the trihedron xyz in the unperturbed position is oriented 
according to the points of the compass. Although in the preceding 
cases, i.e., the third formulas (5.266) and (5.268), e,, was not a 
function of errors in the determination of the coordinates, this is 


now no longer the case. 


The third term on the right side of formula (5.270) contains 
as a factor (the expression in brackets) the component 5x, of the 
total coordinate error. For 6 = 0, this formula, of course, reduces 
to the third formula (5.208). For ¢ = 5 , when-tan ¢ tends to infinity 


equality (5.270), of course, becomes meaningless. In this case, the 
only conclusion that may be drawn from it is that in the immediate 
vicinity of a pole small 6x3 lead to a finite error 6. i.e., toa 

finite error in the determination of the bearing to the pole. This 
result is obvious from purely geometrical considerations. It 
demonstrates once again that if the trihedron bound to the 

platform of the inertial system is oriented to the points of the compass, 
it is necessary to exclude the vicinity of the pole from the possible 
areas in which the object may move. 


5.5.2. Motion of an object on a fixed great circle. Motion of 


a satellite in a circular orbit. We have considered the errors in the 
determination of coordinates and orientation parameters for an object 
which is stationary in the Oe Nase coordinate system, for which case 
the solution to equations (5.1) and (5.3) was given by formulas (5.95), 
(5.96) and (5.58). 


Let us now consider the motion of an object in a plane passing 
through a point 0) at a constant distance from the center of the earth, 
for which case the solution to equations (5.1) is given by formulas 
(5.100), (5.111), and (5.117), and the solution to equations (5.3) 
by formulas (5.60) 
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In this case the xyz trihedron will be a moving trihedron. 
Its xz plane coincides with the €,n, plane, i.e., with the plane of 
motion of the object, the z axis is directed along the vector r, and 
y axis is normal to the plane of motion. The projections 6x, dy, 62 
of the error vector ér on the axes of this trihedron are the solutions 
(5.100), (5.111) and (5.117), and the projections Ory 6) 0 of 


lz 
the error vector 8) are the solutions (5.60). 


y’ 
From relations (5.262) and the last formulas (5.5) we have: 


dc sax + Myr. dyyosdy —O,,7, bz, = 82, (5.280) 


These formulas characterize the total error in the determination of 
the coordinates. For the case in which Wy <Woe the values of 6x, dy, 8&2 


from expressions (5.100) and (5.111) and the values of iy and 0 


ly 

from equalities (5.60) must be substituted into them. When Wy = Woe 
i.e., for the case of motion of a satellite in a circular orbit, 
expressions (5.117) must be used instead of formulas (5.100) and 
(5.111), and wy in equalities (5.60) must be replaced by Wye 

Our task is to analyze the relation between the errors 5X3, Sy30 
623 and instrument errors and errors in initial conditions. It is 
also understandably of interest to compare the values of 5X30 &¥3, &2 
for the type of motion in question with their expressions (5.263) for 
the case of a stationary object, and also to examine the special case 


of Wy = Woe i.e., the case of motion of a satellite in a circular orbit. 


It follows from the third formula (5.280) that the total error 
523 in the determination of the distance r to the center of the earth 
is not a function of the solution (5.60) to equations (5.3) and, for 


Wy SOge is given by the second equality (5.111), which for constant 
instrument errors reduces to the second equality (5.112). 

Let us investigate the relation hetween 623 and the initial 
conditions and instrument errors, taking the latter to be constant, 


i.e., using the second equality (5.112) to determine 623. Let us 
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rewrite this equality, separating terms which are functions of the 
initial conditions from terms containing instrument errors: 








AA, + rey Amy i 

= — 1 73 NG? ty 
tye ey Lt Bayona * 
x [v? (wwf — V3) cos wt} vj -oF 4- 1 jcosn|tf]} - 


= weep (a sinyd — vent) + 


i ot— ot — , 
* (wo) — oF) (n' + v’) |? (0) — oF — v?)cos vt + 
bv? {05 — o +1 cosh ptf] — 
aze ei! 
— arpa MG — &, — ¥) sat — 
— ¥ (05 — 0? +- 1}onn at) + 


2, (6 — eax” 
Y y eS = 
GEE po isin vsinh if) 


- a. (cos vf - coshjif). ] 
(5.281) 


Comparing this expression with formula (5.275) for §z3 for the 
case of a stationary object, we note first of all that expression 
(5.281) is a function not only of 4n,, 62°, and 62°, which appear in 


formula (5.275), but also of 6&x°, bx’, An... Am. these latter terms 


being multiplied by w.. For Wy = 0 expression (5.281) reduces to 
formula (5.275). 


It is interesting to examine the difference between expression 


(5.281) and formula (5.275) for small values of Wye Let 


4 <o}, (5.282) 


Expanding expressions (5.106) in powers of wy /wge we obtain the 
following approximate values: 


I 5 (: 1 
pram, } a(i- ea) vet hs 3 


Cue 


} (5.283) 


Substituting these values into equality (5.281) and retaining 
only terms in the first power of Wy Qe we find: 











62, <= re (cosn wy V2 ¢—1)-4-82%cosn y V20-+ 





az = ‘ 5 
+ ar? eran V2tb TAPE (coun V2e—1)4+ 
2 faxo— Ame — 2h eran aay — 
+ ; (0 7 )(simevt Vi hia 2 ‘) 
— 5S osay — como V2). (5.284) 


The first three terms of this formula are identical to the right 
side of equality (5.275), while the remaining terms contain the factor 
W/W9- Thus, for small values of wy, formula (5.275) is a good 
approximation to formula (5.281). 


If wy is close to Wor then, defining 


(0? = w? — ¢?, 
| ets (5.285) 
where ce? is small in relation to Woe we obtain from relations (5.106): 


wae fe, veu(tFa3)- (5.286) 


Substituting these values into equality (5.281), we are able 
to find an approximate formula for 623, which for e« = 0 reduces to an 


exact formula for the case wy, = Wo: 


Por the latter case, from the third formulas (5.280) and (5.118) 
we have: 


2 (408-4 7 Am,) 


az, ee (LD cosas) f- 
ot Ash (4 - Scosoys { le Sineyt 4- 
5 
{ Z ‘te (orf sliveasy b Met cosas), 
og or 


(5,287) 


Expression (5.287), unlike exprennion (5,284), is quite different 


from formula (5.275), which specifies a4 for the case of a stationary 
object. If in formula (5.275) the error ‘2, increases expedientially, 
then in expression (5.287) there is only ¢ term which increases 


without limit with time, and its increase is only proportional to time. 
This term is EON 4, 


. 
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Let us now turn to the second formula (5.280), which specifies 
the error Sy in a plane normal to the plane of motion. We obtain 
from relations (5.101) and (5.60) for constant instrument errors: 


Any — 4, Amr ran, 
aa 


+ 
% 


Any — oy Amy 
a 


by, = 


aye 
+ (»" a cosms 4: - sina — 
ay (ot. + ABs) cosuyt -+ r(— ee + Of) sinsayt. . 


(5.288) 


Let us compare equality (5.288) with the expression for Sy3 
for the case of a stationary object, i.e., with the second formula 
(5.272). The first point to be noticed is that equality (5.288) 
differs from formula (5.272) in that in the numerator of equality 


(5.288) the first term contains the quantity Any - w Amr instead 


of Any. as in formula (5.272). More interesting, however, is the fact 
that formula (5.272) contains the term -rAm,t, which is proportional 


to time, while in equality (5.288) only harmonic oscillations of Sy3 
at a frequency of w, correspond to the errors Am, and Am, - For small 


wy we obtain the approximate equality 


An, 
by, == = +( = F)cosee + 


+ dy? sinmyt — 708, —rAm,t, 
J 


o, 


(5.289) 
corresponding to formula (5.272). 
For w,, = Woe i.e., for the case of motion of a satellite ina 
circular orbit, we have: 
a a 
by) = + a (ov 2 7 =r) f+ 
4- (= 0%) sin ot 
(5.290) 


The first formula (5.280) remains to be considered. From this 
formula, the first formula (5.112) and the second formula (5.60) we 


find for constant instrument errors: 


494 








$x, = 101, + afi + Am,t + 
by - “, 
1 An, si 
eal" eae 6 ae 
—(j—o} = vco sh nt} + 
exe 
+ qa Rerenels 4 Hepes 
| +14 aha —¥)sinn n-- 


Qoyiev An, + 2rory Amy tec 
+ aor (004 wo) sinvt—-vsion pit) + 


Qu, dee 
+ pia (cos vf — coshpit). 
wee =e (5.291) 


For small values of Wy we arrive at the approximate formula 


[taking into account equalities (5.283)]: 
Oxy Me + OP, be Amt + 
oy 
+ (0#° ae =) cosine -+ ae sing -f 


de, 2 4n ss wer 
43 (oe wet) 2 Many — sinner, [W204 
i, oe | 


os 


as z 
4 Ae (cosms—cosn, /2 4) 


(5.292) 


The first five terms of this formula form expression (5.272) 
for the error 5X3 for the case of a stationary object. . The latter 
terms, containing the factor Wye distinguish formula (5.292) from 
the first formula (5.272). 





The difference between the expressions for §X3 for the case under 
consideration and for the case of a stationary object is much morc 4 
important than the difference between OY and 623, since expression 
(5.292) contains hyperbolic functions which increase rapidly with time; 
for the case of a stationary object only the expression for $2, 
contains such functions. As a result of this, the error én, in the 
reading of the newtonometer directed along the z axis and the errors 
in the initial conditions 4z°and 42° begin to play a significant role 


in the formation of the error 5x3. 





4ac 





Since wy is small, we may let 


‘ 3 / , (5.293) 


Therefore, equality (5.292) may be simplified and written in 
the form 
bx, = 4 4-105, -t- 7 Am, t+ 
+ (o* - a) COS Unf + a sinagt — 


du, VF An a 
a mi. els, fi 
dy [(o ' wi)" eee 





on _ 
= cosh, |/? . 
2 v} | 


(5.294) 


For the quantitative evaluation of the influence of the last 
term on 5X3, it is useful to consider the following example. Let 
An 


629 + 3 and 52° /u9 be of the same order of magnitude as 5x° - 
2w 
0 


in 





2 
"9 


° An ° 
and 5x° /wo- Under this condition the errors 6z° + — and §2°/wg 
; 20 
will begin, obviously, to exert a significant influence on 6x3 only 
when, in proportion to the increase of the function.sinh Wg V2t and 


cosh Wyv2t, the quantities (2u,72/3u9) sinh We V2t and (2u,,/3u9) cosh wy V2t 


take on values close to unity. The time required for this to occur is 
found from equalities 


sinbea, 2 4, == Fapap eomny V2t,<3 3 ; (5.295) 
’ , e 


Since the argument Wgv2t takes on a rather large value, we 
assume that 


coshtt, Vir & sinh VE tas tPF, (5.296) 














Substituting these values into equalities (5.295), we obtain: 


1 tein 
he ye ar 1 ey . (5.297) 


If we assume that wy is of the same order of magnitude as the 
earth rate u, then 


Oe ee 2B res Nardin, = 125-107 * Ifeee. 
ty a , 


For the first equality (5.297) we obtain in this case 


ty ~ 35 min 
It is obvious that ty is somewhat larger than t)- 


If w. is of the order of magnitude of 3u, i.e., if the object 
moves relative to the surface of the earth with a velocity of the 
order of 1000 m/sec, then Wo/4,, = 6 and ty + 25 min, and at a velocity 


of the order 2000 m/sec, wo/u,, = 3.2 and t) * 20 min. The validity 
of the approximate formula (5.294) for wy / Wo ~ 1/3 should not be 


in doubt. If the character of the variation of the roots uw and v of 
the characteristic equation (5.103) as a function of w,, (Figure 5.2) 
is taken into account, it is easily shown that the accuracy of 
formula (5.294) is satisfactory for a /u%9 = 1/2. 


The resulting values of ty characterize, clearly, the time 
during which autonomous operation of the inertial system is possible 
under the condition that error 5X4 does not exceed the allowable 
limits. Of course, these evaluations characterize the time ty only 
for velocities corresponding to the condition wy <<W9. 


For a satellite moving in a circular orbit, i.e., for the case 
in which Wy = Woe we obtain, taking into account the first formula 
(5.118), the following expression in place of formula (5.291): 











a 


Bxy srl), $00" . (Asin oye —- Bayt) + 
2k, 
ey 
2,2 
43 [tos - SE] + 
i 


+6 52° (sin yf — ef) -f (cos af — 1) + 


+ Pe sing — 340) + ones — wo (5.298) 


It follows from comparison of expressions (5.298), (5.290), and 
(5.287) with expressions (5.292), (5.289) and (5.284) that, if in the 


case of slow motion of the object, when wy <<Wo, the major influence 


on the formation of the errors 8x3 and §Z3 for extended operation of 


the inertial system is dn,, 62°, and $z°entering into the coefficients 
of the hyperbolic functions, then for a satellite moving in a circular 
orbit, i.e., for wu = Wo, the greatest influence is exerted by the 


Y 


A e 
error ny 


This concludes our discussion of the relation between errors in 
the determination of coordinates and instrument errors for the cases 


in question. 
Let us now turn to errors in the orientation of the platform. 


For the case in which the position of the platform (the trihedron 


xyz) is not a function of the coordinates, we have 


6,3 -9%,, 0,=7 -0,,, 0,0 -4,,. (5.299) 


Tf this trihedron is a free-azimuth moving trihedron, 


=. , =s Q,,. (5.300) 


The case described by formula (5.269) may be excluded from the 
discussion, since, for motion in the £,n, plane and with the ¢, axis 
as the polar axis, we see that in this formula 9 = 0, which reduces 


it. to the third equality (5.299). 
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From equalities (5.299) and (5.60) for constant instrument errors 


Am, Ame Am, we find, 


Am, Am. 
0,= * - (0. + =) cosu,t + 
ay (oi. = =) sino,t, 
0, = —Am,t — 0},. 
Am An, 
0, =a ‘og — (i, — Be) cos ot — 


— (0, + inw,f. 
ee (5.301) 


As may be seen from the second formula (5.301), the expression 
for the orientation error 6. in the plane of motion has the same form 
as in the case of a stationary basis. This error increase proportional- 
ly with time. The expressions for the orientation errors 0. and Oy in 
‘a plane normal to the plane of motion consist of constant components 
and harmonic oscillations at a frequency w,,.. The oscillations occur 
relative to the displaced equilibrium positions 

coe he (5.302) 

and have identical amplitudes 


pO / (oh + Sey (0, 
ra (8 Sey (5.303) 


It follows from (5.301) and (5.302) that the total orientation 
Q 0 
errors about angles e, and Ss, for 91% = “i. * 0 do not exceed the 
maqnitudes 


Am} -4- Nn? of Ant) —(] Nm} 4- V Sn? re Am? 
ol J sl s = (5.304) 


correspondingly. 


For | Am, | s | Am, | = Am the total errors are equal. If the 


requirement is imposed that the total orientation errors should not 
in this case exceed 1 angular min (* 2.9 + 107“ rad), we obtain the 
inequality 

Sf eee (5.305) 
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relating Am and w. If we now assume that wy is of the same order of 


magnitude as the earth rate 
(u = 7.3 + 107° rad/sec), 


002 Jnr . 
eet i (5. 306) 


For w,, = 5u the magnitude of the allowable error Am increases 


to approximately 0.01°/hour, and for wy = Wo up to 0.03°/hour. 


If wyt is sufficiently small such that it may be assumed that 


cos u.t = 1 and sin wt = we, expressions (5.301) for 0, and 0. 


take the forn: 
0, = —08, —Am,t. 0, = —0),— Amt, 


(5.307) 
which coincides with the corresponding formulas (5.276) for the case 
of a stationary object. 


Let us now consider the case described by formulas (5.300). 


The third formula (5.300) coincides with the third formula 
(5.299), the corresponding values of 8, being those given by equalities 


(5.301) and (5.307). 


In order to analyze the first two formulas (5.300) for the cases 
under consideration (for constant instrument errors), the values of 
6x and dy from expressions (5.101) and (5.112) for the case in which 
Wy Sig must be substituted into them; and for the case in which Wy, = Woe 


the values of 4x and Sy from expressions (5.118) should be used. 
For small values of Wye such that wy <Woe and simplifying the 


expressions for éy and 6x in the same way as in the derivation of 
formulas (5.292) and (5.289) for 5x3 and SY 3, we obtain the equalities: 
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Any 


0, ee — ae a yp — Peony — sing, 


= — at (ee Josey tS sinay — 


“Balt 294. 5t) yF = sinh oy V2 


+ Micon a vii] ‘ 
0, == — Of, — Amit. (5.308) 


‘or the case in which wy = Wo, we obtain: 


a 7 
Om — Fos ont — 22 sin gt — 


= ni (An, — roy Am,)(1 —cos af), 


6, yo tfaey 4 SS a sin oy — Bays) -+ 
+ 6629 (sins — apf) -{- aut —— (cos uf — 1)-+- 
+3 [4c — cosuf) i) -+- 


4c Am 2An, 
+ "a Z (sins — a) 4 = (sin t «| : 
0, = — i, Ant, 


(5.309) 


The right sides of equalities (5.308) and (5.309) contain 
expressions 6x and dy divided by r. These expressions enter into 
formulas (5.289), (5.292), (5.290) and (5.298). The analysis of these 


formulas performed above may therefore be extended to relations (5.308) 
and (5.309). 


5.5.3. Motion along a parallel of latitude 


For the case of motion at constant velocity along a parallel of 
atitude, the solution to the first group of error equations (5.121) is 
‘iven by formulas (5.143). Trihedron xyz, in terms of projections on 
\ 1ose axes equations (5.121) and their solution (5.143) were found, 
ae moving trihedrons oriented to the points of the compass. 
1ierefore the total errors in the determination of the coordinates are 


also given by the final three equalities (5.5) together with formulas 
(5.262). From them we find: 
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dx, == be +O,,7, dye dy — O07, be, 228s. (5.310) 


The orientation errors 6, and e, are found from the first two 
relations (5.247),' and the error 0, is found from expression (5.269). 


Once again, the formulas for these errors are: 


3 é ér A 
te - E. eE. Ga 8, +O (5.311) 


In formulas (5.3160) and (5.311) the quantities By! Oy: 815 


are solutions to the second group of differential equations (5.3); 
for the case of motion along a parallel, these solutions will be 
given by formulas (5.65). 


If we confine ourselves to the case in which 
a (5.312) 
i.e., the case of relatively siow motion along a parallel not in the 
immediate vicinity of a pole, then, without loss of generality, we 
may consider only the case of an object which is stationary relative 
to the earth, such that 


Wy SHCOSP, O23 usIn—. 


(5.313) 


For the case of an object which is stationary relative to the 
earth, formulas (5.143) for the determination of 4x, dy, 6z may be 
replaced by the approximate equalities (5.159) and (5.164), in the 
riaht sides of which a and We should be replaced by their values 


from relations (5.313). Expressions (5.65) for 81K Oy: S12 also 


simplify considerably for this case. Integrating the right sides of 
expressions (5.65) for constant instrument errors and noting that, 
for the case of an object stationary relative to the earth and in 
sccordance with equality (5.63), w becomes e.jual to the 

earth rate u, we obtain: 
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Am, sing — Am, cosy 
ee 


Am, sing — Am, cos 
+ (0, = wee es | cos wt + 


“ (ot, sinp — Oj, cosp-F Ate sinut, 
0,, == (of, cos pf OF, stu) cnsp — Atte slug 
4- cas p(Am, cosip-+ Am, sinep) t+ 
+-(0f, sinp — 07, cosq) stu p cos uf + 
+- (= sing — = cos ip — m,) slupsin at, 


O1e == sinep (iy cos p+ Ore sin tf) + Ag cos 
+sinp(Am, cos + Am, sinrip) t — 
_ (0', sin — 08, cos «p + we) cosmos ut + 


A 
. (ct, - — sinip-+- = cos «) sin ut. 


(5.314) 


For ¢ = 0, these formulas reduce (uy, =u) to formulas (5.301). 


If ut is small it may be assumed that cos ut = 1 and sin ut = ut, 
formulas (5.314) simplify and take the form: 


On == 00, | Amy, Oy Oy | Anyt, 
0),:= ", + Amt, 
(5.315) 


It is easy to see that expressions (5.315) coincide with formulas 
(5.276), obtained for the case of a stationary object, since 


°1y = a and 6 


x! uz * *G- 
Let us now substitute for 6x, év and 62 in equalities (5.310) 
the expressions which derive from relations (5.159) and (5.164), 


ibe: wy, and w, in the latter expressions are replaced by their values 


(5.313), and 0 and 9 are replaced by their expressions (5.314). 


1x 
We then obtain: 


ly 
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bx, == [Ax cos(u sing) ff Ay’ sina sing) dcasmyt 4+ 


de x7 C06 (using) #4- ON" sine sling) dp staat — 
+ & t 
lo: i oe : 
_ mes ( sinh iy 2 a? coshan 2 ‘) 4+- 
+ Sie ehh SS == Cos mf cos (a sing) ff -- 


- . —A 4 
_ Afy Am, wivig =r Amy sig Rensseibisctiien ob? = 
oy 
a V vu cose (tn, + 27 Ani, uw cosq) ata, Vie+ 


ay ' 
+r [(i, cosy -f OF, sing) cose — ats sing 4- 


cos g (Mm, cosy Nm, suing) t-b 








+(u, sing —Or,eosq t ABE siaty cusnl & 
4 ‘ 
+t (5: diy aot wey a) byes a}. 
yy == [Ay cos (using) sf — bx? sin(using) f{cos yt ro 
eel: {hy cos (usin q)t Ox sin(u sing) {sina + 
& 

ey az* I's 
Sus? 5! 4 t be 5 4)-1- 
+ Sisay sere (0z"coanov) 31 As sian ew) ) \ 


+ Aga F Amie # 08. cos yf sin(a sing) t+ 
% 


Se ee ak ae [1—cosuyf cos (using) t}+- 


Su! sing cor @ (An, + 27 Amy u cos 4) 
Se 
1Bu} 
m, sing—Am, Cos @ a Amy sing—Am, Cos *) ; 
aE [stems (om, -“teeesc emacs cosul + 


county V2e _ 


Am 
+(0, sing — On cosp + ar) sin ut} ; 
67, <2 b2cosne, V2 f+ ary sunny V20-+ 


An, +27 Am, ucos¢ Sannin i 
" PolblacA wv 2r—1). 
4 — ( 5 


(5.316) 


Formulas (5.316) give the relation hetween S36 SY¥3 OZER OL 


3 
the total errors in the determination by the inertial system of the 


coordinates and the instrument errors and the errors in the initial 
conditions for motion along a parallel. 


Por y = 0, motion proceeds in the plane of the equator, i.e., 
in a plane containing the center of the earth. It is therefore 


natural that, for 9 = 0, formulas (%.316) reduce to formulas (5.275), 
(5.288) and (5.294). 
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For 9 = 


Nia 





, i.e., at a pole, the object, being stationary 


relative to the earth, is at the same time stationary in the 0) byngbs 


coordinate system, 


Formulas 


In ‘fact, 
take the form: 


Oxy = (02% cus uf -}- by®sinut)cos af + 
+ us (dx cos uf ay? sinuf) sins 


4 Me=-r. Fat 1 cosiat cos ut) + 


as fe aL Ly: (0, 4 ‘ne) cos uf -- 


Am, Any —¢ Amyu 
+ (= ~_ i, sin uf |— ———7———- cosa cos uf, 
wy 


bys = (By cos uf — bx sin uf)cosaf + 
+- i (dy cos uf — 8x%sin af) sin yf +f 
+ — cost sinut + 


Any —r A 
Pa — cosoyf cos ut) — 


-([*7 7 { (02, —*22) cos wt-4-(it, 1) sin ut| . 


for 9 = us 


(5.316) should then be derived from 
formulas (5.263) for the case of a stationary object. 
show that this can indeed be done. 
two equalities (5.316) 


It is easy to 
the first 


(5.317) 


The third equality (5.316) does not change. 


The expressions (5.317) for 6x5 and Sy, are projection 
total error vector bry on the x and y axes of the 


s of the 
xvz trihedron 


rotating with the earth (the z axis coinciding with the earth's axis 


of rotation). 


Fxnressions (5.263), 


on the other hand, 
of the vector 6x, on the axes of a fixed trihedron. 


distinguish these trihedra, we denote the latter by x'y'z' 


relative position of the x, 


Yo 


z and x‘ 


e ¥ 


‘ 


Zz 


determined by the following direction cosines: 


x 


yY —saut cosut 


é 


cos ut 


9 


, 


x 
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y’ 
stn ut 


0 


~ 


te 


=m oo 


are projections 
In order to 
The 


axes will then be 


(5.318) 





In formulas (5.37) Am, Am An. Any are constant. If in 


the first two equalities (5.263) we substitute in place of Am,, Am. 


An,, An, the following quantities 


4 
Am! == Am, cos ut — Ant, sinug, 
Au’ 22 Am, sinut + Am, cos ut, 

An‘, = An, cosut — An, sin at, 

An’, = An, Siut + An, cos ut 


and intearate, we find 6x", and Sy'3. If we now convert from dx" 
and dy" to 8x3 and by3 in accordance with the formulas deriving 
from table (5.318) 


6x, = bxicos ul 4-dyy sin ut, dy, == ~- be) sin uf + dyjcos ut 


and take into account the fact that u is small, we arrive at equali- 
ties (5.317). 


Let us turn to formulas (5.294), (5.288) and (5.275) defining 
the errors 8X3, Sy3- 623 in the case of motion at constant velocity 
along an arc of a great circle, and compare them with formulas (5.316), 
giving the same errors for the case of motion along an arbitrary 
parallel (along an arc of a small circle). 


The third formula (5.316) differs from (5.275) only in that it 
has An, + seine cosy in place of An, The term 2rAm u cosg may be 


ignored here, and so the third formula (5.316) coincides with 
formula (5.375). 


According to the first two formulas (5.316), the errors bX and 
bY3 consist of: constant components, oscillations at two close 
frequencies lg tu siny ana Wg 7 U sing, resulting in pulsations at 


a frequency u sin 9g, oscillations at a frequency u and components 
which increase exponentially. Moreover, the expression for 8x3 
contains the comnonent rcos¢ (Am,,cos9 + Am sing) t, which increases 
linearly with time. Formulas (5.294) and (5.288) differ from 
expression (5.316) for 6x3 and 5y3 not only in the coefficients, but 


also by the presence of pulsations at the two close frequencies 
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Wy + U sing and Wy ~ u sing, and also by the fact that the exvo- 
nential terms in the case of motion along a parallel enter into both 
5x3 and S5y3, while in the case of motion along a great circle they 
enter into expression (5.294) for 8x, only, and are absent from 
formula (5.288) for Sy3- 


The latter difference is the more significant, since for 
extended operation of the inertial system it is the exponentially i 
increasing terms which give rise to the largest error. The numerical 
calculation carried out in §5.5.2 for the oreceding case, i.e., 
motion along a great circle of a fixed sphere surrounding the earth, 
showed Sthat these terms hegin to decisively influence 5x3 in only 
30-35 min from the moment at which the system begins to function 
(for an object which is stationary relative to the earth at the 4 
equator). The same time period, obviously, applies to motion along 
a parallel, since the angle ut remains small (<7.3 * 1075 x 35 + 60 = 


0.15 rad), such that we may consider cos ut = 1, and sin ut = ut. 
j 
Taking this into account, and also that, as a rule, 
] 
JAu, [23> ru] Nae, [Any [22> ce} Ma, |, [An,| > su] dm, |, 
JAa,| Sera] May), 
(5.319) 
formulas (5.316) may be simplified to the form 
bx; == ae + r0ty -+-r Antyt -4- (os" _ “4 Jes mf + 
MN " “ 
of sttige — BES ne yd An, Veen mme’d 03 + | 
oy Soy “% j 4 
! 4 be? = COshin, vad, 
mgt 
Any rn Any 
byy == =<; 10%e — r Any, f }- Oy —— < cosa | 
oy 
“+ = bye sing { a — [= 4 ae oo 
wv, vey 
as 13 
a] we inh 2%). 
j oh 2 = wl 
(5.320) 


The first formula (5.320) coincides with formula (5.294), if 


in the latter we set Wy = u cosy: the second formula (5.320) differs 





from equality (5.289) or from the second equality (5.274) in its final 
term, the coefficient of which contains the square of the rate of 


rotation of the earth. 


It is evident from relations (5.320) that the exponential 
terms influence by, to a lesser extent than 5X3, and so the operational 
time of the system will be limited during motion along a parallel by 
the allowable magnitude of 5x5. 


Approximate formulas for the orientation errors may be obtained 
from expressions (5.311), if values for 6x, dy, $x, and 815 are 
substituted into them in accordance with equalities (5.164), (5.320) 


and (5.315). Then 


w=-2{-3 a +(o#*— 9 


+4 = Peak x 
“It 2° + — Se paever +S 4 Se tran vi} ‘ 
a 1h thane 
+ sina — aypece x 
x [(4 5 slome 14 yoE 
0, = — 07, — Amt -+- te Wid Amyt +3+ 
+pe-9 Mt) cosuy + oe sina — 


~ i Fasors (os) ae ginny V2 E+ 
ry 





of + Fs cosh Veh. 


(5.321) 


As is evident from these expressions for the projections S 
0 and ar they all contain terms which increase exponentially with 
time. Quantitative analysis of formulas (5.321) may be carried out 
in a manner analogons to the analysis of formulas (5.316) and (5.320) 


for 6x, and Sy3 
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5.5.4. Keplerian motion of an object. The case of an elliptic 





orbit with a small eccentricity. Let us consider the relation between 
errors in the determination of coordinates and orientation errors, on 
the one hand, and instrument errors and errors in initial conditions, 
on the other, for Keplerian motion of an object. We will confine our- 
selves here to the case of elliptical orbits, for which a solution to 


the first group of the error equations was obtained in §5.5. 


We note first of all that for the special case of a circular 








orbit, this question has already heen considered in the analysis of 
errors for the case of motion at constant velocity along an arc of a 
great circle on a fixed sphere surrounding the earth. The projections 
5X3, SY 3. 524 of the error vector éry on the axes of an orbital 


trihedron are expressed for the case of motion in a circular orbit 
by the formulas 










Oxy = dx 4- 0M. dy, = dy —0,, 
42, = 42, 





(5.322) 


where 45x, dy, 6z are given by equalities (5.177), and Onn and Oy 


by equalities (5.60) with wy replaced by Wes Expressions for the 





errors Oy oye 9 
are given by formulas (5.300): 





b in the determination of the orientation parameters 





> 







Ac 
y =, Ve a. 
i = 0, Phe 7 


0 
(5.323) 






For constant instrument errors, the formulas for the determina- 


tion of 6X3, by3 and 623 reduce to formulas (5.298), (5.290) and 
(5.287), and the formuias for the determination of Oe Om, 6, reduce 
to formulas (5.309). Expressions (5.298), (5.290), (5.287) and 


{5.309) are characterized by the fact that they do not contain expo- 
nentially increasing terms. 









The error by, in the determination of the location of the object 
in a plane normal to the orbital plane, is, according to equality 


= ATT OS OPE IEEE IAT ELLE LIED SPENT LTTE ET EEE AD © CT ST POLL EST TS ISE S| 
OPE PREM. NTT PTD ome , = 


.(5.290), a harmonic oscillation at a frequency We about some displaced 
equilibrium position. The error 623 in the determination of the 
distance to the center of the earth, as follows from relation (5.287), 
includes, in addition to harmonic oscillations at a frequency Woe 

a component which increases linearly with time: 2An,t/w 4s The error 


5X3, given by formula (5.298), contains the linearly increasing com- 


ponent (-36x° - 66z°w, - 3rAm,, - 2A4n,/w))t, as well as the component 


0 
-34n,t?/2, proportional to the square of time. 


The error 0, in the orientation of the object in the plane normal 
to the plane of motion, according to the first formula (5.309) is, 
like 5y3, a harmonic oscillation. The error oy is determined by the 
second formula (5.309). It contains linear and quadratic functions of 
time. The error 0, coincides with the corresponding error for the 
case of a stationary object. 


For an elliptic object with arbitrary eccentricity, the general 
formulas (5.322) and (5.323), of course, remain valid, except that 
éx, Sy, 42 must be replaced by their expressions (5.258), in which 
the matrix elements Asse Bis: ae ana Bij are determined by equalities 
(5.239), (5.240), (5.251) and (5.252). Initial values x5 are related 
to 5%°, dy°, 62°, 6x°, dy°, 62° by equalities (5.255) and (5.256), 
and r and v are spvecified as functions of time ky formulas (5.216) 
and (5.221). 


Formulas (5.322) and (5.323) also contain the picjections Bree 
, 
Ly? 12° y 
(5.71). As regards oe and B58 they are obtained from formulas 


An expression for oy is given by the second formula 


(5.77), if in them Wy is replaced by v, in accordance with the second 
formula (5.227). 


From the formulas for the matrix elements A; Dy4/and E 


ij 
it follows that bY3 and 0. will be periodic functions of time, E23 and 


3’ Baye 


Fy will contain linearly increasing terms, and 8X3 and ey will contain 


linear and quadratic functions of time. 
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The quantitative analysis of formulas (5.322): and (5.323) for 
the case of motion in an orbit with arbitrary eccentricity gives rise, 
in general, to considerable difficulties, since the integrals in the 
right sides of formulas (5.258) and (5.77) even for constant instrument 
errors may be taken only in series. 


Let us consider the case in which the eccentricity of the 
elliptical orbit is small. We then find from equality (5.221), 
retaining only those terms on its right side containing e to the first 
degree: 

sinE <= sin M1 4 e cos Af). (5.324) 


! 
Setting E(to) = v(t) = 0, we obtain Mo = 0, and from the first 
relations (5.216) and equality (5.324) it follows that 


sink’ <= sinv(t — {1 -b ecosv(t— 4) (5.325) 


For the sake of simplicity we will henceforth consider that 
to = 0, i.e., that at the initial moment the object is located at the 
perigee of its orbit (this, clearly, does not limit the generality of 
the analysis). Instead of (5.325) we will have: 


sind’ = sinve (1 4- e cos vt). 


(5.326) 
from which 
cos E —cosvt ~ esin? ve. 
(5.327) 
It now follows from the fourth formula (5.216) that 
resza(l--—ecosst). 
(5.328) 
and from the second ecuality (5.227) we obtain 
(5.329) 


oo 0 v v(1 fb Qeces vp. 


Integrating the latter equality and noting that v(0) = 0, we 
find: 





teenvl $- 2esinvl (5.330) 
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Formulas (5.239), (5.240), (5.251) and (5.252) for the matrix 


j" Baye BD, and Eiye 


On the basis of formula (5.330) we obtain the following expressions 


elements Ay contain the functions sin v and cos v. 
for them: 


sit =3Sinvt-f-esin®v’, cosa oscosyt — Qe sive. 


(5.331) 


These expressions may also he obtained from relations (5.326), 
(5.237) and tre next to the last equality (5.216). 


We now substitute r, sin v, cos v and tg = 0 into expressions 
(5.239). Then, retaining only terms containing e to the first degree, we 


arrive at the following values of Ai5: 
Ayo BE Epcot Ay, = 2sinve 4+ J esin at, 


Ay = Qeusve—e(1-4-3sin? vt), Ay == 1 —ecosvt; 
Ay th ~e(cosse + sin vt) « Aye — 0s vb 4- Qe sintve, 
Ay = stant estnevt, Ay = 0; 
Ay = - 5 f-ecosst), Ay == v(cns vt-4- ¢ cos Qvt), 
Ayr >> v(sinve j eslo2vt), Ay = vesinw; 
ae sinvl 
Ay=v [ 7" ~$ ¢(3vtcos w— s)] ; 
Ayr — v(sin t+ ¥ sin ove) : 
Ag ~ v[cosvt-4 (cos? vt — 2sin? v0), 
Ayn — Vl -$ ecosvt). 


(5.332) 
Analogously, from expressions (5.240), (5.328) and (5.331) we find: 


¢ 
Ay=cosst—e(l-} sive), Aya sine f y sin aut 


fy == GIVE f esin 2vt), Bog v(cosvt | aces 20) (5.333) 


Further, from equalities (5.251), (5.328) and (5.331) we obtain: 
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Dyx= 0. Dy, = 2(t + 2ecos ve), 


Dy= Bat fecosvt), Dy = 2 sin vei 

Dar sinvt4-esin2vt, Dy =Ccos vt -+- ¢ (cos 2vt + cos? vi), 

Dy: 4 (2cosvt—3esin?vt), D = L (sinvt + ¢ sin Qvt), 
» Dy = cos vt—2¢ sin? vt, Dy == —sinve+ e@ (ave -F sin at). 
: Dy t[—2sinw-+2(30e — F sin 2w1)], 

Dy= t [cos vt ++ (cost — 3 — sin? v0)}; 

Dy = —t, Dy = Bvt 4- 26 (3ve cos vt — sinve)], 

Dg= 4 [sve -+ € (3vi cos vf — 2sinve)}. 


Dy = L | — 24 Se (vt sinvt + 05 ve)}. 


(5.334) 


Finally, from formulas (5.252), (5.328) and (5.331) we find the 
following approximate expressions for Fig! 
Ey, == cusvi + ¢(t — 2sin? v0, 
£y=— 4 [sin vb $ shu ave]; 
Ey = shluvefesin2ve, 

En= 4 Icos vé—e (1+ sin?ve)}. 


(5.335) 


In order to obtain expressions for 6x, dy, 6z, it is necessary 
to substitute’ the values (5.332) -- (5.335) of the elements Ass: 
Bis: Disy Ei of the matrices A, 5, PD, E into the right sides of 





equalities (5.258) and integrate them (as previously, we will confine 


ourselves to the case of constant instrument errors). i 


The inteqrands of formulas (5.258) contain, in addition to the 


elements of matrices D and E, the projections Any. An, An,, Am, 


y 
omy? Am, of the instrument error vectors An and Am on the axes of 


the orbital trihedron xyz, the magnitude r of the radius vector r, 
its time-derivative r, and the angular velocity Wy of the orbital 
trihedron. Formulas (5.258) also contain the quantities x5. which 


are expressed in terms of the initial values 6x’, éy°®, 62°, 6x°, 
dy°, 62° by equalities (5.255) and (5.256). . 





The value of r is determined by expression (5.328) » from which 
it follows that 


: 
rez —aevsiave. 


(5.336) 


Performing the indicated substitutions and the integration on 
the right sides of formulas (5.258), we arrive, after the appropriate 


transformations, at the following relations: 


Ox = bx9+ oa sin vi—3vt) + 682" (sin vi—vt) + 


2 (cos t=) + “i (- 2ey +4(1— —cosvi)) + 


+ SAM (sinvl Vl) + * (stu vt — vt) + 
+ e([An,(—4> cosvt a stnvt + Arcos - 


5t * 
sz cost + 


- a+ oe sin’? 2 “f An,(— *_ 
+a sy sin M+ sz or sin 2vt — ut sin vf cos av) + 
+ 2aAm, (- Gt — Gi cosw +4 = 2 stn Vb -+ 
+ $ sin Qvt -% sin vf cos vt) + $x9(1—cos v)— 


2 “ (vt 4 vicos vf — stn Qvt) — 


_ mir t vicoswl — > 3 sin Qvt-— 4 sin vt) + 


42x + cos?vf — 2cos v0 : 


Reem cos vf) + dy" cos vt -F 


+ Sy" stn ve +e |S (1 —cos vf + sin? vf — 

rae ann 2 (cosvl— 1 — stu? vit vésinvé)-+ 

+ £6% (xf cos vf—sinvt) -+ dy"(cos vl— 1 —sin?vi) {+ 
Vv 


+ ay ( - stivé 4 sin vi cos v0] 5 
v 








SE 


ES 


TE 


a 


= 


eaeaeeieaeeaiil 


2 (38° 4 a Am y) 
Vv 


6z = (1 —cos vt) 4- 82°(4 --3 cos vt) 4- 


+E sin -f- zMe ~——! (vt—sinvt)- pS =! 8 (1 cosw) 
+e[An, ( 8 yg — LM feyur Sut — 
— Js aut): ++ An, (-% shive bX sin? vi 
_ 4 = = cosvi -- uw sin? vf cos vt) 4 


+ 2a Am, (— Atsinvé ee -_- * cusvt f- 
oti at who ew en uti BAF (1 cane tm 


— AH sins) pot, - Chesney A — ower 


a azo : 
-} Gsin? vt) f = (slur 2vé — 2 sin v4). 
(5.337) 


The terms in formulas (5.337) which do not contain the orbital 
eccentricity e as a factor, characterize the errors 6x, Sy, 6z for 


the case of motion in a circular orbit. These terms differ from formu- 


las (5.118) above only in that formulas (5.337) contain v in place of 
Wg. For motion in a circular orbit Wy = V. 


The expression in brackets in formulas (5.337) characterize, 


clearly, the depnendence of the errors 6x, é6y, 6z on the eccentricity 


e of the orbit. Examination of these expressions shows that they 


do not contain,the time t to a vower higher than the second, and that 


t’? is contained in the square brackets of the expressions defining 


Sx and 62 as a multiplier of An For the case of motion in a circular 


orbit, t? enters only into the expression for 6x. 


If we compare the expression for 6x for the case of a circular 
orbit with the first formula (5.337), we see that it is easily 
demonstrated that the extent to which the orbit differs from circular- 
ity, i.e., its ellipticity, does not give rise to a significant change 
in the dependence of 4x on time. As for the case of a circular orbit, 
for the case of an elliptical orbit the time functions enter as factors 
in the corresponding instrument errors, are analogous in the sense 


that they contain time (outside of the trigonometric functions) to 


the same powers. The same is not true with regard to dy and 6z. 
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Thus, the expression for Sy for the case of a circular orbit contains 
time only in terms of a trigonometric function. For the case of an 
elliptical orbit, on the other hand, the expression for Sy contains 

the term eadm,t cos vt. (It should be noted that for the case of a 
circular orbit, Sy in general is not a function of Am...) It is 

evident from the third formula (5.227) that for the case of ah 
elliptical orbit, for all of the instrument errors and errors in initial 
conditions of which éz (after subtracticn of 6z°) is a function, the 
time t appears to a power greater by 1 than for the case of a circular 


orbit. 


Let us now turn to the integration of the right sides of 
expression (5.71) for the case of motion in an elliptical orbit with 
small eccentricity. The first and third expressions are to be 
integrated, since the formula for Vy does not differ from the formula 
derived previously for the case of a stationary object. The first 
and third formulas (5.71) are equivalent to formulas (5.77). Let us 
substitute for w, on the right sides of formulas (5.77) its value from 
equality (5.329) and consider, as before, the instrument errors Am, 
and am, to be constant. Then, noting that 


t 
fodtavey 2¢sinvé, 
; (5.338) 


and therefore that, with accuracy to within terms of the first order 


of smallness relative toe, 


t 
sin Jo dtc=sinvt + esin2Qvt, 
0 


t 
cos f u, dt as cusvt —2esin vt, 
‘ 


(5.339) 
we find formulas for Oy and ely in the following form: 
Oye == Of, cos Vt — 1, sine | Ate sinvé — 
- Ame. ~ cos vt) -f ef —- 20p, sin? vt-— 07, sin vet b 
cin dst Am 
Am, {¢ j a) -- x (I -- cos vey] i 
O12 = 01, sinve +} 1], cos vt j- Ame (1 -- cos vt) -+ 
+4 MZ, sinve jee (Of, sin at Z07, sin? ve r 
Am . f , wnt 
+ ae (D—cos out) ¢ Am, (! 7 %)] 
(5.340) 
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The terms in formulas (5.340) which do not contain e characterize 
the errors 91% and 1 for the case of motion in a circular orbit. 


If we now substitute expressions (5.337) and (5.340) together 
with equality (5.328) and the value 


01, == 01,-+Am,t (5.341) 
into formulas (5.322) and (5.323), we will find the relations between 
the total coordinate errors 5x3, Sy Sz and the errors OL. Oy a, 


in the determination of the orientation parameters for motion in an 


elliptical orbit with small eccentricity. 
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Chapter 6 


INERTIAL NAVIGATION ON THE SURFACE OF THE EARTH | 


§6.1. General Considerations 


In the preceding chapters the theory of autonomous inertial systems 
was presented. These systems determine the parameters of motion 
required for purposes of navigation on the sole basis of the readings 
of inertial sensing elements: newtonometers and gyroscopes. No 
additional information is used for this purpos2, with the exception, 
of course, of the initial conditions, which are considered as know... 


The equations describing the ideal operation of an inertial system, 
i.e., the algorithms on the basis of which the functional diagrams 
an inertial system are constructed, as well as the error equations, 
i.e., the equations describing the perturbed operation of the inertial 
system, were obtained for arbitrary motion of the object. No limita~ 
tions were imposed on the trajectory parameters. The only condition 
which might in a certain sense be considered as a limitation, was the 
assumption that the flight trajectory was sufficiently close to the 
earth so that gravitationa! attraction on the sensitive masses of 
the newtonometers caused by all celestial bodies except the earth 
could be ignored. This limitation, however, is insignificant, since 
it leads to vanishingly small errors even for the case in which the 
distance from the moving object to the surface of the earth is 
comparable to its radius. In addition, this restriction, which we 
used in deriving the fundamental equation (1.88) of inertial navigation, 
is not fundamental in nature. As was demonstrated, it could just as 


well not have been introduced. 


In the preceding chapter the operational stability of an inertial 
system was investigated, and solutions to the error equations for 
several types of motion were obtained. These solutions give the rela- 
tionship between the errors in the determination of the navigation 


parameters and instrument errors and errors in initial conditions. 


Analysis of the solutions to the error equations showed that operation 











’ 


of an inertial system of unlimited curation is impossible if a given 
level of accuracy in its determination of the navigation parameters 


is, in the general case, to be maintained. The total errors in the 
determination of coordinates and orientation increase with time. 

For motion at low velocities the coordinate errors increase exponen- 
tially, and for Keplerian motion they increase as a quadratic function 
of time. Errors in the determination of the orientation parameters 
increase, at best, as linear functions of time. 


Let us assume that certain requirements have been placed on an 
inertial system with regard to its level of accuracy in the determi- 
nation of coordinates during some specified period of continuous 
Operation. Then, knowing how the functional errors of the system 
depend on the instrument errors and the errors in initial conditions, 
it is possible to impose requirements on the operational accuracy of 
the system elements and on the accuracy of the initial conditions, 
such that they will guarantee a given level of accuracy in the operation 
of the inertial system, taking into account the increase in the errors 
over time. However, these requirements on the accuracy of the system 
elements and the initial conditions may be so rigid that they cannot 
be satisfied. 


This difficulty may he avoided by adducing additicnal information, 
i.e., through correction based on external sources of information 
This information could be the height of the object above the surface 
of the earth, as measured by means of a barometric altimeter for 
a radioaltimeter, the velocity of the object relative to the surface 
of the earth, measurec by a Doppler velccity meter, the coordinates of 
the object relative to the earth, as determined by a radio navigation 
system or a panoramic radar, etc. Correction of the operation 
of the gyroscopic devices in an inertial system may be based on 
astronomical correction, i.e., comparison of the orientation of the 
yyroscopes with bearings to stars, planets, or artificial satellites, 
on the basis of bearings to orienting points on the earth's surface. 


In the simplest case additional information may be used in the 
following manner. From time to time the readings from the inertial 
system are compared with the values of the navigation parameters as 
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derived from other sources, and are corrected on the basis of these 
values. In this case, the sources of error and the dynamic processes 
in the inertial system do not affect one another. The interval 
between corrections is determined by the time during which the increase 
in the system errors does not exceed allowable limits. In this 

mode of correction the inertial system becomes, essentially, a device 
which stores, for a certain period of time (usually short), precise 
information on the navigation parameters obtained from the external 
sources. Continuous correction has no significance in this case. Of 
course, this correction procedure, i.e., simple periodic correction 
of the readings of the inertial system, does not in any way lead to 
new effects in its operation. 


Of much greater interest are other means of using additional 
information, in which such information is actually used to alter the 
operational algorithm of the inertial system. The primary result of 
this approach is that, in addition to the algorithm (the equations 
describing ideal operation), the structure of the error equations 
changes, i.e., the basic character of the dependence of the errors on 
instrument errors and errors in initial conditions changes. Such 
correction procedures assume, of course, continuous use of external 
information during a relatively extended time period or even throughout 
the entire operational time of the inertial system. 


Let us consider the following instance. We assume that an inertial 


system is determining the curvilinear coordinates «', x?, »* of an 


object. Let us further assume that, on the basis of auxiliary 
information on board the object, one of the coordinates, for example 


the coordinate «x', may be continuously computed. It is then possible, 


clearly, to use this value of the coordinate for the formation of the 


terms in the equations describing the ideal operation of the inertial 


system in which it apnears. By differentiating »', we may also form 


terms containing the derivative a, Conversely, if the derivative 


oy 1 


x" is known from external information sources, the coordinate x" may 


be found by integrating this value. 


Two possibilities arise here. All of the terms in the ideal 


equations containing x" may be formed. In this case the task of the 
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inertial system becomes two-dimensional. Generally speaking, the 
newtonometer the direction of whose axes of sensitivity is normal to 


' = const., becomes superfluous. This newtono- 


the coordinate surface x 
meter may be eliminated from the system. The equation containing 
sx! then falls out of the error eauations. In the two remaining 
equations the terms containing 6«' and 6x! move to the right sides. 


They are now known functions of time. 


It is possible, on the other hand, to use auxiliary information not 


to form, in the ideal equations, all of the terms containing x" and x, 


but rather only certain of them, namely those giving rise to terms 





containing 6x' and éx! in the error equations .and lending these 
equations properties which it is useful for one reason or another to 
avoid. In this case the system remains three-dimensional, i.e., all 
three newtonometers are necessary. The system of equations describing 
errors in the determination of the coordinates retains its order. The 
only difference will be that now some cf the terms containing 6x! and 
éx' move to the right side and no longer enter into the homogeneous 
error equations. It proves to be the case that both means of contin- 
uous use of auxiliary information on the magnitudes of x! and xt may 
lead to interesting results. 





It was assumed above that information on the coordinate «' was 
known from external sources. Clearly, the problem is in no way ‘ 
different if a relation between the three coordinates of the form 

D(x!, v3, x, H)=0. 
(6.1) 


is known from external sources of information. 


Clearly, this relation may be regarded as a specification of one 


of the coordinates, for example «', as a function of the other two. 


The basic characteristics of this means of using auxiliary informa- 
tion in the operation of an inertial system are, as has already been 
noted, the continuous participation of this information in the formation 
of the equations describing the ideal operation of the inertial system 
and the dependence of the structure of the error equations on the 
means of using this information. The problem, therefore, is not so 
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much that of the correction of an inertial system, as of the operation 
of a "complex" system, which includes devices by means of which 
auxiliary information is obtained from non-inertial sources. In the 
general case, a system of this sort loses the independence characteristic 


of a purely inertial systen. 


Systematic analysis of the problems involved in the correction of 
an inertial system is not part of our task here?. There is, however, 
a extremely important special case of the use of auxiliary information, 





in which the system remains autonomous and purely inertial: the case 
of motion along the surface of the ocean, i.e., the surface of the 
terrestrial spheroid. This case includes, for example, the motion of 
Marine vessels of all types. 


For motion along the surface of the terrestrial spheroid the 
position of the object in space is determined, clearly, by two coordinates 
on the spheroid. The three spatial coordinates of the objects are 
related by an equation of the form (6.1), which is the equation for a 
spheroid. 


In terms of the rigid earth body-axis coordinate system, €, n, 
1 2 : ‘ 
c(n’, n?, n*) (with the ¢ axis along the axis of symmetry of the earth), 
the equation of a spheroid has the form: 


ce, ». 14) vit | q . fel.” (6 e 2) 


The spheroid is symmetrical about the ¢ axis, and the vector u 
of the earth rate may be considered as 





coinciding with the * axis. Therefore, if the ¢ and ©, axes are 
considered as superposed, equations (6.2) retains its form in the 
coordinates fy, Nes Gee 


PE TPG ENEE STS oe 


Below we will also require spheroidal equations in spherical 
(geocentric and geodetic) and geographic coordinates. In the 
geographic coordinates r, ¢, \, the spheroidal equation has the form: 

aVi-ew 


Wr. Oe ae — 1 O 


(6.3) 


This equation is found from relations (2.20) and (2.21) or 
(2.20) and (2.23), if in these relations h = 0. It gives r in terms 
of the geocentric latitude ¢: 

ae eee (6.4) 
vi eh aangy 

In order to obtain the spheroidal equation in the geodetic 
coordinates r, S, 2, we have only to substitute for cos? in equality 
(6.4) an expression in terms of S and z. The third equality (3.303) 
may be used for this purpose. According to this equality 


stigerdycoszcosS f-Aycos2sin§ j|-Aysing, (6.5) 


Finally, the spheroidal equation in geographic coordinates h, 
4, o' has, clearly, the simplest form: 


ny oh =O. (6.6) 


Relations (6.2), (6.3) and (6.6), relating the coordinates of 
the surface of the spheroid, enable us to express one of these 
coordinates in terms of the other two in the equations describing 
the ideal operation of the inertial systen. 


We note that for motion along the surface of a spheroid the 
distance r of the object from the center of the earth becomes a 
function of the coordinates of the object on the spheroid. In our 
analysis of the error equations it was shown that the greatest 
difficulty from the point of view of quaranteeing the operational 
stability of an inertial system arise as a result of the fact that 
part of the task which the inertial system must nerform is the 
determination of r. The composition (in the ideal equations) of the 
gravitational field strength of the earth on the basis of 
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the magnitude of r determined by the inertial system itself is 
vrecisely the factor which results in the appearance in the solutions 

to the error equations of rapidly growing exponentially and power 
functions of time. We will see below that use of relations (6.2), 

(6.3) and (6.6) will permit us to alter the ideal equations sufficiently 
such that these difficulties may for the most part be avoided. 


§6.2. Systems With Two and Three Newtonometers 


6.2.1. Derivation of the ideal and error equations on the 


assumption that the earth is a homogeneous sphere. Let us determine 
the character of the changes which may be introduced into the structure 
of the ideal equations and the error equations for motion along the 
surface of the earth. In order to avoid unwieldy calculations, it 

is expedient to first consider this problem under the assumption that 
the surface of the earth is a sphere of radius or and that its 
gravitational field is spherical, i.e., that the strength of the 
gravitational field is 


aaa (6.7) 


Both of these assumptions are equivaient, clearly, to the 
assumption that the earth is a homogeneous sphere. Under this 
assumption, motion along the surface of the earth is equivalent to 
the condition 


f= r= const 


(6.8) 


and there is no lonyer any need to determine r. 


We will make use of this fact in order to vary the structure of 
the ideal equations. There are two possibilities in this regard. 
The first possibility derives from the fact that two of the newtono- 
meters of the inertial system are located in a plane tangent to 
the surface of the earth, while the third is completely superfluous. 


In the second case, all three newtonometers are retained in the system, 























ind no restrictions are placed on their orientation, but the 
strength of the gravitational field is formed in accordance with 


the known value of r = To: i.e., in accordance with equality (6.7), 
it is assumed that 


car (6.9) 
If all three newtonometers are retained in the system, the 


ideal equations retain the form that they have for the case of 
general motion, except that 


gud = — (6.10) 


It was shown earlier that the error equations for an arbitrary 
inertial system with three newtonometers reduced to equations (5.1) -~ 


(5.9), equations (5.1) being the projections on the x, y, z axes of 
the first vector equation (5.17): 


dor wir wr arbre 
at a ae = 
da) 
s=An—2Am xs $e Kan, (6. 11) 





In deriving this equation, terms containing variations of the 
non-spherical component of the earth's gravitational field were 
considered sufficiently small to be iqnored. This means, essentially, 
that in our analysis of the error equations the gravitational field 

of the earth was considered to be spherical. In the present case, 
this assumption is introduced from the beginning. 














If ro is used only in the formation of the quantity u/r4 in 
the ideal equations, and it is precisely this variant which we are 
now considering, then in equations (6.11) the only term which changes 
is the last term on the left side, containing the factor 














t Sr. ar 


Oh) reglare = (6.12) 








This term will now be equal to 0. 
the form: 


Equations (6.11) therefore 
-akes 
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4 Taree An - 2Nm XE 4 A 
fs dt 


at (6.13) 








In terms of projections on the x, y, z axes of the moving 
trihedron, the z axis of which is directed along the vector r, we 
obtain the following equations: 


ox + % _ a? — ul) bx + (0,0, — &,) by— 
— 2u, oy ++ (@,@, + o,)dz 4- 2a, z= 
ex An, — Antyto — rgo, Am,— rg, Am,. 
oy + (ah — of — wt) by + (0,0, — 4) bz: — 
— 2, tz 4- (ow, + @,)Ox 4 20, de 
az An, + Mtsta— WM, Am, — ry, Amy. 
oz +5 - of — ut)bz + (0,9, — w,) ox _ 


— 2u, 0 4 (0,0, + ©, )dy 4 20, dy = 
sm An, + 27 (io, Am, +0, Am,), 


(6.14) 


where 
a wrt. 


It is evident that the remaining error equations of the system, 
except for the first group of equations obtained above, do not change, 
since they do not contain the gravitational field strength. 


Let us now turn to the second alternative approach to the con- 
struction of an inertial navigation system for the case of motion 
along the surface of the earth, namely, to systems using two newtono- 
meters oriented in the plane of the horizon, i.e., in the plane normal 
to the vector ©. Without decreasing the generality of our analysis 
we may consider, clearly, that the missing newtonometer is the one 
oriented along the axis coinciding with the vector r. 


Let us consider the cases of the determination of Cartesian and 
spherical curvilinear coordinates. 


In the first case, the ideal equations are easily found from the 
general equations (3.59) -- (3.65). If€ we consider that the z axis 
of the platform of the inertial system coincides in the unperturbed 
position with the direction of the radius vector r, then we must 
introduce the following changes into equations (3.59) -- (3.65): 
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we must everywhere set x = y = 0, 2 = Toi drop equations (3.65) and 
y = 0, and i 0 in the first 
two equations (3.59), in accordance with equality (6.7). Equations 
(3.59) will then take the form: 


the third equation (3.59); set I = 9 


‘ 
v,= J (4, -+ m,v,)dt + ¥, (0), 
° 


t 
t= f (ny —m,0,)dt + 0, (0), 
e 


™7L.= Fo, ' = MF. 2 =f. 


(6.15) | 


Equations (3.60), (3.61) and (3.64) do not change, since they do 
not contain x, y, z. Relations (3.62) will take the form: | 


Resale. My atttayty. bey has (6.1 6) if 
Relations (3.63) will change in an analogous fashion: o 
Ethie WE Dito Shite (6,27) 


For the case of spherical curvilinear coordinates, in order to 

obtain the ideal equations we may also use the general equations 

. obtained in §3.2. For oblique curvilinear coordinates, these 

| will be equations (3.172), (3.163) or (3.174) and table (3.173). 
For orthogonal curvilinear coordinates, equations (3.210) -- (3.213) 
should be used. If the basic system is a maneuverable gyroplatform 
with fixed newtonometers, relations (3.205) and (3.207) by means of 
which the controlling moments are determined, should be used in place 
of equations (3.213). 


For spherical curvilinear coordinates, for the case of motion 


: On a sphere, we may take I 


vias f == 75, 


(6.18) 
t 
: such that relations (3.89) may now he written in the form: 
tlesef'(z', x’, A), (6.19) 
where the functions £° are the direction cosines of the radius 


Ss 


> . . 
vector r in relation to the —&” axes, and x?’ and x? 


are the curvi- 


linear coordinates of the sphere. 
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For the case of obliaue curvilinear coordinates the 
newtonometers Naor Mee Na are oriented along the vector r®, 
1 2 3 
In accordance with equality (6.18), the vector r' has the same 
direction as the vector ry and, consequentiy, the vector r. For the 


case under consideration, the newtonometer Ne is absent. In 
1 


equations (3.172), therefore, the first and fourth equations for 
rand r, respectively, drop out. In the second and third equations | 
(3.172) the sums 


eral V 7, grad! ut, (6.20) ] 


also drop out, since they are equal to zero, according to conditions 
(6.9). Equations (3.172) therefore take the form: 


vanaf [par evar 


1 simian sca x? (0) ~~ 
AT adn x? 4 ohn + nelle ar viTe 


tm (G 7) Var ; va fitter, 


x! = Fo, x = 0, I (6.21) 
where s takes on the values 2 and 3. 


As a result of equalities 


grad’ Vn? =30, grad‘ Vay} = 
(6.22) 


the need to compute ne and n& falls away, and therefore equations 
(3.163) drop out of the ideal equations. Table (3.173) retains its 
form, except that now, as in equations (6.21), the index s takes 
on only the values 2 and 3. 


For the case of orthogonal curvilinear spherical coordinates, 
the changes in the ideal equations are analogous. The first 
equations from grouns (3.210) and (3.212) drop out, ecuations (3.211) 
drops out entirely, and the three first equalities of equality (3.213), 
i.e., those corresponding to s = 1, drop out. Relations (3.205) and 
(3.207) remain unchanged. 


| 
| 
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As an example, let us write out the ideal equations for geo- 
detic coordinates and the coordinates Oy Sp, examined in §3.3. 
For geodetic coordinates, when the basis of the functional diagram 
is a maneuverable gyroplatform, by returning to equations (3.308), 
setting 
Bi=g=0, ram. 70 

(6.23) 

and dropping the first equation (3.308), we obtain the system: 


€ 
0, = { (ny +0,0,)dt +4, (0), 
Qo 


c 
= J (n, — ¥,0,)dt + v, (0). 


Uy = Us 
Om Fre 8 ire 


t 
Sa [e4- cay (bu fos 2 — dy sin z cos Ss — 

o 

—by8inz sin S)} dt 450), 
6 

tea { (0, + (Sy sinS +8qc08S)dt + 200), 
9 

sing 3 ty coszcosS 4 $,,coszsinS -+ dysinz, 


u 
cose 





a, ssu,tg2 -+- Gy cos $+ 6,;$in $). 


Mi<:— toy, Ase, My =a lta. (6.24) 


If in formulas (6.24) we set $33 = 1, $3) = 535 = 0 and sub- 
stitute yand i’ for z and S, respectively, we obtain the equations 
describing the ideal operation of a system determining geocentric 
coordinates. 


In order to obtain the ideal equations for a system with two 


newtonometers in the curvilinear oblique angle coordinates O11 % 
on a sphere, the simplest procedure is to turn to equations (3.344). 


Dropping the first and fourth of these equations, setting r = ro 


and r = 0 in the others, and taking into account equality (6.22), 
we arrive at the equations: 


é o~ 
o, = J [Ft sparse coaTay (01 608% cos 0,-+ 
4-0, 8ino, sin o,))|dt +0, (0), 
¢ 


: Ig 0 : : { 
o.= J eo Vie nate, sing, sino, 


+ 4,.¢08 0, cosa,)'| dt +-0,(0), | 
‘ q 
o, = fa dt 0,(0), 0.= j 6,dt + 0, (0). 
a ‘ 





(6.25) 


We must add to these equations the table of direction cosines 
between the unit vectors é, and é3 of the axes of sensitivity of the 


newtonometers no, n, and the axes Ey, ny and t,, deriving from 
(3.350): 


t. n t 
@, —sing, cosazctgo, ciea, \/sin'o, — cosa, 
@y cosmctga, —sina, ctga, \/sin'd,—cos' a;. 


(6.26) 


—— 


Let: us now obtain the error equations for systems with two 
newtonometers. The first group of error equations in terms of pro- 
jections on the axes of the moving trihedron xyz, the z axis 
of which coincides with the radius vector r, May, clearly, be 
»btained immediately from equations (6.14). In order to do this we 
aust drop the third of these equations and set 6z = 0 in the first 


:wo. We then obtain a system of two fourth-order differential 
-quations: 


ox + (3 _ ww? ny ax + (a9, «,) ay — Qn, ay = 
e= An, - Am ry — tw, Aat,r, — to, Nt ro. 
by 4+ () —_ et - w)dy { (a0, -+ m,) dv -+- 20, dec 


a Anyof Am ry — my Aityty— 0, Atty ro 


(6.27) 


There is one point which needs to be clarified with regard to 
these equations. We obtained them by setting 
2e3f) 


(6.28) 
in the first two equations (6.14). 
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This equality is valid for small values of 6x and Sy, such that 
their squares (like the square of 6z) may be ignored. Indeed, from 
the identity 

2 os 2 4. 2p 2? 
oe (6.29) 
it follows that 


bv? -+4- dy? $-b27-+ 27,82 == 0, 
082 (6.30) 


from which, if 5x’, dy”, 6z’ are dropped, equalities (6.28) follows. 


If more than a first approximation is desired, the following 
non-linear system should be used in place of equavions (6.27): 


ox (“oF — edyar “be (aye, — aay _ 
— 2, A3-f (one, -beyyaz + 2m AZ 
s\n, — Amro —o, Amr, — i, Am ro, 
by + (>> oo? — of)dy 4-(0,0, -+ myo vp 
+ 2u, ox 4: (o0, - to, dz — Ww AF = 


se Aty Amt ty — 0, Mit fy — 0, Attys 
AvT 4 Ay? AS? E Myde <0. (6.31) 


6.2.2. Motion on the surface of a terrestrial ellipsoid. 


Taking into account the non~-sphericity of the earth's gravitational 
field. We will now discard the assumption that the earth and its 


gravitational field are spherical in form, and consider the case of 
motion on the surface of the Clairaut ellipsoid given by equations 1H 
(6.2), (6.4) and (6.6) and the expressions for the strength of the 
regularized gravitational field of the earth obtained in Chapter 2. 





Let us again begin with a system using three newtonometers. 
Here, clearly, the ideal equations may be retained in the same form 
as for the case of arbitrary motion, the only change being in the 
means of forming the projections of the strength of the gravitational | 
field. Thus, for example, for the determination of Cartesian coordi- 


nates equations (3.59) ~-- (3.65) remain valid. The only difference 
is that now in equations (3.65) for the formation of the spherical 
component of the earth's gravitational field the value for r obtained | 
from equations (6.4) or equivalent equations inust be used. We must 1 


proceed in the same fashion in the formation of the sums grad'vng 
for the case of curvilinear coordinates. If in the first group of 
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error equations we ignore small variations in the non-spherical 
component of the gravitational field, as we did previously in 
deriving equations (5.1), then the error equations will be the same 
equations (6.14) as in the case of motion on a sphere, except that 
now r from relation (6.4) must be substituted for ro: Since the 
products of the instrument errors times the square of the eccentri- 
city of the Clairaut ellipsoid are quantitites of the second order 
of smallness, it is permissible to substitute r = a for Xo: 

We will illustrate these considerations hy means of two examples. 
The first example is that of a three-newtonometer system determining 
geodetic coordinates. Let us assume that this system is constructed 
on the basis of a maneuverable platform such that in the unperturbed 
vosition the orthogonal trihedron xyz of the platform along whose 
axes the newtonometers are oriented is a moving trihedron 
of the geodetic reference grid (the z axis of which is directed 
along the vector r). The ideal equations are then obtained from 
equations (3.308), if in the integrands on the right sides of the 
first three equations (3.308) in the functions g'(r, 9) and g?(r, 9) 
r is expressed in terms of o by means of formula (6.4). 


The functions g!(r, 9) and g*(r, 9) are the projections of the 
strength of the earth's gravitational field on the axes of the 
geocentric moving trihedron: 


Bn Qh, OA D=lyy (6.32) 


where Fo2 and Fy2 are determined by equalities (2.98). 


In order to get rid of r in the arguments of the functions F, 
and Fy? we must substitute into the right sices of equality (2.92) 
the expression for r in terms of ; given by formulas (6.4). However, 
we may also use results which have already heen obtained: by turning 


to formulas (2.111) anc setting h = 0, we obtain 
B'(9)=—e, [1 — zerswreta(t + ; sin? 9) + 
+e! (—Fsiro— u sin? 29) + 


17 13 
+- eg (-- 8 sin? p-b iw sin? 29) : 








I i . 3e? — 6 
geX9)= zea - e%)sin 29 _ = he Fh stu? 29]. 


(6.33) 
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Considering, for the sake of simplicity, only terms of the 
order of e?, we will have; 


e'@=—e,[1+0+ $07—e aint]. 


7) = eee sin 2g, 


(6.34) 


On the hasis of these equalities, equations (3.308) take the form: 


—8,(I-+9 + (09 —e?)sintg)] dt 4-7 (0). 
v,= f (1, 40,0, — Fo, + 
+ “0 — e%)sing(—dy sinS -}-4,, cos S)| dt 4-4 (0), 
v= fm, — 9,0, +70, + 
a +: &,(q — €2) sinp(—dy sin zcos S — 


— by Slit z sin S++ d4; cos 2)] dt +. vy (0), 
t 


ed: vy Ue 
re f fdt-+r(0) O,=—-F, y=", 


t 
a 
S= j [sats — Tong (hn tos2z— 63 slnzcos S — 
—d,,sInzsin 5)| di-| S(O), 

‘ 


t 
z= J {—o, 4+a(— dy sinS -- a), cos $)] df -}- 2 (0), 
0 


singp== Ay cos 2 cos S-}-d),cos zsinS + 4,,sinz, 


(by cos S-+ 4, sin S), 


at 
cos 2 





, = wy tye z+ 


| Mi = —Tlo,, Mip= Hoy, Ai, = Hog, (6.35) 


Setting 633 = 1, 53 = 839 = 0 and replacing S and z bv 1 and 
%, respectively, we see that: equations (6.35) convert into equations 
for the determination of geocentric coordinates. | 


We will take as our second example a system determining the 
geographic coordinates h, i, 9° 


- Here we can begin with equations 
(3.333). 


For the case in question, they retain their basic form. 
Only the terms containing 99 and Joe in which we must set h = 0, 


a 
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are different. Since 56 and 59 are projections of the strength 


of the earth's gravitational field on the x, y, z axes of a geo- 
graphic moving trihedron, 


Bal, BaF, (6.36) 
and Fy, are determined from equalities (2.117). Setting 
in equalities (2.117) the altitude h = 0 and retaining only terms 
containing e? and q, we obtain: , 


where §, 


Bie — ee[l 4 a+ 50g — oD surg’) 


os eh Week (6.37) 


ko hyd 


Substituting these expressions into the first and third equali- 
ties (3.333) and leaving the rest unchanged, we obtain the equations 


describing the operation of a three-newtonometer system determining 
geographic coordinates. 


We emphasize again that both the system operating in accordance 
with equations (6.35) and the system structured in accordance with 
equations (3.333) and (6.37) have as their first group of error 
equations the system of differential equations (6.14) or the equiva- 
lent vector equations (6.13), while equations (3.308) and (3.333) 
correspond to the vector error equations (6.11). 





This difference in W 
the error equations arises as a result of the fact that, when equations | 
(6.35), (3.333) and (6.37) are used, the quantitites r and h, computed 
by the inertial system, do not take part in the formation of the 

projections g', g’, Go. 59 of the strength of the earth's gravita- | 
tional field, as is the case in equations (3.308) and (3.333). 


The claim that equations (6.14) are to a first approximation 
the error equations of the systems in question derives from the 
following considerations. Equations (6.35), 
the case of motion on the 
(6.24) 





(3.333) and (6.37) for 
surface of a spheroid differ from equations 
(and the equations deriving from them for geographic coordi- 


nates) in that the former contain terms of the first order of smallness 


(containing the factor e?). The variations of these equations will 


therefore differ by terms of the second order of smallness, i.e., 
they will, 


to a first approximation, coincide. This consideration 
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is, of course, easily supported by formal calculations. We will 


not, however, perform these calculations here, since we have analyzed 
this question in detail elsewhere, in an analysis of inertial 
navigation on the surface of the earth as a special case of navigation 
close to the earth's surface with altimeter correction. 


Let us now consider the operation of two-newtonometer systems 
for motion on the surface of the terrestrial spheroid, namely the 
operation of systems in which the newtonometers are situated either 
in the plane of the geocentric horizon (a plane normal to the radius 
vector r), or in the plane of the geographic horizon (a plane- 
tangent to the Clairaut ellipsoid). The general case of the deter- 
mination of Cartesian spherical curvilinear coordinates may be , 
regarded here in the same way as the case of motion on a sphere. 

We will therefore not deal with the general formulas, but will cite 
them only for the most important cases, geodetic and geographic 
coordinates. 


For geodetic coordinates the ideal equations are obtained from 
equations (6.35), dropping the first and fourth,equations and sub- 
stituting in the remaining equations for r and r the expressions for 
these quantities deriving from equality (6.4). Thus, for this case 
we obtain the following equations: 

%,= fm, $ ty0, = Foy & 
os — ey sing (=, sin 4. d,, cos S)| df 4. v, (0), 
v= f ny — tym-b ry + 
; “+ BF — C7) sing( Ay sinzcosS 
= dy,sin 2 sin S 4-dycus 2) dey v, (0), 
eVI-@ 


33S 
Viscusi * 
sing==6, cos zcosS + b,,cos zsinS +8, sing, i 
e 


Uy ‘Zz 
Oy ap * OS ape 


t 
“ 
Sex J latr- Zorg (On cos z — by sin zcosS — 


—bysinzsin 5) dt-+- S(0), | 
t 
a= | [—a, -f- (dy sinS 4-808 Sy[dt 4-2(0), 
a 
a 


cos72 
Miyc: --Ho,, Alf, =2lluy. Aft, 2: Mery, 
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o, =m, leg 4- (6,008 S-}-83, sin S), 


(6.38) 











Let us now assume that the coordinates being determined are 
the geographic coordinates \ and ¢', and that the x and y axes of 
the platform of the inertial system, along which the newtonometers 
are oriented, are situated in the plane of the geographic horizon. 
The ideal equations are then obtained from equations (3.333) and 
(6.37). Dropping the first and eighth equations (3.333), setting 
h = 0 in the remaining equations and substituting for 56 in 
accordance with the second equalities (6.37), we obtain the ideal 
equations in the following form: 


v= f (n, + 00,)dt + 9, (0). 
° 


‘ 
w= f [-, — 9,0, + ag sin2y"] apy). 
v 


vy ou 
en: eM 


e a(i—¢) 


—_——“T + 
pS Te etante 


s 
v=— fv, dt+o'O. 
e 


’ 
ie J (5 —u)at +200), 
o, = 0,12 4, 
Miy <2 — Ho, MN, = May, Mi, <= Hoy. (6.39) 


Because ec’ is small, we may expand the right sides of the fifth 
and sixth equations (6.39) into seriesjin powers of e”?. Retaining 
only terms of the order of e’?, we obtain the approximate expressions: 

n=all + ; esin?g’) , 


reall -+- r(3 sin? g’ — 1)}- 





(6.40) 


These allow us also to write the third and fourth equalities 
(6.39) in the following form: 


2 Al eR 


o, = “ (! = 5 sin 4’). 


(6.41) 











Analogously, the third equality (6.39) may be replaced by the 
approximation 


r=a(I—jetsing), (6.42) 


after which substitution the fifth and sixth equalities (6.38) reduce 
to the following forms: 


opm — 2 (14 Fainte). oa 2 (1 + 5 ster). (6.43) 


In the preceding subsection, in which we considered inertial 
navigation on the surface of the earth under the assumption that the 
earth is a homogeneous sphere, the first group of error equations 
(6.27) were obtained for two-newtonometer systems. These equations 
will be to a first approximation the error equations for motion on 
the surface of the terrestrial spheroid, independent of whether the 
newtonometers are oriented in the plane of the geographic or geo- 
centric horizon. This fact derives from considerations analogous 
to those presented above with regard to three-newtonometer systems 
used for navigation on the terrestrial sphere and ellipsoid. 


§6.3. Schuler Gyroscopic-Pendulum Systems 


6.3.1. The compound Schuler pendulum. We will use the term 
compound pendulum to denote a solid body having an axis of dynamic 


symmetry and suspended from a noint on this axis not corresponding 
to the center of mass, which, clearly, also lies on the axis of 


dynamic symmetry. 


If the suspension point of the pendulum moves arbitrarily ina 
coordinate system Oro aNeSae the axis of dynamic symmetry will at 
each moment of time occupy in this coordinate system a position 
determined by the initial conditions of the motion of the pendulum, 
its parameters, the gravitational field of the earth, and the law of 
motion of the suspension point of a pendulum. 


Max Schuler, investigating the plane motion of the suspension 
point of a pendulum at a constant distance from the center of the 
earth, under the assumption of the centrality of the earth's 
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gravitational field, established’ that the axis of dynamic symmetry 


of a pendulum, given that its parameters have been selected in a 
specific fashion, may lie on a line passing through the center of 

the earth at all times during its motion, if it lay on this line at 
the moment at which its motion began. A number of works were devoted 
to the generalization of this theorem of theoretical mechanics to 

the case of arbitrary motion of the point of support of a pendulum, 
including works by B. V. Bulgakov and A. Y. Ishlinskiy. Ishlinskiy 
gave a rigorous solution to the problem for arhitrary motion of the 
suspension point at a constant distance from the center of the earth.? 


The Schuler theorem was the source of the ideas on which inertial 
navigation is based. Inertial navigation systems developed at first 
as mechanical devices modeling Schuler's physical pendulum. The 
classical examples of this type of model are the Anschutz-Heckeler . 
pitch control gyrocompass and the twin vertical gyro. 6 


It is obvious that a mechanical device givino an alignment to 
the center of the eartn is equivalent from the point of view of final 
results to the two-newtonometer inertial systems considered in the 
preceding section. Indeed, knowing this alignment, it is possible 
to solve the problem of navigation on the surface of 
the earth. Por this purpose it is necessary only to include in the 
system ayroscopes for determining the orientation of the alignment 
to the center of the earth in the OLE aNale coordinate system, and, 
for navigation in an earth body-axis coordinate system, a 
timer, in order to compute the change in time of the position of the 4 
Oya ee coordinate system relative to the earth. These two approaches, 
however, are more than superficially similar. The analogy between 


them, as we will see, proves to be much deeper. 


Let us now consider Schuler's compound pendulum. We have two 
problems to solve: to determine the conditions under which the 





Se a 


position of the axis of dynamic symmetry of the pendulum coinciding 
with the alignment to the center of the earth is a position of 


relative equilibrium, and to investigate the motion of the axis of 
dynamic symmetry about the posit on of relative equilibrium. 





ae 


Figure 6.1 


Let us consider the first of these problems. Let us attach 
to the body of the pendulum the trihedron Oxyz (Figure 6.1), the 
origin of which we place at the suspension point 0, and the z axis 
of which we align along the axis of dynamic symmetry of the pendulum 


away from the center of mass C, which, therefore, will have the 
coordinates 


Xo = Yo = 0, fo=2 —4. 


(6.44) 


The x, y, zZ axes are aligned along the major axes of the ellip- 
soid of inertia of the pendulum, which is an ellipsoid of revolution. 
The moments of inertia of the pendulum are therefore equal: 


Igy Sty I, 20, Iyp eed eA, de €. (6.45) 


The equations of motion of the pendulum are most conveniently 
formulated in the O£,n,%, coordinate system, the origin of which 
coincides with the point O, and the orientation of the axes of which 
coincides with the orientation with the axes of the Ope aNa oe coordi- 
nate system, i.e., fixed relative to bearings to distant stars. In | 
formulating the equations of motion we will use the moment of 
momentum theorem, Since the coordinate system 0£,n,0, moves by 
translation in inertial space, the moment of momentum theorum leads to 


the well-known Euler equations (in terms of projections on the x, y, 
Zz axes): 
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ASE +(C— Aloo, = My. 
dey 


SRA (C— A)o,o, = M,. 
a 
C Gb = M, (6.46) 
Here w,, Wye | ce projections of the absolute 


rate of rotation of trihedron xyz about its axis, and My, My. M, 
are projections on these same axes of the tctal moment about 


point O of the forces applied to the pendulum. 


Since the coordinate system 0&,n,2%,, in which the equations 
of motion have been written, is mobile, the inertial forces of 
translational motion and Coriolis forces should be taken into 


account, in addition to gravitational forces and the reaction force 


of the fulcrum, in calculating the moments. The moment of the 

reaction force of the fulcrum is equal to zero, since the linear 
action of the force passes through point O (we will consider the 
fulcrum to be frictionless). The Coriolis forces are also zero, 


since the motion of the 0f£,n,5, coordinate system is translational. 
For this reason the inertial forces acting on the elementary masses 
of the pendulum are parallel to one another and reduce to the single 


force 9, applied to the center of mass C. 


We will consider the earth's gravitational field to be homo- 
yeneous within the amplitude of the pendulum. The gravitational 
forces reduce, therefore, to the resultant force 


es (6.47) 


ipplied at the center of mass C of the pendulum and directed along 
-he strength vector g of the gravitational field at point O 
m denoting the mass of the pendulum). 


Taking into account these remarks and equalities (6.44) we 
tind the following expressions for the moments: 


My, sa(l,-+Q,). Myst QQ, My -s0. (6.48) 
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Let us now assume that the axis of dynamic symmetry of the 
pendulum always coincides with the direction to the center of the 
earth, that the point O moves freely on the surface of the earth, 
taken as a sphere of radius Yor and that the earth's gravitational 
field is central. Then : 


F,= F,=20. (6.49) 
It is obvious that 


Q,=—mu, Q=-—mv,, Q,= —mwy,, (6.50) 


where 


. . 
WH Ue, —0,V,, Wy Vy 4-10, —- 0, 


w, =, 4-0, —w,,. 


(6.51) 


Since the z axis coincides with the direction to the center 
of the earth, and ro = const, it follows that 


Uys lf, ‘71= ~ FM u, = 0. (6. 52) 


Substituting equalities (6.49) -- (6.52) into expressions 
(6.48) and also into equations (6.46), we arrive at the following 
equations describing the equilibrium of the physical pendulum: 


id : 
(A -— mare) (=a _ 00,) 4 Coy, = 0, 


du, 
As mary( a “++ O,0,] — Corer, = 0), 


ct ase. | (6.53) 


Equalities (6.53) should he satisfied identically. For arbitrary 


Wo» Oo) this can occur if the following conditions are satisfied 


sy , y Z ’ 
at the same time: 


Ajma =f, C=O. (6.54) 


The first condition is the well known Schuler condition: the 


reduced length of a compound pendulum should be equal to the radius 


of the earth. The second condition requires that the entire mass 


542 





of the pendulum be situated on its axes. This condition may be 
replaced by another one. For C # 0, it follows from the third 
equality (6.53) that 


*@, =o) = cons! € (6. 55) 


If we now take w) = 0, the first two equalities (6.53) are 
satisfied only if the first condition (6.54) is observed for arbitrary 
Cc. In this case the projection of the absolute rate of 
the rotation of the pendulum on its axis is 


oof 0, (6.56) 


Condition (6.56) and the second condition (6.54) may be combined 
into a single condition: 


K, == Cul = 0, (6.57) 


We note that condition (6.56) has todo with the selection of 
the initial conditions of the motion of the pendulum. Two additional 
analogous conditions should be added to it: a) at the initial moment 
of time the z axis should coincide with the direction to the center 
of the earth, and b) the projections w) and Wy of the absolute 
angular velocity of the pendulum at the initial moment of time should 
be such that the rate of change in orientation of the z axis 
of the pendulum should coincide with the initial velocity of the 
change in the orientation of the radius vector r from the center of 


the earth to the suspension point of the pendulum. 


Let us now consider perturbed motion of a Schuler pendulum, 
i.e., swinging of the pendulum about its position of relative equili- 
brium. This swinging occurs if the parameters of the pendulum or 
the a ee) conditions do not precisely satisfy the conditions cited 


above. 


Let us designate the trihedron xyz, attached to the pendulum at 
its unperturbed position, by XpYoZo: The perturbed position of the 
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pendulum (or, equivalently, the trihedron xyz attached to it) we 
will define by means of the angles a, 8, and y (Figure 6.2). The 
direction cosines between the X, Yr 2 and Xor Yor 29 axes will then 
form the table: 


a , s 
Me copfcosy—sinasingsmy -corasiny cosa cosy t tina cospeiny 
Me COsPeinys sinAsinBeoty cosacosy sin fsin yosing cosbecsy 
% — cote sing sine cosacosfh 


(6.58) 


Let us consider first the case of small a, 8 and y, for which 
table (6.58) simplifies and takes the form: 


* y 
Xo ' —y 6 
Yo Y 1 -a 
% —f a 1 (6. 59) 


To describe the perturbed motion of the pendulum, it is suffi- 
cient to obtain equations satisfied bya, 8, and y. We will use 
equations (6.46) for this purpose. 





Figure 6.2 


Let us denote the projections of the absolute angular velocity 


of trihedron XpYo2%q On its axes by uw. , w , and Woe respectively. 
0 


x Y 
0 0 
In accordance with table (6.59) we then obtain: 


O, = 0, -+ 0,9 — 0,8 -+ a, 
Wy == Oy, — OY 4 Oy + f, 


=O, — 00-4 0,8 + y. (6.60) 











To calculate the moments My. My and M, on the right sides of 


equations (6.46), we require the projections Wer Wy, and W, of the 
acceleration of point O on the x, y, z axes. They are: 

















= ty, + Wr — W;Y, 


= w, — WS + wy. | | 
= ©,$ — wa +,,. 


(6.61) 
where, in accordance with equalities (6.51) and (6.52), 
Wr, = 0 (ly, U0), Wy, = Fo (— Ws, + ys, } 
~,, — ro(w, + wf): 
(6.62) 


Further, assuming that the earth's gravitational field is central, 
we find: 


f,-—F,f, P= Fa. 
2 one (6.63) 


From expressions (6.48), (6.50), (6.61), (6.62) and (6.63), 


we obtain the following values of the moments Myo My ard Mo? 
M, =aPF,atomr,(u? +0) Ju feamr,(,, +0, 0,)¥. 
: M, =aF,f + amro(0, +) RF 
+ anrg(— 0, 4- Oy) Y ; 
M, =0. : , iC. 64) 


Let us now substitute the values (6.64) of the moments, together 


with expressions (6.60) for the projections Wee Wye and w, in. 


equations (6.46). Performing the obvious groupings and ignoring 
terms of the second order of smallness ina, 8B and y, we obtain the 
equations: 


(A — mar) (0 ee) FEO, + A (0,9 + 
+ 8, Yo, 60,8 + “) 41C~ A) “oat toy fb 
+ 0, ¥ OY t oda } o,f) “= ala t 
“+ amr, (“, 4 wt) “fam ral, FO, 0, ). 
(A = mary), -£ ga,) — Crayon, + 
+-A(- Oy - ,Y + (0, + 9,0 + ) — 
—(C— A -a, 0,0 for fh + oy ay 
+u,0,7 olf 4 «,@) crak f+ an ror, -} wo) )h + 
fame (— On 4 Wy) Ye 1 


Cc i (0p, — Ot LOG -+ ¥) = 0. 





The last equation (6.65) is integrable. From it we obtain for 
Cc # 0: 


a, —,a + o,§ +¥ =u, =a), 


(6.66) 
where the superscript "0" designates, as before, the initial value 
of Ws 





Now let the parameters of the pendulum satisfy conditions (6.54). 
The following equations then follow from equations (6.65): 


a+ (jo, —- oa — (, FY, ) 8 — 2, a = 0, 


b+ (3-44, —81)8 + (,, SEO St 20,0 = 6, 


(6.67) 
where 
F 
<7: (6.68) 
For a spherical gravitational field, such that 

f= 2, 

~ (6.69) 
the expression for Xv takes the form: 
ze ok 

gat wa (6.70) 


If the parameters of the pendulum satisfy the first condition 
(6.54) and condition (6.56), the following equations are obtained 
in place of equations (6.67): 


a 4-(03 = tw? yet = 4,8 0, 


8-4 OR—OF)B «9, a = 0, (6. 71) 


Equations (6.67) and (6.71) have trivial solutions. This 
demonstrates once again that the conditions derived above guarantee 
the existence of a position of relative equilibrium, in which its 
axis coincides with the direction to the center of the earth. 


At first sight equations (6.67) and (6.71) are different. In 
fact, however, they are the same, but written in terms of projections | 
on different axes. Indeed, the orientation of trihedron X9¥o7o- 
in terms of projections on the axes of which equations (6.67) are 
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written, is not subjected to any conditions other than the require- 
ment that the z axis of this trihedron should coincide with the 
direction to the center of the earth at the fulcrum point of the 
pendulum. Trihedron XgYo2% 9. On the other hand, in terms of pro- 
jections on the axes of which equations (6.71) are written, was 
selected such that the projection . of its absolute rate of 
rotation on the z axis is ; 


,, =3 0, 1 — 0, fi - y. (6 , 72) 
which follows from equalities (6.66) and (6.56). It is evident 


that, if expression (6.72) is substituted into equations (6.67) 
in place of W, and only terms of the first order of smallness in 
0 


a, 8 and Y and their derivatives are retained, equations (6.71) 
are obtained. 


Equations (6.67) and (6.71) describing the motion of the 
pendulum about its position of relative equilibrium were obtained 
under the assumption that the angles a, 8 and y are small, i.e., 
these equations describe free swinging of the pendulum near its 
position of relative equilibrium. Let us now derive the equations for 
natural oscillation of the perdulum for finite magnitudes of angles 
a, 8B and y. 


Let us define angle y by the position of trihedron XoYo%o" 
i.e., we will consider that the position of trihedron xyz relative 
to trihedron XoY¥ 979 is defined by angles a and @ only. This does 
not diminish the generality of our analysis. We will then have in 
place of table (6.58): 


x y z 
Xo cos f 0 sinfs 
Yo Singsinfi cosa —klnacosp 


2 —cusasingK sin COSCON B. 


(6.73) 


As before, let wo , w and w be the projections of the 
Xq . Yo 20 
absolute angular velocity of trihedron XgYg2Zq On its axes. Trihedron 


X9¥ 920 is now not attached to the pendulum at its unperturbed position, 
since angle y is defined by the position of this trihedron. But this, 
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as will become evident below, will not constitute a difficulty in 
derivation of the required equations. 


In accordance with table (6.73) we may write: 


@, 530, CcOSh 4. wy, sindsinfg, — 
. 
—= my, cosasinf -¢-acosf, 
Oy =H, COSA -f OH, Sint + fr, 
Gy =a, SING — wy, sina cos f-4- 


+ uy, CUS. COS Pi -f- @Sinp. : (6.74) 


Analogously, 


F,+Q, =Q, cosp-+Q, sinusing - 
~ (F,, +f Q,) cospsinf, 
Fi 4-Q == Q, cos lant Q,,) sina. 
eras ? (6.75) 


Let us assume that conditions (6.54) are satisfied. We then 
obtain from relations (6.46), (6.75), (6.74), (6.89), (6.70), 
(6.50), (6.51) and (6.52) the following equations for the motion of 
the z2 axis of the pendulum about its position of relative equilibrium: 


Ucos f= Du fi sin f- FC - mm, sing fo, sina cosh — 
— &,, COsaCUSf) | 64, (COS fi — cos a) 
poy, Sina sins 0, C05. NIN 
+ (02 — 08 -- wf (1 cosa cusp) — 


— w A ins 
ty Coste cus |) stu OO, cosa sing 





= 0,0, sinu sin ft -} 
-4- ey, (Sin? WeOs f — Cos?a cosfi-}- cost) e= 0, 
fi+a’stapcosp-t- Zi (om, SINPeos f - 
= uty, Sin COS? f -f- O,, COS HCOS? fi) +f 
of ty, (COS & — COS fl) 4 ey, Sin et fy, sine sin Bp 
of (0), — rT cosa cos fh ee) ) sin coset -+ 
of of (cos ph cosa)singt of sinta sing cos p t 
=f 40, (sin? fh cos? pysina | 
of Ong, (COM Pensa — Cosf —~sin’ Prova) f- 
“fF Oyo (2 C080 COS BR —> T)siad sing = 0, 


(6.76) 


It is evident that for small 4 and 8, equations (6.76) reduce 
to equations (6.67). Equations (6.67) obtain if conditions (6.54) 










are satisfied. For the case in which the first condition (5.54) 
and condition (6.56) are satisfied, the corresponding equations are 


obtained from equations (6.76), if, for w, , the following expression, 
0 
deriving from (6.56) and the third equality (6.74), is substituted: 





ih 


ona’ (6.77) 


Oo, = Oy, Ie -(o,, {-a) 

















6.3.2. Schuler's gyroscopic-pendulum systems. In §6.3.1 we 
obtained conditions (6.54) and (6.56) for the existence of a pcsition 
of relative equilibrium for a compound pendulum under the assumption 
of motion ot its fulcrum on the surface of the earth, regarded as 
a sphere of radius Yo: If the non-sphericity of the earth is taken 
into account, the distance from the center of the earth to the fulcrum 
of the pendulum will be variable. 


if in the first condition (6.54), ro is assumed to be variable 
(henceforth denoted by r), then A should also be a variable, i.e., 
in this case the pendulum is not regarded as a rigid body, but as a 
variable mechanical system. As a result of the variability of A, 
the following equations must take the place of equations (6.46): 







Gy (AO) (C= Ayer = My. 


qd . 
We (Aw,) — (C ~ A) eye, = My. 








CS. 20. (6.78) 


From equations (6.78) and (6.48) -- (6.51) and the equalities 








uv, rye oY SR Alva ty r, 


(6.79) 
analogous to equalities (6.52), we obtain in place of equations (6.53) 
the following equations for the conditions for the existence of a 
position of relative equilibrium: 


Aw, -| (A—mar) (,- ~tytr,) 4 Cay, --2rane, == (, 


Av, {-(A—mar) (oy +4 0.) -Core, —2rarin, Oh, 


Co,=0. | (6.80) 








A de mar, Co, = 0, 
' 


(6.81) 
then in each of the two first equalities (6.80) there remains: 


A—2ram = 0, 


(6.82) 
or 


f.(mar)— Bram = 0. (6.83) 


. 9 
Equalities (6.83) may, of course, be satisfied, if we take 


aszkr. + 


(6.84) 
Conditions (6.84) complements the conditions 


Acmar, Cu, =9 (6.85) 
obtained above. 


The simultaneous fulfillment of requirements (6.84) and (6.85) 
insures the existence of a position of relative equilibrium when 
r is variable, which is the case, specifically, for motion on the 
surface of the terrestrial spheroid. 


Let us now generalize the foregoing analysis by considering an 
arbitrary mechanical system suspended on a moving object in a three- 
degree-of-freedom suspension such that the center of mass of the sys- 
tem does not coincide with the center of the suspension. We will denote 
the variable distance between the center of the suspension and the 
center of mass of the system by a. The system may include various 
mechanical devices which move relative to one another, including 
gyroscopes. Therefore, a system of this sort may be termed a 
gyroscopic-pendulum system. The compound pendulum analyzed above is 
a special case of a system of this sort. Such well known devices as 
the Anschutz-Heckeler pitch control gyrocompass and the multi-verti- 
cal gyro fall into this class. 


} = 


Let us attach to this system a trihedron Oxyz 
(Figure 6.1), with its origin at the center of the suspension, and 
the z axis along the line connecting the center of mass with the 
center of the suspension, directed away from the center of mass. The 
coordinates of the center of mass will then be: 


fom a, Xe SNe =0, (6.86) 


Le. us find the conditions under which the z axis of the system 
in the position of relative equilibrium will coincide with the 
direction from the center of the earth, and also let us study the 
perturbed motion of the z axis about this aoaumion.” 


Let us apply the moment of momentum law to the system as a whole 
in its motion about the center of mass: 


Sh = M. (6.87) 
As before, in calculating the moments we will consider the 
gravitational pull of the earth as reducing to the action of the 
force 
Feangall, ; 

(6.88) 
applied to the center of mass of the body and coinciding in direction 
with the direction of the gravitational field strength . point O. 
We will igrore the non-homogeneity of the aravitational field within 
the compass of the system. Adding to the moment of the gravitational 
force the moment of the inertial forces of translational motion, as 
well as an artificially formed moment Mm, we obtain: 


Moa a[r- a cs tat, (6.89) 
Here, as previously, Yr denotes the radius vector of point O 


from the center of the earth 0; and a denotes the radius vector of 
the point C from point O. 
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Substituting equations (6.89) into equalities (6.87), we obtain 
the following equations: 


dk 
amex [Pm Te) + ar. (6.90) 


We will denote the trihedron xyz at the position of relative 
equilibrium by XgYo29° Then 


he Fis + FM =f ‘nto 


AY = AT’ x4 ALP y + Az 
% yer) a O° ] 
'. ( 6 . 9 ) 


where Xo Yor es, are the unit vectors of the corresponding axes. 
Since at the point of relative equilibrium vector a is collinear 
with vector r, we find from equations (6.90): 


d 2 eo 
sx ea Xm SE 4 (A, — Fy )e, b 


+ (MF ar, Jy + M25, (6.92) 
Let 
My —a@F,,. Mi aF,,. At, ==0. 
(6.93) 
Equality (6.92) then cakes the form: 
dk 2 
wm aX may. (6.94) 
We now require that the condition 
wg (6.95) 


be fulfilled, i.e., we require that the distance from the center of 
mass of the system to the center of the suspension should change 
proportionally to the change in the distance to the center of the 
earth. For this to occur, of course, the system must receive infor- 
mation regarding the vector r. For the case of motion on the surface 
of the terrestrial spheroid, this information will be, for example, 

a priori knowledge of relation (6.4) between Yr and the latitude?. 


If condition (6.95) is satisfied, then in the position of rela- 


tive equilibrium 


(6. 96) 











I 
| 
| 
| 


SS 






which means that 


da de 
=; X= - =0, 
at x dt (6.97) 
and therefore equality (6.94) may be written in the form 
wd 6.98 
Moon b (rH). were) 


This expression may now be integrated, as a result of which we 
obtain: 


K ~kme x 2 A, (6 99) 


> ° 
ere h is a constant vector. 


Setting h = 0, introducing the designation V = dr/dt and pro- 
jecting equality (6.99) on the Xgs Yor 2% axes, we find: 


K,.4-man, == 0, Ky~ maty,- 0, Kis 0. 


(6.100) 


Conditions (6.100), (6.93) and (6.95) will be sufficient for 
the existence of a position of relative equilibrium for an arbitrary 
yyroscopic-pendulum system, the 2 axis of which coincides with the 
uirection to the center of the earth. 


From these conditions we obtained the above conditions of rela- 
tive equilibrium for a compound Schuler pendulum, as well as analogous 


conditions for a twin vertical qyro and a pitch control gyrocompas. ii 


wet us now derive the equations describing the oscillation of an 


arbitrary gyroscopic=-pendulum system satisfying conditions (6.93), (6.95) 


and (6.100), about its position of relative equilibrium. To do this 


we will again use the moment of momentum law. Varying equation 
(6.87) in the vicinity of the position of relative equilibrium, we 


obtains 


WOK aM. (6.101) 


dt 








Let us find expressions for the variations 8K and 6M. The moment 
of momentum K of the system should he formed in accordance with 
equalities (6.99), and therefore 


OK == km de x SE fhm x A. (6.102) 


reer? Ar sz dxxy-t dyyy $22), | 


bx? -4-by? 4 22-4 Orde 0. 
NI Oy? fobs? Se (6.103) 


To obtain an expression for éM, we must take into account that 

the variation of the moment is determined only by the variation $a, 
* 
and also by the variation $M of the corrective moment. Therefore, 
taking into account relations (6.89), we obtain: 
OM = ba (F - mary 4 OM, (6.104) 

In this equality a May be expressed, in accordance with 

equality (6.96), in terms of br: 


(6.105) 


hace — ker. 


Differentiating equality (6.102) and noting that 


dir ar a dite 
oe. Sa ays = 
km WS at ¢ am a eat QO, 


(6.106) 


we obtain: 


dix tia vy tbr 
ax = km or 3? “ii f kar Kae (6.107) 


We must now substitute expression (6.104) and (6.107) in 
equations (6.101). Before doing this we can simplify expression 
(6.104) for the variation of the moment. To begin with we may ignore 
the variation an" of the moment a", which corrects for the action of 
the horizontal component of the gravitational field. Further, 
turning to the first equality (6.91), we find that 


dae F ba (Pye bE Sub P20): (6.108) 


On the right side of this expression we can ignore the product 
of Sa times the sum of the first and second terms in parentheses, 





since this product is of the second order of smallness. With the 
same level of accuracy we can set 


a 


um (6.109) 


3 —- , 


Then 

OM = da x (— Hay --m OF ; 
i (6.110) 
Substituting here expression (6.105) for $a, we obtain the formula 


OM == mk ov x (420 Fir) (6.111) 


Let us now substitute expressions (6.111) and (6.107) in 
equations (6.101). After combining and grouping terms using the 
first equality (6.103) we obtain: 


be x (SAE 4 Bt) ooo, (6.112) 


This equation is a vector equation describing the oscillations of 
the 2 axis of a gyroscopic-pendulumsystem satisfying the generalized 
Schuler conditions (6.93), (6.95) and (6.100) about its position of 
relative equilibrium. 


To obtain the scaler form of these equations, we must substitute 
into (6.112) the expressions for Y and 6r from equality (6.103) and 
project the resulting vector relation on the Xo and Yo axes. In 
doing this we must take into account the equalities 


a Xo =O, =f. Ky" = 0, + oO. 
dz, de, = 
sar Sette BF NEO, 4-4, Os 
2 = ; (6.113) 
in which tye wy and Ww, designate the projections of the absolute 
0 0 0 





angular velocity of trihedron Xg¥g%q on its axes. 


Performing the indicated transformations, after obvious simpli- 
fications and groupings of terms, we arrive at the equations: 
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br + (8 — 02, — of )dx + @a,00,, —0, Joy — 
Boy AY} (402, AZ $20,023 = 0, 

: Oy + (Fs 95, oF) ay Ean, 1, + 

4- Qu, bx + (0, — o,) bz — Qa, d2 220, 


bx? + dy? + 27-4 2 bz = 0. (6.114) 


If in equations (6.114) we retain only terms which are linear 
in 6x, 6y and 62, then, according to the third equality (6.114), 
6z = 0, and in the first two equations (6.114) the last two terms 
drop out. Equations then take the form: 


ax ¢ (% 7-8 — vo?) ds + (0,0, — o,) dy — Qa, d y= 0, 


OF 4 (Fe —o2, eh) EE, ia, he tte, di 0. een 


§6.4. The Analogy Between Gyroscopic-Pendulum Systems and Inertial 
Systems with Two Newtonometers 


At the beginning of the preceding section it was stated that, 
from the point of view of final results, Schuler pvendu’um systems 
are analogous to inertial systems using two newtonometers. Both 
types of systems permit determination of the bearing to the center 
of the earth at the current position of the object, i.e., the vertical 
at this point. 


Now that the equations describing the perturbed motion of 
Schuler gyroscopic-pendulumsystems have been compiled, we can see 
that this analogy reaches much further. 


Let uS compare the first group of the error equations for an 
inertial system with two newtonometers and the equations describing 
the perturbed motion of a Schuler pendulum system about its position 
of relative equilibriun. 


Let us begin with equations valid to a first approximation. For 
the general case of pendulum systems, these will be equations (6.115), 


for a compound pendulum, equations (6.67), and for an inertial system 





° 





with two horizontally oriented newtonometers, equations (6.27). 

It is evident that the homogeneous equations (6.27) and equations 
(6.115) coincide fully. It remains to be demonstrated that equations 
(6.67) for a compound pendulum are also equivalent to equations 
(6.27) or the homogeneous equation (6.115). To do this it is suffi- 
cient to perform the following change of variables in (6.67): 


aici dy == — ryt. (6.116) 


Since in equations (6.67) Xo is constant, this substitution 
immediately reduces them to equations (6.27) and (6.115). 


Let us now compare equations (6.114) and (6.76) with equations 
(6.31). Equations (6.114) are exact equations for the natural oscillations 
of a Schuler pendulvm system under conditions of arbitrary motion of 
its point of support and under the assumption that the earth's gravi- 
tational field is spherical. Equations (6.31) are exact error 
equations derived under the same assumptions for an inertial system 
with two newtonometers. Equations (6.114) and the homogeneous equa- 
tions (6.31) fully coincide. Since (6.114) describe the natural vi- 
brations of an arbitrary gyroscopic-pendulum system about its position 
of relative equilibrium, they clearly also encompass equations (6.76) for 
the oscillations of a compound pendulum. It is therefore clear that 
equations (6.76) are also equivalent to the homogeneous equations 
(6.31). To demonstrate directly that this is the case, it is suffi- 
cient to perform the following change of variables in equation (6.31): 


Ax rocosusinf, dys — rasina, 
Oz = ry(cusacosf—- 1), 


(6.117) 
the geometrical significance of which is obvious. After 
solvina for dcos8 and ie the homogeneous equations (6.31) reduce 
to equations (6.76). 





It was noted above that equations (6.114) and (6.31) are exact 
equations if the earth's gravitational field is considered to be 
spherical. The significance of this remark is as follows. Equations 
(6.31) and (6.114) were derived for a non-spherical gravitational field. 
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Later, however, variations of the non-spherical component of the 
gravitational field strength were disregarded on the basis of their 
smallness. The disregarding of these terms has the same character 
in each case. It can be shown that retention of the variation of 
the non-spherical component of the gravitational field in equations 
(6.31) and (6.114) leads to the appearance in these equations of 
additional terms which are totally identical, such that the analogy 
between pendulum systems and inertial systems with two newtonometers 
according to the error equations remains complete in this case as 
well. 


The comparison was made above between the equations describing the 
natural oscillations of pendulum systems and the homogeneous error equa- 
tions of an inertial system. This comparison is the only one which has 
significance. If we take into account the instrument errors of 
pendulum ibaa ona the right sides of equations (6.67), (6.76), 
(6.114) and (6.115) assume a form which differs from that of the 
right sides of equations (6.27) and (6.31), since the sources of 
error are different. It is useful to recall in this regard that the 
right sides of equations (6.27) and (6.31) are also to a certain 
degree conditional, since they contain only the instrument errors 
of the sensing elements. 


We further note the following. Equations (6.114) and (6.115), ‘ 
and equations (6.27) and (6.31), characterize the errors éy in the 
determination of the vertical (the direction to the center of the 
earth) at the current location of the object, since in both cases the 
error in the modulus |r| is assumed equal to zero. This is especially 
clear from equations (6.67) and (6.76) for the motion of a physical 
pendulum, in which a and 8 are the angles of the deviation of its 
z axis from the direction to the center of the earth. In §4.5 it 
was also shown that the angles Bs and . of the deviation of the 
z axis of the platform of an inertial system are related to the 


errors 6x and dy by the equalities 


~ #0, =zdy, ny “= bx, 


(6.118) 





which are fully analogous to equalities (6.116). 













Equations (6.27) and (6.31) are only the first group of the 
error equations. There is in addition to them a second group 
characterizing the errors in the orientation of the gyroscopes of 

the system. Thus, the total errors in the determination of the 
coordinates consist of the errors in the determination of the vertical 
and of gyroscope errors (drifts). 


It has already been noted that a single pendulum system is 
insufficient for the determination of the coordinates of the object. 
This requires that gyroscopes be added to the pendulum system. The 
angles formed by the vertical (the z axis of the pendulum system) 
and the fixed axes of the gyroscopes will define the coordinates. 
Consequently, the total coordinate errors will contain the errors in 
the orientation of the gyroscopes, i.e., the same second group of 
the error equations. A pendulum system without gyroscopes cannot 
determine a reference bearing in the plane of the horizontal, for 
example, the meridian. A gyroscopic-pendulum system can do this. 

An example of a system of this sort is the pitch control qgyrocompass. 
In this case, the error in the determination of the bearing to the 
north will be determined by the gyroscope and vertical errors, 1] 
as in the case of an inertial system using newtonometers. 















The ‘above discussion implies a complete dynamic analogy between 
a navigation system based on a Schuler gyroscopic-pendulun system 
and an inertial system using two newtonometers. These systems are 
theoretically equivalent. Indeed, although the pendulum system 
does not contain newtonometers as such, the pendulum itself, the 
axis of which coincides with the direction to the center of the 






earth, is a two-component newtonometer measuring horizontal accel- 
erations. Integration is also effected by the pendulum system itself 
as a result of its motion, since motion represents the integration 

of the differential equations which describe it. 








§6.5. Analysis of the Error Equations of Two-Newtonometer Systems 











6.5.1. General properties. Analysis of stability. As has 
already been noted, the second group of error equations for two- 


newtonometer systems is the same as for three-newtonometer systems, 
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and therefore the results obtained in §5.2 are valid here also. 


The problem reduces, consequently, to analysis of the first 
group of the error equations, i.e., equations (6.31), in which r is 


to be substituted for ror considering r to be given by equalities 
(6.4). They then take the form: 


art (Hed) act (oe, —inday — 
— Deo, AY + (yt, 4-0, AZ $20, 82 <r 
7 An, —Am,y—«, Amr —w, Am,y, 
85+ (f5 —o) —o8) AY +(e, de + 
+ 20, A2 + (,0, — (,)02 — 20, O2 == 
az An, 4-Am,r —o, Amr —w, Antyr, 


dx? dy $4224 2r hz 20. (6.119) 


To a first approximation these equations reduce, as 


las already 
been noted, to the equations 


ox 4- ( 5 —W — 3) bx + (0,0, — “) Ay — 
— 20, dy = An, —Amr 0, Ame — 0, Amy, 
dy 4 (5 — oF - - ww?) Ay 4 (0,0, —,)dx +4 


“+ fm, bx == Any 4 Arte to, Amr —o, Amyr. 


(6.120) 


Equations (6.119) and (6.120) retain their form under rotation 
of trihedron xyz through an arbitrary angle § about the 2 axis, i.e., 
allow a group of rotations about this axis.? This property derives 
directly from the fact that equations (6.119) and (6.120) describe 


the deviation of the z axis of the platform of the inertial system 


from the direction to the center of the earth. This may also be 


demonstrated directly by performing the change of variables 


Av --be'cosd — ay’ sind, 
by = Ac' sind fF by’ cos 0, 
ds = 62’ 


(6.121) 
and simultaneously ccnverting from the projections w_, w, Wor 

Amys AM. Am. Any Any of the vectors O, Am, and An on the xyz 
axes to the projections Wees Wyre pee AM. AM, s+ Amu AN). and 
Any: of these vectors on the x', y', z' axes, rotated relative to 


the x, y, 2 axes through an angle 3 about the z axis. The formulas 
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for the conversion from the projections We Wye Am, Am An, and 


An, to the projections Wor, Woe Amis Am, Anes and Ans are 


x Y Y 
analogous to formulas (6.121) for the conversion from 6x and dy to 


6x' and Sy'. The conversion from uy and Am, to Wor and Amos 
respectively, is given by the relations 
w, =20, + 6, Amy = Amy. (6. 122) 


This property of equations (6.119) and (6.120) permits selection 
of the orientation of the xyz trihedron relative to the points of 
the compass in such a way as to facilitate the analysis as much as 
possible. 


The most interesting of the possible orientations of this 
trihedron is the azimuth-free trihedron, for which 


(6.123) 


Ome — to, HAWG, EEO. 


For example, conversion to this trihedron causés equation (6.120) 
to reduce to the following equations: 


bx’ +- (5 - on, Jax’ 4 00.09, By! 3 


= Any — Ant,: r—wo, Amr, 
by’ + (* _ of. )ay" Jt 1, .09,, bc’ = 
=Mty 4 Amer — oy Amr. (6.124) 


These equations are obtained, clearly, from equations (6.120), 
if in the latter uw, = 0. Equations (6.124) are distinguished by 
the absence in them of the projection Wye which can be large even 
for small velocities of the object over the surface of the earth. 
The quantities uy and w., are related to the horizontal projections 


Vv and Vy of the velocity of the object by the equalities 


x! 


Uy HBO, Uy Tz — Hy: 


(6.125) 
and as a result are always bounded. This permits the use of approxi- 


mation methods in solving equations (6.124). 





In the general case of arbitrary motion on the surface of the 
earth, equations (6.119), (6.120) and (6.124) are equations with 
variable coefficients and their analysis entails insuperable diffi- 
culties. Let us consider, for example, motion along the equator. 
If the x axis is directed along the equator, then oy 2 UE F 0 and 
the homogeneous equations (6.120) take the form: 


» ox (i 2 wn) dx =. 0, 


ai a oa -= 
hae (6.126) 


For special selection of the range of w(t), the first equation 
(6.126) can be reduced, for example, to the Mathieu-Hill equation?4 
In the case of more general motion the equations can, of course, be 
even more complex. 


It is possible to fully analyze equations (6.119) and (6.120) 
only for the case of motion at a constant velocity Yo along a parallel 1 
of latitude, for which the coefficients of these equations may be con- 
sidered as constant. Indeed, if the xyz trihedron is oriented to 
the points of the compass, with the y axis, for example, directed 
toward the north, 


v, 
O, 0, my, wos qf ood = coast, | 


Ms " 
s pf 2 0 =e 
oO, = us ing 7 te t= const, sy 2 , == const, 


; ; (6.127) 
and the coefficients of equations (6.119) and (6.120) in fact become 
constant. 


Let us analyze the stability of a two-newtonometer inertial 


system. To do this we will begin by using the first-approximation 
equations (6.120). These equations are linear. For motion at 
constant velocity along a parallel, they take the form: 


ae t (% cy tae ted y 
An, ~ \iye Amt o,e, | 
ty t (% ) Sy -f fu, ox 


= An, { Amr tay Ame Natyer, | 


(6.128) 





Here the coefficients are constant. 


The characteristic equation of the homogeneous system (6.128) 


is the biquadratic equation 


P+ PRU) +-2ui) + (oh--4) (ww of) == 0. (6.129) 


For the motion to be stable (of course, only non-asymptotic 
stability is being considered here), it is necessary that the roots 
of the characteristic equation (6.129) be zero or purely imaginary. 
For this it is necessary that the roots of the quadratic equation 

? +9 (205 — 0 + 2uy?) + (}—0) 0} — 0? — oF) — (6.130) 
be real and non-positive. This, in turn, will be the case if the 
discriminant A of equation (6.130) is non-positive: 


4 
As 23 er) ioe 4onoo? <0, 


; (6.131) 
at the same time that it's coefficients are non-negative: 
2u3 — w? + 2u} > 0, 
(8-9) (44 4) — 0) >0. 
(6.132) 


Let us consider the plane of the parameters w? and we (Figure 
6.3). It follows from equalities (6.132) that the first coefficient 
of equations (6.130) is positive above the line 


te aie 
A vv > (6.133) 


and equal to zero on this line. 


The second coefficient is positive above the line 


gael (6.134) 
beneath the line 
elo - 0 : (6.135) 


and equal to zero on these lines. 


ne 


The equality (6.131) divides the plane of parameters Wy and we 
into three regions. The curve forming the boundaries of these 
regions is the hyperbola 


wt 


ow? os —-,-7_. , (6.136) 
: 8(, oni) 


The asymptotes of the hyperbola are the lines 


& 
oF c= Quy, uw = +p. (6. 137) 


One of the branches of the hyperbola passes through the point 
(.. = 0, ws = 0) and lies in the lower half-plane. The second branch 





Figure 6.3 


lies entirely in the upper half-plane and is tangent to the line 
ws = W6 at the point where 


Wo de (6.138) 


The discriminant (6.131) of equations (6.130) is non-positive 
in the region between the branches of the hyperbola. 
2 


that, in view of the fact that w? and w, are positive, we are interested 


only in the first quadrant of the wu? -- ws plane, we arrive at the 


conclusion that the motion defined by equation (6.128) can be stable 
only in two regions. 


Considering 


Region 1 (F:gure 6.3) is bounded by the lines 
oF <3 0, o2 == 0, wf - w} — 0} =0 


(6.139) 
and is defined by the inequality: 
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(6.140) 
Region 2 is bounded by the lines 
7 = 
Ee Sire (6.141) 
and by part. of the upper branch of the hyperbola between the points 
(205, ©) and (4u6, wo). 


Within these regions the roots of the characteristic equation 
(6.129) are purely imaginary. 


At the boundaries of the regions of stability at the point 


(uy, a 0, we = 0), 
Pir = Page F fy, (6.142) 
i.e., two double imaginary roots appear. 
On the section of line wi = 0 between the points 
, 
=o, dimeek (6.143) 
we obtain: 
i= + fuy, Py 4> +f Veh oi, 
(6.144) 
i.e., distinct imaginary roots. ; 
At the point f 
wt = 0, tol == of (6.145) 
we obtain: 
Past dy Pg 
(6.146) 
i.e., a double zero rcot appears. 
On the line segment 
WO, O< ad < af (6.147) 
we haves: ‘ 
Prrrares ES (my £ a), 
— 3 (6.148) 
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i.e., here, as on segment (6.143), the roots are imaginary and 


distinct. 


At the point 
a == 0, a? = Cy 
the rocts are the following: 


M29, Pra tJ, 


i.e., another double zero root. 


Further, on the line 


0} — oF — wi = 0 


between the points (0, ug) and (woe 0), we obtain: 


rae 0. Pa .= zy V aur - Suh, 


(6.149) 


(6.150) 


(6.151) 


(6.152) 


i.e., a double zero root and two imaginary conjugate roots. 


Let us now consider the half line 


Prrsc= F/O, F 0), 


i.e., all of the roots are distinct. 


On the segment 
osu, O< a? < And, 
we have: 
M20 py ts Vig. 
At the point 
whsre, ws de, 
clearly, 


Pia =O, 


i.e., a quadruple zero root. 


(6.153) 


(6.154) 


(6.155) 


(6.156) 


(6.157) 


(6.158) 











Finally, on the section of the hyperbola where 

20) <0? < deo}, (6.159) 
the discriminant (6.131) of equation (6.130) is, equal to zero, 
and therefore 


(6.160) 
i.e., two double imaginary roots appear here. 


In all cases in which multiple roots appear it is necessary to 
check whether the elementary divisors of the characteristic matrix 
of system (6.128) remain linear. 


Using the normal procedure for finding the elementary divisors 
of a characteristic matrix, "we arrive at the following results. 


The portion of the boundaries of the region of stability formed 
by the lines w? = 0 and w? = 0 with the exception of the point 
(wy, = wo we = 0), is included in the region of stability, since 
linear elementary divisors correspond to the multiple roots. 


The boundaries by the hyperbola, the straight line w, = WA 

with the exception of point (0, wo) and the straight line 

Wy 7 Wy, ~ wi = 0, with the exception of the same point, do not fall 
within the region of stability. On the hyperbola the multiple roots 
(6.1€0) correspond to second-degree elementary divisors of the char- 
acteristic matrix; on the line we = Wo. the null root (6.156) 
corresponds to second-degree elementary divisors; on the line 

W9 - wy - we = 0 there is also a double zero root with second-degree 
elementary divisors. At the point (4u5, wg) the quadruple zero root 


corresponds to second-degree clementary divisors. 


In analyzing the stability of the system according to equations 
(6.128), it is possible to avoid analysis of the characteristic 
equation and the characteristic matrix by making use of the fact 
that equations (6.128) may be regarded as equations describing two- 


dimensional motion in the vicinity of the equilibrium position 











6x = 0 and dy = 0 of a mechanical system under the influence of 


potential and gyroscopic forces. 


In this case the force function will have the form: 


U = — 4 [(08 08 — 08) (049 + (08 — 0)? (6.161) 


The gyroscopic forces may be represented by the expressions 


—- Qu, dy, 2u, bx. (6.162) 


If we discard the gyroscopic forces in the homogeneous system 
(6.128), only potential forces will remain.* For equilibrium 
stability under the influence of only potential forces, the force 
function (6.161) should have a maximum at the equilibrium point. 


In this case a maximum will occur, clearly, if 


w ~~ at > 0, (6.163) 
If this condition is satisfied, the system is stable even with 
the addition of gyroscopic forces, as follows from the well-known 


Kelvin theorem. 


Comparison of inequality (6.163) with the results obtained 
previously from direct analysis of the characteristic equation (6.129) 
shows that condition (6.163) is only one of the two regions of 
stability found from analysis of the characteristic equation. 





The second region appears as a result of the gyroscopic forces 
(6.162). 


The following statement is valid: if the degree of instability 
of a system under the influence only of potential forces is even, 
then the introduction of appropriate gyroscopic forces may render the 


system stable. 
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If the system in question is unstable under the influence of 
potential forces, the inverse inequality 


%— oF <0. (6.164) 
is valid in place of inequality (6.163). 


The degree of instability must be even if, in addition to 
condition (6.164), the equality 


0} — oF — 07 <0. (6.165) 


obtains. 


But the second region of stability obtained as a result of 
analysis of the characteristic equation, satisfies, in addition to 
the other conditions, inequality (6.165). This shows that it appears 
as a result of the gyroscopic forces. 


The above stability analysis was carried out on the basis of 
equations (6.120). These, however, are linearized first approxi- 
mations. The characteristic equation has zero or purely imaginary 
roots in the regions of stability obtained as a result of this 
analysis. Therefore, we cannot draw any final conclusions with 
regard to stability on the basis of this first approximation. The 
conditions of stability obtained from these equations are only 
necessary conditions. To obtain the sufficient conditions, we must 
analyze the exact equations (6.119). 


Here we can use the analogy with Sthuler's compound pendulum, 
i.e., we can analyze, instead of the homogeneous equation (6.119), 
equations (6.76), which for the case of motion of an object along a 
parallel, take the form: 

acosf - af sinp {- 
+4- (ery, SING COSA — o,, COS a COsf) + 
+ [03 — «8 (1—cosacos A) 0) cosa cas p] sina + 
+ 6,04, (Sin? a cos fi — cos? cos fi $+ cosa) = 0, 
f+-atsinficosp — Qu (v,, sinacos?f — 
= ©, cosucos?f) 4 (oj — to} cos acosf— w?) x. 
% sinficosa — oF stata sinficosfi-} 


+ oo, (2 cosacosfi— I)sinasinfi 0, 


(6.166) 











Equations (6.166) have a first integral -- the energy integral. 
To obtain it it is sufficient to multiple the first equation (6.166) 
by 8, the second by acos8, and then to add them. Integration of the 
sum yields: 


V © (acosp)? 4. f? — 2m’ cos acos f-}- 
+ wy cos?acos?f-+4r (sin?acos?f +-2 cosacos f)+ 
+ 2u,,00,, (sina cos f — sina cosa cos? B) = const. 


(6.167) 


The function 


= (6.168) 


may be taken as a Lyapunov function for purposes of analysis of the 
tability of the position of relative equilibrium. 


Expanding the function W in a series of powers of a, B, a and 6, 
we find that the expansion begins with the quadratic terms: 


Wamu? ¢ f+ aP(us - Of) + BQWj— OR w+ (6.169) 


The quadratic form on the right side of this equality, and also, 
therefore, the function W, will be positively defined if the Sawai son”* 


wv - 0 — wr > 0, (6.170) 


is fulfilled. 


At the same time the total time-derivative of the function W is 
equal to zero by virtue of equations (6.166). Ther«fore, conditions 
(6.170) will be, according to tne well-known Lyapunov theorem, a 
sufficient condition of stability. 


Condition (6.170) coincides with condition (6.140) and (6.163). 
In the plane of the parameters ws and Wye the area defined by 
condition (6.170) coincides with the first region of stability 


obtained from analysis of the characteristic equation (6.129). The 











second region cannot be obtained from stability analysis on the 

basis of the Lyapunov function and the energy integral. The 
appearance of this region is associated, as was noted above, with 
gyroscopic forces which do not enter into the energy integral, since, 
according to the definition of gyroscopic forces, they do not perform 
work over real displacements. 


Let us compare the results of the stability analysis of the two- 
newtonometer system with the results of the analysis of the three~ 
newtonometer system performed in §5.3. 


Stability of a three-newtonometer system for motion along a 
parallel requires that the following conditions be satisfied: 


0 — w om <0, 


Quid — ot | « ‘> 0. (6.171) 


The first of these conditions excludes a region of the w?2 -- we 
piane which is important for certain applications (region 1 in 
Figure 6.3). The fulfillment of condition (6.171) renders stability 
attainable only by means of gyroscopic forces. 


The two-newtonometer system is stable in the region 


2 2 
03 - “i wr > 0, 


(6.172) 
and stability is guaranteed here by potential forces. }* This system 
also has a second region of stability, in which stabilization is 
guaranteed by gyroscopic forces. 


It is necessary in this regard to note the following. It is 
well known?’ that if a system under the influence of potential forces 
is unstable, and its stability (for an even degree of instability) 
ity yuaranteed by gyroscopic forces, then the resulting stability is 
disturbed by forces of overall internal dissipation. This stability 
nas, therefore, an intermittent character, as distinct from stabili-~ 
zation by potential forces, for which stabilization has a permanent 





character. In the latter case the presence of forces of overall 
internal dissipation results in increased stability. 


The introduction of forces of overall internal dissipation into 
the error equations (5.121) of a three-newtonometer system therefore 
‘estroys the region of stability characterized by (6.171), and the 
ntroduction of dissipation into equations (6.120) results in the 
estruction of the second region of stability of the two-newtonometer 
ystem. To demonstrate this we may use the Hurwitz Saieerias or 
he direct Lyapunov methods, taking as the Lyapunov function the 
‘nergy integral and introducing a dissipation function into the 
analysis. 


On the basis of the fact that energy-dissipating forces act on 
a particle system over any real displacement, regions of stability, 
in which stabilization is guaranteed by gyroscopic forces, are some- 
times ignored. It is necessary here to keep in mind, however, that 
for small dissipative forces and limited system operating time, the 
process of the disruption of gyroscopic stability may not be able 
to develop. 


6.5.2. Solution of the second group of error equations for the 


case of motion of an object along a parallel. Let us solve the error 
equations of the first group for motion along a parallel, i.e., equa- 


tions (6.128), in which the coefficients are given by relations (6.127). 
If the condition 
« oF —m>0 


is satisfied, the characteristic equation (6.129) of system (6.128) 
has two pairs of purely imaginary conjugate roots: 


Pareto pets. (6.173) 


where 
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wats 


a 
wn{— For ber 


+ / (3-1 sal (0 -«) (Sa —w)}) \" : 


ow? 
v= Sa 0? -f ot — 


a / (o — 0 08) — (ui 0) (d= 0? 02) (6.174) 


The following functions, therefore, constitute the general 


solution to the homogeneous equations (6.128): 


£ (yu cos vf —- avcus if) + 
+ ee (n stunt —~ vsingif) + 
tye (0 sinvé — asin gel) + 


abc, , 
+ thas (cos pif —~ cos vt), 





oe =F, 








dy = wont sinvé — vsingit) + 


+ now (bv cos pil — ay cos Vf) + 


+7 on (cos jul —cos vt) ++ 


= £, (0 sin of —a@ sinvt). (6.175) 


may 








Here Cy. Coe C3 and C, are arbitrary constants corresponding 
to éx°, dy, 6x°, 6y°. The quantities a and b are expressed in terms 
of the moduli (6.174) of the roots of the characteristic equation 
and the coefficients of the initial system (6.128): 


2 2 2 2 2 2 
fy > 05 It a, —- @, — Vv 
‘= =: (6.176) 


The solution to the non-homogeneous system (6.128) may be 
obtained from formulas (6.175) by varying the arbitrary constants 
Cy, Co, C3 and Cy: It has the following form: 


t 
bx = f { et t-a singa(t—1) fbsinv(f—I+ 
: } 


4 EO osnee— 9 — ese =m} ae 


fue 
+ by — av 
4 ft (bsinvé — asingat)-+ 
év—ay 
-+ a (a sinvé — vsingit) -{- 
4- a. {cos if — cos vf), 





(bcos vi — avcosil) + 


(6.177) 
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io ft LE feos net — 9 — coset — + 


+ SSS sium e—)—asinve— yy} deg 


by? 
+ a if — ay cos vt) 4+ 
tia 
+>; a 


gy (4 sin wl — a sin vty 4+ 


= Fa ay (He sinvé — vsin git) 4+ 
+ a (cos nt — cos vf), 
6.177) 
where f, and f£,. denote the right sides of equations (6.128), such 
1 2 
that 


f,uda, — Ayr - Amor, 


Igo An, + Amn,e — Amn tye — Amyere, 


(6.178) 


Tf w, = 0, as, for example, in the case of motion along the 
equator, then, according to relations (6.173) and (6.174), 


t=, ves Vor = wi 5 


(6.179) 
Noting that,according to equalities (6.176) 
ee Ee eee, (6.180) 


by passage to the limit in formulas (6.177) we obtain in this case 
the following expressions for &x and éy: 


bx == dx%cos Vora ue 4 
abe Ami 


— aph sin |g on t+ 
Vd — 0! 


+ 
- 
t 
tale —— ( Aq, (icin oe oF (fads - 
Vedoey is 
t 
-r J my ceos Vy Sire pdt, 
o 


ay" <7 Ami, 
by ==: Ay? cos on fp ————— sin end +4 
™ 


4 
4 L f (oe Ama r)sinoy(t— de. 
“ 
t 


’ i Am, (t)cos oy (f-— dt. 
v 
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For constant Any, oP, Am, Am, and Am. formulas (6.181) 
reduce after intergration to the following expressions for 6x and 6éy: 


bem ig + (te — ova a Tt 4 


+ vor" Va—we, 
+ 


da, —ayr Am, 


M% 
= As, —wyr Am, aye 
+(" =a Jost +2 sinaye (6.182) 


by = 


Finally, if the object is fixed in the 01 Fale se coordinate 
ystem, then wy = 0. It then follows from expressions (6.191) that 


0 
Ox =a Ox? cos ut + Sty sinayt t 
t 
+E / An, (t)sinay(t— dt — 


t 
-r J Am, (1) coswy(t — td, 


byo— a o 
by a Oy? 05 oof + AE stay + 


t 
+3) An, (1) sInuy (¢ — de + 
t. 
+6 f Amsccosoye— yar, 
(6.183) 
and for constant instrument errors we correspondingly obtain: 


Ae 


éx == Ans - (= ='4 
yy . 


u 


Jensev {- ou. sin f, | 
y 


A A aye 
by: a { (»” “ees wt 4 = sn 


“) 


(6.184) 
If ay, = 0, but w, # 0, equations (6.182) reduce by the change 
variables (6.121) to the form which they have when “= 0. 


Although the exact solution (6.177) to equations (6.128) for 
the case of motion along an arbitrary parallel can be inspected, it 
is extremely unvieldy. If we assume that 


wae (6.185) 








we can obtain a simpler approximate solution to equations (6.128) 
which is analogous to the solution to equations (5.121) obtained 
in §5.3. 


Performing in equations (6.128) the change of variables (6.121), 
‘-e obtain the system (6.142). Since it follows from conditions (6.185) 


« 
2a G7 Spe ant. tes fy 
Qo, opal, aD }o,%)|- 


(6.186) 
e may consider the following equations as a first approximation: 


=r aqrer 5 
be! for’ = An, — Ame 0, MMT, 


by’ feady!o An} Amp sey, Aare. (6.187) 


We note that the use of equations (6.187) as a first approxi- 


mation is also possible for arbitrary motion, for which w,, Wy, and 
Ww, are not constant, but rather functions of time. This requires 


only that conditions (6.186), which apply also to variable Wye Wye 


and w be satisfied. This is an especially useful possibility, 


A 
because, for motion on the surface of the earth or in the immediate 
vicinity of its surface, velocities are generally low. 


If f; and £5 designate the right sides of equation (6.187), 
the solution to these equations may be obtained in the form 


’ 
bx! = i J, (dslnw, (tf — tdt+ 
u 


$ bx” cosmys + sinayf, 
e 


- 


by’: <- ! SC) sino (t — ydey- 
+ by cos nyt + we sineyf, (6. 188) 
According to equalities (6.121), here 
Be% = he, by = by”, 
AROS AAM- | Ayla, by’? = Ay — Avy (6.189) 


Now converting back from 6x‘ ance éy' to 6x and Sy, we obtain 
the following approximate solutions to equations (6.128) for the 
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case of motion of an object at constant velocity along a parallel: 


: + fa(t) sine, (f — 1)] sina (t — dt + 
(Ax cos wf -+ dy” sina,f) Os tat + 
+ é ((0x°-} dy'en,) cos 0,0 4 
$ (ay? — Ox", ) sint0,f] sineyt, 


t 
| deg J Micron 9+ 


f 
by = 4 J i AQsho,(f— 0+ 
+ fa(r) conn, (f — dD) sing (t — dt + 
| + (— de’sina,t + Ay? cosw,f) cosuyt -f 
ae a I- (oi + ay'u,) sino + 
+(by’ — dx%w,) ces o,f sin uf. 


(6.190) 


| We will show that formulas (6.190) may be obtained by direct 

| simplification of the exact solution (6.177) to equations (6.128). 

| Without loss of generality we may here limit ourselves to the case of 
an object which is motionless relative to the earth, for which 


| Qy = UCOS %, tr, == te SIG, (6. 191) 
For @ = 0, i.e., on the equator, equations (6.128) split: 


! *Bgy v= 05 - ur The corresponding solution is obtained from 
relations (6.177) by passage to the limit, since 









lima=0, hnb=co. 


om, ae (6.192) 





For 9 = 1/2, i.e., at a pole, 


(bath -f- tr, Vsoy «a, 
by — av == bv --ap-= 2m, a= -1, b=), 





(6.193) 


Expansion of expressions (6.174) for wy and v in powers of 
u/ 7 gives: 


Fe ee 
Ht, vera] Sa 5 
¥( ce 


4 oWita ta. Whoa eee =~ 
t wed Vetcustee — Sates Geos’ yf One Sinee, 





(6.194) 


The second term under the radical is small relative to the 
sum of the first and third, since 





{ Qu? sind cost ge pa One 
max! =7--3- | es. 
| wu? cost y -f- 1G ysleey 1d 


(6.195) 
his maximum is reached at 


wenn. (6.196) 
The first term of the expression under the radical influences 
he magnitude of the root only when the object is in the immediate 
‘icinity of the equator, where equations (6.128), split. It is 
therefore possible to retain only the last term under the radical, 
after which, and also having disregarded the second term in paren- 
theses before the radical, we obtain: 


ny Vee, Dawe, (6.197) 


If we now substitute these expressions for yp and v into 
equalities (6.176) and then into solution (6.177) and retain only 
the first terms of the expansions of the coefficients of solution 
(6.177) in powers of u/uge we obtain expressions for 6x and Sy which 
ciffer from solutions (6.190) only in that, u sin » will replace 


z’ as required. 





To conclude our analysis of motion along a parallel, we will 
cite out the approximate solution (6.190) for constant instrument 
« trors, for which, according to equalities (6.178), 


Sy An, — Amor, 
h= An, — Am gae Anita, 


(6.198) 


To simplify the formulas we will assume that, in addition to 


inequality (6.185), the condition w?>>w? is satisfied. Then 
0 z 
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Ox = eer (I cos af cos o,f) — 
%y 


: SaaS Ser cases sinw,f -- 
a Ae cos ual cos.ia,f 4-9? COS ayl sln engl + 
a ae slnuyf coset 4 2 sinuyf sinea,t, 

by= a Cos of $11 t,f -F 


Afy — Ampyr — Amour 
——__> 


+ (1 —cosmy cos, -f- 


v 
+f dy cosuryl cosia,f — Ac? coseytsina,t + 
ye bx 
+ “ sin ays cost — as sina! sina,e. 


(6.199) 


6.5.3. The relation between inertial system errors and instrument 
errors and errors in initial conditions. The only difference between 


the error equations of two-newtonometer inertial systems for the case 
of motion on the surface of the earth and the error equations of 
three-newtonometer systems for arbitrary motion lies in the error 
equations of the first group. Specifically, in place of equations 
(5.1), equations (6.27) or (6.31) were obtained. The remaining error 
equations are the same. Therefore, the difference in the dependency 
of the total errors in the determination of coordinates and errors 

in the orientation parameters on instrument errors and errors in the 
initial conditions occurs in these two cases only as a result of 
different solutions to the first group of error equations. We may 
therefore confine ourselves here to comparison of the solutions to 
the first group of the error equations. 


Equations (5.1) indicate the instability of the three-newtonometer 
system, at least in the practically important region 


Among the roots of the characteristic equation of system (5.1) for 
motion along a parallel, there is a positive root which is, at low 
velocities, close to the value gV2. As a result the errors 6x, 

éy and 62 grow exponentially, rapidly moving away from the initial 
values. The numerical evaluations carried out in §5.6 indicate that 
Maintenance of a level of accuracy comparable with that of the initial 
conditions is possible here only for a period of 10--15 min from the 
time at which the system begins operating. 
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In the case of the two-newtonometer system the problem of 
stability is solved much more easily. The region 


w : - “18 ~ a2 20 


emerges here as the region of stability. Within this region the 
roots of the characteristic equation of system (6.27) are purely 


imaginary. At low velocities they are close to tig. The errors 


6x and 6y therefore have an oscillatory character. There are no 
exponentially increasing terms in them. 





Thus, in the two-newtonometer system the most unacceptable errors 
for extended operation are those deriving from the solutions to the 
second group of equations, i.e., those associated with the gyroscope 
yrand Am, . These errors lead to the appearance of 
components of the total errors in the determination of coordinates 
which grow linearly with time. Errors ir. the initia} conditions lead 
only to harmonic oscillations. The instrument erreys in the newtono- 
meters are integrable with the weiyhts sin Wy (t - Tt), cos We (t - Tt), and 
for constant values of the newtonometer instrument errors lead to 
harmonic oscillations in the errors in the determination of the 
coordinates about certain constant average values of these errors. 


errors Amys Am 


We will limit ourselves here to the above remarks. A detailed 
analysis of the difference between two- and three-newtonometer systems 
may be performed by direct term-wise comparison of the solutions to 
equations (5.1) obtained in §5.3, and the solutions to equations 
(6.27) obtained in §€.5.2. 


§6.6. Analysis of the Error Equations of Three-Newtonometer Systems 


6.6.1. General properties. Stability. Let us consider the first 


group of error equations for a system with three arbitrarily oriented 
newtonome'ters, using in the ideal equations, for the case of motion 

on the surface of the earth, relation (6.4) between r and the latitude | 
» for the formation of the quantity w/r’. i 


It was shown in §6.2 that the error equations (6.14) are in this 


case equivalent to the vector equation (6.13) 








aim 


tT 
SE + ode = An — 2Am x “ex SR. 


(6.200) 
in which the differentiation is performed in the OLE aNels coordinate 
system, and W6 may be considered constant for motion on the surface 


of the earth. 


The simplest form of the scaler equations corresponding to the 
vector equations (6.200) is obtained by projecting it on the £,, ny, 
Ce axes: 4 


Bb, ejay, Aa, — 2m, f,— Am, a) + 
+n,Am, —t,Am,. 
dn, + ojn, <= An, — 2m. ¢,— Am £) + 
+0Am, — dm, 
b+ vio, = An, —2 (Amn, —Am,},) + 
+t 4m, —n, Am, . | 
(6.201) 


The left sides of equations (6.201) represent harmonic oscilla- 
tions. Non-asynptotic stability is, therefore, obvious here. The 
os i.e., for 
the case of arbitrary motion on the surface of the earth, also follows 
from equations (6.201). 


stability of equations (6.14) for arbitrary Wye Wy, and w 


If Wye Wy and We in equations (6.14) are constant, stability 
appears even without reference to equations (6.201). Let us consider, 
ale 0, 
wy = const, and a) const. In this case the homogeneous equations 


(6.14) take the form: 


for example, the case of motion along a parallel, for which w 


bx $ (ml of sanjay dea, dy ' Qa Az = 0, 
dy ¢ (may deo, de 4 do, dy =2 0, 
bz 4 (HR — on) dz | eo dy 2m ha =0.] (6.202) 


These equations may be treated as the equations of motion of a 


mechanical system near the equilibrium position x 


ac saz Ay sézae() 


(6.203) 


under the influence of potential forces with a force function 





Ries ; [oi — 02 — 092) (+ (003 —u3)(dy)? + 
$0) — 08) (82)? + 20,09, dy d2)] (6.204) 
and the gyroscopic forces 


— 2u, ay +. uy, é:, 2, dx, — tu, ax, (6 ~205 ) 


For the system to be stable, the furce functions should have a 
| maximum at the equilibrium point. Application of the Sylvester 
criteria of positive definiteness to the quadratic form on the right 
side of expression (6.204) shows that the condition for a maximum 
of the force function reduces here to the single inequality 


603 — of — a7 > 0. (6.206) 


Outside of the region defined by inequality (6.206), the degree 
of instability is even and equilibrium is stabilized by the gyro- 
scopic forces. This is easily demonstrated by examining the charact- 
eristic equation, which, if written in terme of the square of the 
unknown p’? = q, has the form: 


gq + (302 + Qu?) 9? 4- (3uyp-+ wa+ 3 (oj —0?? = 0, 
(6.207) 


where for brevity the rotation 
ty? oy ro}. (6.208) 


is introduced. 


Polynomial (6.207) satisfies the Hurwitz conditions, since it is 
always the case that 


(309 $207) (Aen) 4- ow) — (es — wy? >. (6.209) 


The discriminant A of the cubic equation 


YH Bhy + We = 0, 


(6.210) 
deriving from equations (6.207) by the substitution i 
ee gop (6.211) 
is non-positive: 
As gy eft (4el — ory <0. (6.212) 
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x uation (6.207) has, 





vhe solution of equations (6.201) is obvious: 


If 


0, 40h — 0? 70, o2 oF 40, 
(6.213) 


then equation (6.207) has three distinct real negative roots. 
C nsequently, the characteristic equation of system (6.202) has 
+ ree pairs of distinct purely imaginary roots. 


For 


ot = Ww? 
es (6.214) 
in addition to two real negative roots, a 


z¢ro root, and the characteristic equation of system (6.202), 
consequently, has a multiple zero root. 


If 
oat (6.215) 
then equation (6.207) has the triple root 
nae 7, ee 
on (6.216) 


and the characteristic equation, correspondingly, has a pair of 
conjugate imaginary roots of the same multiplicity. 


Finally, for 


dus? — a? ee 
a (6.217) 
equation (6.207) has the multiple root 
en (6.218) 


the characteristic equation has a pair of imaginary multiple 


- 


se 


It is easily demonstrated that, in all of the cases cited above 
which the roots of the characteristic equation of system (6.202) 


> multiple, the elementary divisors of the characteristic matrix 
shis system remain linear. 


6.6.2. Integration of the second group of the error equations. 








Of, = Of cosas { o diosnaye + 


t 
t ° ° 
+3 [ltn—2@my &— Am, d+ 
tna, —e Am, sinus, (t— 1d, 
, ex diPcosuyt + xin eta: 


+2] im —- 2 (Am, § — Am, £) + 


+6, Am, —t Am, [sine (6 — dt, 
& = dP cosaye + = = fs inuyt + 


a 
1 . p 
Ba J [Aa —2 (Amn — Am, 8) + 


+8 Am, — 0 Am, fsineyct ~ dt. (6.219) 


We may proceed as follows in order to pass on to the solution 
of equations (6.14). Using the table of direction cosines between 
the Ey. Nee Sy and x, y, 2 axes 


x ye 
ey 
Ww fn Ay My 
%. Uy Gy Mn, 


(6.220) 


= Sn ny dn, | f we. ; Am, , om, and their derivatives 
ee 


> 


in terms of Any. Any Age Amy, Am, and om," entering into the right 
sides of jun cleat (6.14). For the given case of motion of the object, 
its coordinates F,(t), n,(t) and c,(t) are known as functions of time. 
Specifically, when the xyz trihedron is, as in the case of equations 
(6.14), a moving trihedron on a sphere, 


we can express An 


Rasy, Matty. bos ty. 


(6.221) 
The integrancs appearing in formula (6.219) are now known. Integrat- 
ing them, we obtain 6£,, Sn,, 604, from which according to the 
formulas: 
bx oy, OE, + ay dy, 4 ay) AS,. } 
By = 783, -f ay du, + yA, 
2 ah, 4-0) dy, ta, 82, | 


(6.222) 
we pass over to 6x, Sy and 6z, i.e., to the desired solutions of 
equations (6.14). The initial conditions 66°, in, 5c2, 6&2, én? 
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a 





5&2 are expressed here in terms of the initial conditions of equations 
(6.14) using the inverse of equalities (6.222). 


This operation gives the solution of equations (6.14), at least in 
quadratic forms,for arbitrary motion at a constant distance from the 


center of the earth and arbitrary time-variation in the intrument 
rrors. 


In order to be able to compare these solutions with other 
alternatives, it is expedient to obtain explicit expressions for the 
‘Olutions 6x, Sy and $z of equations (6.14) for those cases of motion 
for which solutions of equations (5.1) and (6.27) were obtained. 


For an object which is stationary in the Oy EaNede coordinate 


system, superposing the £,, ny and t, and x, y, 2 axes and directing 
the z axis along the radius vector r, we find from solutions (6.219): 


6x <2 bx cos uf + 2 sina +: | 


ab ttt 


‘ 
Life, - rAm,)sinoy(— dt 
a 


— 


: by = dy? cos uf + —— s Sine r 


ant 


‘ 
eh Any 4- cAm,)sinuy(t— tds, 


ae 


62 = b2*cosaye + — ee sino + 


e 
J An, sinoy(t— tafe. 


a 


(6.223) 
For constant instrument errors we have: 
ene + (a0 “ i eos eat a - Sines, 
tyne + je == a “Plesng 55 t ~ E eee: ; 
és = sf — =; uit )eorew + 5 sina 
*~ (6.224) 


The first two formulas (6.223) coincide with formulas (6.183), 
and the first two formulas (6.224) with the first two formulas (6.184), 
respectively. 
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Let us now consider motion in a fixed plane containing the point 
O,- We will take the &,n, plane as the plane of motion and will 
superpose on it the 2x plane of the xyz trihedron. Table (6.220) then 


takes the form: 


x y az 
&, —sinwst 0 cosu,é 
", cosw,f 0 sinuw,t 
C 0 ' 0. 
(6.225) 


Here Wy = v/r, where v is the velocity of the object. Table 
(6.225) assumes that at the initial moment of time the object is 


situated at a point on ‘:he &, axis. 


From table (6.225) and equality (6.221) the coordinates €,, 
Nes Se are obtained as: 


& = reosuyt, esrsina,t, (<0. (6.226) 
Further, 


An, = An, cos t+ An, sin o,f. 


An, =—An, sinw,t + An, cos wf, 
An, = 4n,. 


(6.227) 


Am , An 


Analogous formulas relate Am, , 
ae Ne be 


with Am,» Am, and Am: 


Finally, for the initial conditions we obtain: 


OF a= A729 hy), = bx, oe =dy’, 
bi? == 420 — cy O°, Sip adee ‘fey S29, Ny ody’. ' (6.228) 


Substituting relations (6.226) -- (6.228) and the formulas for 
‘he projections of the vector Amon the ear Nee Sy axes into solutions 
(6.219) and then passing over, in accordance with formulas (6.222) 
and table (6.225) to the errors 5x, dy and 62, we obtain the following 


expressions: 
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6° = (bs? cost — 62°sinw,t)cosays 4 | 
1 * . 
+ a [0x°+82%, )cos w,t—(d2"—w, 6x%) sin wt] sinoys + 


¢ 
+E J (Aa, — rAm,) cose, (¢ —)— 


= (An, + 2Am,ru,)sinw, (¢ — vy} sinuy(t— vas, 


Oo ° 
dy = dy? cosas +a 


~ sinuyt + 


t 
+ = f (An, — rv, Am,)sinig(t— dt + 
e 


t 
+r I Am, cosoy (¢—1)dt, 
8 
be m= (bx sinwyt + b2°cosa,t)cos iat + 


1 ° ° 
+ SMa? , 52°) sinwyf + (82°—w, 3x) cose, ¢! sinus 


e 
< f (dn, — rAm,)sina, (¢— 1) 4- 
v 


+ (An, + 20,7 Am,)cos 0 (f -- TI sintay(f — 1) dt. (6.229) 


The second formula (6.229) coincides with the second formula 
(6.181). This result was easily predictable, since for the case in 
question the second equation (6.14) takes the same form as the 
second equation (6.27). We note that the remaining system formed 
by the first and third equations (6.14) has the characteristic 
equation x 

prt 2p? (uf +63) + (0 — =O. 


(6.230) 
the roots of which are 


Pirse Jl 2 4,). (6.231) 


Therefore, for the case under consideration formulas (6.229) 
may be obtained fairly simply by direct solution cf the differential 
equation (6.14), in which it is necessary to set w, = 0. 


If the instrument errors Any. Ans An), Am, Am. and An, are 
constant, the second formula (6.229) reduces to the second formula 
(6.182), and from the first and last formulas (6.229) we find: 








6x x (8% cos o,f — 62° 


Sin w,t) cos uf + 


! ‘ . 
Fy 1Oe +0, 02% os yf (02° wa, Ox") sin vo, t}sin Wf +. 


! 
hare z [a-, (! = C05 uf cos wt — e Sinwfsin “4t) + 


+ (An, 4 2ru, Am,)(cos wf sin yt — = Sinoyl cos wy)], 
62 == (dx sin W,f + b2% cvs uf) cosuy + 


Ure 5 
re ((68°4 w, d2%sin (t+ (b2"—w, dx") cos ©, sinus -f 


f 1 
tore 3 [(» 4+ rw, am, — Sus cos wf — 
% 
cc &, Sn apf sin vy) _ 


=f g 
fn, (cosuytsinuye — a sinayt cos oy]. (6.232) 


For the case of motion at constant velocity along a parallel, 
the table of direction cosines (6.220) takes the form: 


x y z 
& —sinot —singcosmt cos@eosrut 
% cosot = —singsinut Cos ¢Sin wh 


& 0 cos@ . sing, 
(6.233) 
where 
v 
One Teo (6.234) 


From formulas (6.219) and tables (6.233) and (6.220) we obtain: 


Ox = (Ax% cus wt 4- by’ sine-sinme -- dz" cos Simtel) cus eat 
+ ~ [0% cos cof 4. dy" sing sinwt —S2%cos G sinha 
‘e 


4-9 (Sv? sin eot — Ay sing cos iat fs" cos G cost) stmt bE 
a 
+ x it [\a, cosagt — y i May siigesine(! — 1 — 
a 


— An, 6054 sinm(t — H+ roy Many sincosen(t— 1) — 
— Mn, (1+ cos? g) sino (t — 1) — 
— Am, stag vosysino(t-- N] te [No sing sine (t— 1) — 


_ An, cas w(f— aI} sine, (¢— ydr, 


(6.235) 
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by == [— Ov? sinsp sin cot -$ dy*(cos?g 4- sin? pcos mt) 4- 
4-42? sing cosp( i) — coset) cos ef + 
+ 2 {--Ax° sing sine + AY (cory + sin? pcos wf) -4- 
ey 
4- 62%sin PCos F(I — cos wf) +-osing(dx° cos wf -- 
en dy sing sine — ds? cosg sine) sinayl + |: 


e 
I ; 
1% [= teem 9+ 


+ An, cos? ¢ +4 sin? yg cosm(t-— 1] -+ 
+ An, singcosg]l— cosa(t — N+ 
+ rafAm, sin? sino(t— t)-+ 
+ Am, sing (cos? p — (1 4- cos?) cosa(t — DD) — 
— Am, cas q (cos? ¢ + sia’g cosia(f — 15] + 
to { Nin, (sia yp cosea(t — t) + ens? 4) + 
+ An, sing sinue(t — t)}} sient — tide, 


Oz = [dx° cos q sInut -¢ dy’singcos G(1 — cos wl) -+ 
+ d2° (sin? p +-cos? pcos we)] cos ayf+- x {dx*cos psinut + 
+ dy? sin pcos p(1—cosint) + 82°(sin?@ 4- cos? pcos wt) + 
+ cos p(— bx° cosuf — dy’singsinut +- 
‘ 
+-62% cos y sin uf)) sina + = i (An, cosqgsina((t —1)+ 
Q 


+ An, sin pcos p{l — cos (t — 1)] 4+- 
+ An, {sin? p + cos’ pcos a(t — y! + 
+rucosg|— An, singsinw(t-- t)-- 
+ Am, (sin? p 4-(1 ¥- cos? q) cos @(f — t)) + 
+-Am, sluqco} (cos w(t — 1) — I) + 
+ rcosgjAm, sing(l—cosw(t »))— 
—An, sina (f — 1)]} sinay(f — t) dt. 


(6.235) 


For 9° = 0, as can easily be demonstrated, formulas (6.235) 
reduce to formulas (6.229). 


For constant instrument errors and zero intial conditions, it 
follows from formulas (6.235) that 


ox x fhe ru dn, sing (1 —cos wyl cosint — = sin of sin ot) + 


of — 0! 
Any sing—SA, cos p — furAmy (i + C08"'¢) —foAm, sing cose 
+ ——_— 
“j-o 


CI 
x (- cos uf cos wf + sinoyf cos wf) ’ 
by x= = An, sin siheaiee sinte x 





X (— cosuy sinot + = sinaytcos of) + (6.236) 
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t 
+ Eo [Aq, sin? — An, singcosp — 
— roAm, sing (1 4-cos?y) — rAm, cos sin?) 
oe 
x (1 — cosiafcos wh — = sinnyf sinut) + 
+ wi, cos? g -+ An, sing cos gq -+ 
rom, singcos? pe — raAm, cos) (1 — cos wf). 


bz <= An, Cos — rw OLS sing cos¢ 
65 — w? 


( —cosiaf sina + 
+ = sinayfcos wt) t aa {- An, snp cos @ -+ 

+ An, cos? p+ ra Ant, cosy (t -+ cos? gp) + 
+ rudm, singcos g} ( I —cosa,tcos wf -% sina sin) + 
+ rey sing cosy -f Aa, sin?p-}- 
4 Ant, cosy sin? p — radu, sinpcos?qy(t — coe wh). 


(6.236) 


Formulas (6.235) and formulas (6.236) deriving from them were 
obtained from the general solution (6.219) of equation (6.201), which 
are equivalent to equations (6.14). For motion along a parallel, 
the coefficients of equations (6.14) become constant. The characteris- 
tic equation of system (6.14) has the roots 


PrrZ=tlo. Prasc= +f tour. (6.237) 


Formulas (6.235) and (6.236) may therefore also be obtained 
directly as a solution of the system of differential equations (6.14) 
with constant coefficients. 


6.6.3. The relation between the errors of an inertial system 
and instrument errors and errors in initial conditions. Comparing 
the case under consideration with preceding cases, we see that, again, 
only the equations of the sccond group have changed. These changes 
effect the relation between system errors and instrument errois and 
errors in initial conditions. 


Unlike the preceding cases, the system is now stable (non- 
asymptotically) for arbitrary motion on the surface of the earth. This 
fact determines the character of the relation hetween the system 
errors and errors in the initiel conditions. In the Oy aNa on 
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coordinate system the errors in the initial conditions 6£%, éng, 6c, | 
662, én%, 663 lead to harmonic oscillations at a Schuler frequency 


w, for arbitrary motion on the surface of the earth. In the three- 


0 
newtonometer systems analyzed in the preceding chapters, these errors 
increased exponentially with time for the special case of motion 
along a parallel, and in two-newtonometer systems increase in errors 


with time proved to be possible for variable Wer a, and Woe 


The relation between errors in the class of three-newtonometer 
systems in question and instrument errors is fully determined by 
solution (6.219) of the error equations. It is in general impossible 
to compare this relation with the corresponding relations for the 
preceding cases, since we do not have the solutions of equations 
(5.1) and (6.27) for arbitrary motion. We must limit ourselves here 
to those cases of motion for which there exist exact solutions of 
equations (5.1) and (6.27), i.e., the case of an object which is 
stationary in inertial space, the case of motion in a fixed plane 
passing through the center of the earth, and the case of motion along 
a parallel. 


Let us compare the solutions to equations (5.1), (6.27) and 
(6.14) for the indicated cases of motion at constant instrument errors. 
For the case of an object which is stationary in inertial space, it 
is necessary to compare formulas (5.97), (6.184) and (6.224). It is 
evident that the formulas for 6x and éy coincide in all three solutions. 
Only the formulas for 6z in solutions (5.97) and (6.224) differ. 
The nature of this difference is obvious. 


For the case of motion in a fixed plane (for example, motion in 
the plane of the equator), it is necessary to compare formulas (5.101) 
and (5.112) with formulas (6.182) and (6.232). In order to facilitate 
the comparison, we will confine ourselves to smail values of Wy 
We will retain in these formulas only terms in the first degree of 


Wy We then obtain in place of formulas (5.101) and (5.112): 
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— ae 
ee 7 + (ox —* at) cosas + yu, Sintayt 4- 
+ 0 


My 5 ms 
> + FE) V Bstnage — shay VBN+ 


+ “2 (cosas ct ow V 20), 
Any — yr Am, Any — 0," Am, 
by = —— -(dy? — 2 
e 4 (v» a cosuyt + 
ay® 
+ Zsinuy, 
An, -2ra, am 
tian + (0s 04” 


a An, 
stg wy 84 0038) 


Ne es muti Am 





“Deny V2 + 


X(V 2 sin af —sh ey J 22) — ea (cosmys—ctia, |/ 2%). 


(6.238) 


In place of formulas (6.182) we will have: 


éxea Age. (00 —Sy)oos @ be sina Jf, 
“ . ery e 


Any — wr dm, 
2 


Any oy? Am 
by = a 


‘cos + 


v v 


+(- 
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Finally, in place of formulas (6.232) and the second formula (6.182) 
we find that 
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Comparison of expressions (6.238), (6.239) and (6.240) for 


4y in a direction normal to the direction of motion, shows that all 
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of these expressions are identical. Only the expressions for 6x and 
éz differ. For the case of motion on the surface of the earth, the 
error 62 is insignificant, and therefore the difference between the 
“systems appears only from the difference in the error 6x in the deter- 
mination of the coordinate in the direction of motion of the object. 
Let’ us compare the first formulas of (6.238), (6.239) and (6.240). The 
first three terms in formulas (6.238) and (6.240) coincide. The 

first formula (6.239) consists entirely of these terms. The remaining 
terms of formula (6.238) and (6.240) differ basically in that, in 
place of the rapidly increasing hyperbolic functions sinh wy Vat and 
cosh Wy V2t which appear in formulas (6.238), in formulas (6.240) the 


harmonic functions sinugt and cosuyt appear. 


The errors 6x, Sy and 6z may be compared in an analogous fashion 
for the case of motion of an object along a parallel. 


In conclusion we note that in the three-newtonometer system in 
question, as in the two-newtonometer system, constant newtonometer 
instrument errors lead only to oscillatory and constant errors in 
the determination of coordinates. Constant gyroscope errors lead, 
as a result of the second group of equations, to errors which increase 
with time. The gyroscope errors in these systems are the main errors 


limiting the independent functioning time of the inertia system. 
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Chapter 7 


PREPARATION OF AN INERTIAL SYSTEM FOR BEGINNING 
OPERATION AT A TAKE-OFF POINT WHICH IS STATIONARY 
RELATIVE TO THE EARTH 


§7.1. Initial Considerations 


For an inertial system, beginning at some moment of time te; 
to function normally, the initial conditions of its operation must 
be correctly specified at this moment of time. 


The problem consists in guaranteeing, at the initial moment of 
time, the selected orientation of the axes of sensitivity of the 
newtonometers and gyroscopes, and also in introducing into the system 
(or obtaining from the system itself) the values of the coordinates 
and their rates of change at the moment t°, which constitute the 
initial conditions of the solution to the main differential equation 
of inertial navigation. Of course, in the process of preparing an 
inertial system for operation, operations associated with the start 
up and testing of its equipment must also be performed. We will not 
deal with this aspect of the process here. 


In theory, and evenmore so in practice, the content of the 
operations by means of which an inertial system is prepared for 
operation depends to a great extent on the system in question, its 
kinematics, the orientation of its sensing elements, and also on the 
selection of the reference grid in which it operates. Much also 
depends on the external information available during the process of 
the initial preparation of the system. 


It should be noted that the task of putting an inertial system 
into the correct initial state is in many ways similar to that of 
correcting it. In hoth cases the problem consists in moving the 
system from some “incorrect" state to a correct state. The task of 
putting the system into the correct initial state cannot he performed 
without external information, using the term external information in 
the broad sense. Thus, for example, as will become clear below, it 


is possible to automatically solve the problem of preparing the system 
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if at the initial moment the object on which it is mounted is 
stationary relative to the earth. However, simple knowledge of this 


fact does not constitute additional information. 


The required precision in the establishment of the initial 
operational conditions of an inertial system depends to a great 
extent on the possibilities for correctiny its operation after it 
has begun. If correction during operation is not provided for, the 
accuracy of the specification of the initial state of the inertial 
system must be extremely high, since errors in initial conditions, as 
was shown in the course of analysis of the error equations, leads to 
errors in the determination of the navigation parameters, and these 
errors are retained throughout the further operation of the inertial 
system. 


Below,the initial preparation of an inertial system is analyzed 
for the case of an object which is stationary relative to the earth. 


§7.2. The Case of Arbitrary Iaitial Orientation of the 
Inertial System Platform 


Let us assume that the functional diagram of an inertial system is 

a gyrostablized platform. Let the axes of sensitivity of the 
newtonometers coincide with the %, Y, and z axes of the platform. j 
Let the coordinates determined by the system be the . earth 
body-axis coordinate system 0, &m% . Let the origin 
of this coordinate system coincide with the center of the earth, 
the © axis be directed along its axis of rotation, and the & axis 
lie along the intersection of the planes of the equator and the 
Greenwich meridian. The coordinates determined by the system might 
} be, for example, the Cartesian coordinates &, n, and t, the geocentric 

coordinates r,9 and A, the geographic coordinates h, 9 and A the geodetic 


coordinates r, 2 and S, etc. 


For the system, beginning at some moment of time t’, to operate 
correctly, the following must be determined for this moment of time: 
the celative position of the xyz and €n¢ coordinate systems, i.e., 


the direction cosines between the axes of these coordinate systems, 











tie coordinates x°, y° and 2°, and the time derivatives of these 
coordinates x°, y° and 2°. 


We will show that if the longitude A° of the take-off point of 
the object is known and introduced into the computational apparatus 
of the inertial system, the further preparation of the system for 
eneration may be performed automatically and autonomously on the 
basis of the newtonometer readings of the system itself. 


The newtonometer readings give the projections nr 1 and n 
of the vector 


Zz 


n= Sh —alr) 

(7.1) 
on the x, y, 2 axes of the platform, which after the starting up 
of the gyroscopes and stabilization, occupies a fixed position 
in inertial space. 


Since the object on which the inertial system is mounted is 
stationary relative to the earth, it follows that 


Sux, £6 eu X(WX r= aw A) — Hr, (7.2) 


Here differentiation is performed in the xyz body-axis coordi- 
nate system of the stabilized platform. This coordinate system may 
be considered as inertial. Substituting the second equality (7.2) 
into formula (7.1), we obtain: 


nezu(u-r)-- a'r — g(r). (7.3) 


Time-differentiating the vector n in the xyz coordinate system 
and noting that the vector a is constant in this system, and that 
the vector g is constant in the coordinate earth body-axis sys- 
ve we find: 


Seu Xn. (7.4) 
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A second differentiation gives: 


; ci =(u.a)—u'n. 


(7.5) 


The vector U May be found from equations (7.4) and (7.5) 


Indeed, performing the vector multiplication of equations (7.4) 


and n and the scaler multiplication of equations (7.5) and n, we 
obtain: 


SX maa(uem)— aon, 


an 
qe = (ay — ate’, 





(7.6) 
From the second equation we find: 

a: sa / oe nt an a t+ ain, 

(7.7) 
From the first equation (7.6) we have: 
aa soda 

a = sab wn “ 

Va oe. (7.8) 
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Since the vector u coincides with the ¢ axis, 
> 


the unit vector 
c of this axis is 


4a 
a Vv: ae a+ an? — Bs a 
t= st 2 dt 
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(7.9) 


Finding the unit vector ¢ in the xyz coordinate system implies that 


the third column of the table of direction cosines 


2 ° 


. Nos 
© opi Bis Bay 
Y Ba Bea fe 
2 8u Be Ba 


(7.10) 
between the x, y, 2 and ©, n,¢ axes is known, and, consequently, 


that the angles between the axes of the stabilized platform and the 


earth's axis are also known. 





The first and second columns of table (7.10) remain to be 
found. To do this we introduce the trihedron OF ny Sye the oy 
axis of which coincides with the earth's axis, and the Ey axis of 
which is situated on the intersection of the plane of the equator 
and the plane of the meridian of the point at which the object is 
located. - ziece the longitude A° of this point is known, the unit 
vectors € and n of the € and n axes are related to the unit vectors 


fin of the &, and n, axes by the obvious equalities: 


E=—E,cos2°—ysind’, =k, sind +n, cosa’, (7.11) 


We now note that the vector n is the sum of the centrifugal 
force due to the earth's rotation and the gravitational force. 
It lies therefore in the plane of the meridian on which the object 
is located. This means that 


hase Wah 8. (7.12) 


Formulas (7.12), (7.11) and (7.9) fully determine the relative 
orientation of the xyz and £n¢t coordinate systems. We note that 
only the longitude \° was used in the derivation of these formulas, 
i.e., only one of the coordinates of the object. The remaining 
parameters were found from the newtonometer readings. It is assumed, 
of course, that the computational apparatus of the irertial system 
is able to perform the computations required by these formulas, in- 
cluding the differentiation of the newtonometer readings. 


We note also that these formulas cannot be used if the take-off 
point of the object is locited . a geographic pole of the earth. 
More precisely, formula (7.9) remains valid and, consequently, the 
third column of teble (7.10) is reinstated. This is understandable, 
Since, as follows from formula (7.9), inthis case the direction of 
the ¢ axis coincides with the direction of the vector n. Formulas 
(7.12) become invalid, since, because of the collinearity of the 
vectors % and n, their vector product is equal to zero and does not 
define the direction of the £, axis. Therefore, if the take-off point 
is located near a geographic pole, determination of the orientation 
of the platform of the initial system requires additional information, 
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for example the bearing to some star or terrestrial landmark at 
=. 


If the orientation of the platform relative to the earth has 
been determined hy the means indicated above, there remains the 
problem of finding the coordinates x°, y®, and z° and their deriva- 
tives. We will show that preliminary knowledge of only the longitude 
X4° of the take-off point is sufficient for this purpose as well. 


Indeed, since the table of the direction cosines By, (t) has 
been found, the time derivatives Bs of the elements of this table 
May also be found, and, therefore, to find x°, y®, 2°, x°, y®, 2°, 
it is sufficient to know the initial values of the coordinates 
£°, n°, and c°. To determine £°, n° and c°, it is in turn suffi- 
cient to know the geocentric coordinates r, and \° of the take-off point 
We assume that \° is known, The other coordinates ,° and r° may be 
found from the soiution to the system of equations. 

[== £2, (4 = 7 (4 
In} =e, (9). =r (H), (7.13) 
where 9,(9) is the acceleration of the gravitational force at the ta- 
ke-off point, and r =r(9) is the equation for the radius vector 


of the terrestial meridian. 


This procedure for determining the orientation of the sensing 
elements of an inertial system is easily extended to the case in 
which the basis of the functional liagram of the inertial system is a 
three-dimensional gyroscopic gauge of absolute angular velocity 
which is rigidly attached to the object. 


If the object is stationary relative to the earth, the gyro- 
scopic gauge will measure the absolute earth rate t. This 
permits immediate determination of the unit 
vector z in the xyz coordinate system attached to the platform of 


the gauge: 





Equalities (7.12) may be used to determine B; 5 (now constant) , 
since the vector n lies, as before, in the plane of the meridian 
of the take-off point. 


The initial values of the coordinates x°, y® and z° are found 
from £°, n°, 7° and B;,- The initial velocities x°, y°® and 2° 
are equal to zero, sinve the vector r is constant in the xyz coordi- 


nate system attached to the cbject and stationary relative to the 
earth. 


The quantities €°, n° and 7° are found from the known values 
4° and the quantities r° and ¢°, obtained from the solution to the 
system of equations (7.13). 


§7.3. The Case of the Orientation of One of the Platform Axes 
Along the Geocentric or Geographic Vertical 


Let us now consider the practically important case of a 
maneuverable gyroplatform as the basis of the functional diagram 
of an internal system. 


Let us designate the right orthogonal trihedron attached to the 
gyroplatform as xyz. Let the coordinates to be determined be the 
goegraphic coordinates h, % and X. Then, at the moment at which 
the system begins operating, the 2 axis of the platform should be 
saperposed on the direction of the gravitational force, and the 
y axis should be in the plane of the earth's meridian. Thus, the 
question here is not that of determining the orientation of trihedron 
xyz relative to the earth, as in preceding cases, but of positioning 
this trihedron in a particular relation to trihedron €nc¢ , attached 
to the earth, and of maintaining it in this position until the 
moment at which operation begins. As in the preceding cases, part 
of the problem of preparing the system for opevation is the intro- 
duction (or determination within the system itself) of the initiai 
values of the coordinates 4% and 4° (on the surface of the earth 
h= 0). 
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We will show that, as in the two preceding variants, the 
problem of preparing the system for operation may be solved auto- 
nomously and automatically, if the longitude \° of the take-off 
meridian is known. 


Let us begin with the problem of the orientation of the platform. 
We will use x0 ,Yg" 29 to designate the position into which trihedron 
xyz should be placed. In this position the Zo axis is directed along 
the vector Tee and the Yo is in the plane of the meridian and 


a 


directed towards the north. Let the relative positions of the xyz 
and XoY 02 trihedra be defined by the small angles a, 8 and y in 
accordance with the table of direction cosines 


* ye 
% Fo —y f 
% YY 5 a 
fe, we, (7.15) 


The deviation of the platform from the position which it should 
occupy may, Clearly, be considered as small. This does not diminish 4 
the generality of the analysis. 


To solve this problem we will use the precession equations 
of motion of the platform: 


—Mo, = My, Moy = At, 
Ho, == MS. 





(7.16) 
We form the controlling moments in accordance with the equalities 


AN == - Horny ny, Me fhwy, — kn,, 
AS 2 Hon, 


(7.17) 


Here ny and ny are the readings of the newtonometers oriented 
long the x and y axes, and w , uw and w are the projections 
* 20 
¢ the absolute angular velocity of trihedron XpYo%q On its axes. 


According to table (7.15) the newtonometer readings are 


Ay SM. My = byt. (7.28) 





where i is the acceleration of the gravit.ational force at the take 
off point. The projections of the absulute angular velocity of 
1 trihedron xyz on its axes are determined by the following equalities: 


oO, =0,,-+ OY — 0,8 + a, 
tay FSO, — OF ¥ + 0,404: fi, 


@, =, 4 0, f--0,04 ¥. (7.19) 


Substituting expressions (7.18) and (7.19) into equality (7.17), ~° 
we obtain the following equations describing the motion of the 
platform in the process of bringing it into the prestart position: 


a4 +f. Uf OY ~ 04,8 © 0, 
§ + fe. 3 ey 4,,¥ 0 == 0, 
Ying — w,0= 0. itaew) 


The system of equations (7.20) has, clearly, a trivial solution: 


a = 8 = y = 0. The characteristic equation of this system has the 
form: 


resign ely eet sales 
te, : 
TWO a )—8 (7,21) 


In the case under consideration here 


e 
&,,=0, ay, =ucosg”, wv, using” ° 


(7.22) 
and the characteristic equation takes the form: 


pi2Abe Pp +((4-) builp+ ae ahanstyitian ¢: (7.23) 


Application of the Hurwitz criterion gives the following 


conditions for the stability for the process of bringing the plat- 
form into the prestart position: 


k>0. 2(Fr-)? + u2(2—cos?y"") > 0, 


eo (7.24) 
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Thus, the only significant stability condition is the require- 
ment 
oes. 
(7.25) 


If this condition is not met a zero root appears in equations (7.23). 


The prestart orientation proves to be impossible at the geo- 
graphic poles of the earth: the closer the take-off point is to a pole 
the greater the time required for the prestart orientation. 


Indeed, at the equator, where cos 9'® = 1, the left side of 
equation (7.23) may be factored, as a result of which the ‘charact- 
eristic equation takes the form: 

hee 2 hee 2 
p+ PP 4+- Ft p +47) = 0. 
Its roots are: 


p= — Ah . 
pase — the 2/1 (Mey ee. (7.27) 


The real parts of the roots are negative. The maximum value 
of the smallest of the moduli of these parts is equal to u and 
occurs at k = 2uH/g,- If we take this as the working value of k, 
for values of »'° sufficiently cluse to 1/2, two of the roots of 
equation (7.23) will be close to the values 

M- tuk jn 
and the third will be close to 

jac 
The magnitudes of the real parts of the roots of the characteristic 
equation determine the speed at which the platform is brought to 
the required (prestart: position. It is evident from the expression 
for P3 that, as ¢'° increases, this speed will decrease proportionally 


to cos?¢'. 


We note that, in addition to the method described above for 
placing the y axis in the plane of the meridian, leading to 
equations (7.20), an equivalent method, based on the working prin- 
ciple of the gyrocompass, may be used. 
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Let us consider the following. To form the controlling 


Moments (7.17), the quantities w, , w and w, are required. To 

%9 Yo 29 
compute these from formulas (7.22), we need to know the geographic 
latitude ¢'° of the take~off point. The lattitude 9 is also required 


as an initial condition. If 9'° is unknown, it may be determined 
from the equation 


In| =,(9"). 


For this, of course, a third newtonometer is required. 





It is evident that it is fundamental in the method under 
consideration that the y axis should be located in the plane of the 
meridian of the take-off point. It would also be acceptable to orient 
it along some direction in the plane of the geographic horizon, 
forming a given angle »° with the meridian. This requires only that 
other values of Ww + Ww, and w, be substituted, in place of those 


0 Yo 20 
given by (7.22), into expressions (7.17) for the controlling moments, 
namely: 
,, == wcos¢p” sin Ym, = acosg cosy", i 
©, = using”. (7.29) 


Equations (7.20) retain their form in this case. The coeffi-~ 
cients of the characteristic equation (7.23) likewise do not change, 
since, once again, 


2 2 4 *” ? 
OF bod =u cosg”, of or $0? 2 u?, (7.30) 


In conclusion, let us consider an inertial system operating in 
spherical, for example geocentric or geodetic coordinates. In 
this case the xyz trihedron of the inerital system should be oriented 
as follows at the moment at which operation begins: the 2 axis 
should be directed along the radius vector r, and the y axis should 
form some angle ¥° with the plane of the meridian. For the case 
of geocentric coordinates y° = 0. For the case of geocentric coord- 
inates, the initial conditions will be r°, ¢° and 1°, and for the 


case of geodetic coordinates, r° , 2° and S°, respectively. 
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As before, the longitude \° should be given. The quantities 
@° and r° are found from the equations 


lal=a.(m Fear. (7.31) 


The quanties z° and S° may easily be found from \° and 9° by 


using, for example, relations (3.303), regarding them as equations 
in z and S. 


The problem of the prestart orientation of the platform of the 
inertial system remains to be solved. This problem may be solved 
in a manner which is completely analogous to that used in the pre- 
ceding case, in which the z axis of the platform was oriented along 
the normal to the reference ellipsoid. The only difference is that the 
controlling moments of the gyroplatform should be formed not in 


accordance with equalities (7.17), but in accordance with the 
formulas 

© My sz — Hon, — h(ny — ny,), 

My = Moy, -- k(n, —0,,). 

AMY = Hm,.. 

(7.32) 
Here ny and ny designate the projections of the vector n on the 
0 0 


Xo and Yo axes. Tnese projections are equal to the negatives 

of the known (since r°, g°and ¥° are known) projections of the 
accéleration of the gravitational force on the Xo and Yo axes. The 
WO. 6 


o) and w of the absolute angular velocity entering into 
*9 Yo 29 


formulas (7.32) are also known if 9'° and y° are known. These pro- 


jections are given by equality (7.29). 


As before, we will define the relative positions of the xyz 
and -X9YoZ trihedra by means of the angles a, 8 and y, in accordance 
with the table of direction cosines (7.15). Formulas (7.19) for 


seecteeres 
een lat 


the projections Wye wy, and We will remain valid, and the expressions 


for ny and ny will take the form: 


AeA, FAY af 
fyt=-- MY i te 4 Aa. 


’ Substitution of expression (7.33) into formula (7.32) yields 
the following values of the controlling moments: 


My == — Ho,, — k(n a — 1,,y). 
at ce Ho,, —k (n,.y = nef). 
AY, <= Ho,,. 


Substituting these values into equations (7.16) and similtan- 
eously substituting the expressions (7.19) for the projections Wye 


“Ny and W, into these equations, we obtain the system of equations: 


a Fol nai fe (Fe o,) Y—o, f= 0, | 
6- 6+ (Pe — on) $ Oat = 0, 
Y+of—a, 020. (7. 34) 


The characteristic equation of this system is written in the 
following form: 


7 Zhan, 
P oan + Ge) 4-0? 4- 
+ a (1,9, — Ayo, “ Pp - at cost g 
rn, 
— 7 = (mie Oe Ry) } i ay (440, ¢ n, 4) = Zi, 
(7.35) 
But 
a Ke Facet 
” oo ln ly sing, 
, 
y sr Stn 2p" cos YY, 
as 
(7.36) 


wher: g is the acceleration of the gravitational force, and e is 
the eccentricity of the terrestrial ellipsoid. 


Taking into account relations (7.36) and (7.29), we obtain from 
equations (7.35): 


parte [Sey 4 e]od 


4- a" ur cos?g®(1 a $ sity") ==10: 
(7.37) 
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5 sin?g’ << |, 





v: equation (7.37) is equivalent to equation (7.23), and the stability 
of the process of bringing the placform of the inertial system 
into its prestart position is guaranteed for all locations except 
the geographic poles of the earth. 


Note 


SE 


1. See for example, Roytenberg, Ya.N. on accelarated actuation of 
a gyroscopic compass on a meridian, Prikladnaya matematika i mekhnika, 
“A vol. XXXIII, Issue 5, 1959, 
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If the initial conditions are null, then 
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A By wm | they — ry et! — cory 
or = ye- sine) | ye coneate t 
} we, 
1 + = th desea (5.119) 
5.3.4. The motion of en object along a parallel at constant \ 
Velocity. Let us now consider the case of the motion of an object ~ 


along e parallel in which the first group of the coordinate error 
equatione elso reduces to equations with constant coefficients, 


Tn this case 


‘ m= 0, ane, 2 7 0 
' ze ‘ (5.120) 
t and the errcr equations (5.19) form the following system of sixth- 
' order differential equations: 
fs : ; 
Or pega ed- wilds be by + ae, be = 
: wo Na, Noe Ame, 
Oy + Og eAhy Feeds + deo 
} ow Aa, 4 Saye wo, Nay, Maye 
OF (2 pr ebs — dude peu Ay 
a t Ag, > Ire, Am, (5.122) 


where 


one 


The initiel conditions for these equations will be the quantities 
given by equelities (5.91) and (5.92). 


Equations (5.121) are projections of the error equations (5.1) 
onto the x, y, 2 exes of a geocentric moving trihedron, the 
sg exis of which coincides with the vector r, with its y axis directed 





